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NLO becomes appreciable in μH 

HFS:

NUCLEAR STRUCTURE EFFECTS
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Fermi energy:

with Bohr radius
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Why muonic atoms ?

Aldo Antognini SFB, Mainz   22.10.2020

From the 2S-2P to HFS measurements

18

1S

2P
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2S-2P

1S-HFS
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• 2S-2P μp
• 2S-2P μd
• 2S-2P  μ3He, μ4He
• 1S-HFS μp
• 1S-HFS μ3He

• From 2S-2P
   → charge radii

• From HFS
   → 2PE contributions
   → Zemach radii
   → Magnetic structure

Lamb	shift

𝜇H,	𝜇D,	𝜇3He+,	𝜇4He+

⇒	Charge	radii

	Hyperfine	splitting	(HFS)

𝜇H,	𝜇3He+

⇒	Zemach	radii,	magnetic	properties
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THEORY OF 𝜇H LAMB SHIFT
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EμH th.
LS = 206.0336(15) − 5.2275(10) ( RE

fm )
2

+ E2γ
LS
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[values in meV]
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proton structure
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polariz.
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PROTON CHARGE RADIUS
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Vladimir Pascalutsa — Mainz Laborotory Highlights — KPHTH —  Aug 12,  2019               

Various extractions
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Three ways to the proton radius

Proton charge radius [fm]
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Muonic atoms allow for PRECISE 
extractions of nuclear charge and 
Zemach radii

CODATA since 2018 included the μH 
result for 

Still open issues: H(2S-8D) and 
H(1S-3S)

Question:

rp
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FROM PUZZLE TO PRECISION
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Several experimental activities ongoing and proposed: 

- 1S hyperfine splitting in H and He (CREMA, FAMU, J-PARC) 

- Improved measurement of Lamb shift in H, D and He  possible ( )

- Medium- and high-Z muonic atoms

‣ Theory support is needed

μ μ

μ μ μ + × 5

see talks by 
A. Antognini, A. Vacchi, P. Strasser, 

A. Knecht and B. Ohayon
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LAMB SHIFT IN MUONIC ATOMS

	

	

	

	

EXPERIMENT		

�ETPE ± �theo (�ETPE) Ref. �exp(�LS) Ref.

µH 33 µeV ± 2 µeV Antognini et al. (2013) 2.3 µeV Antognini et al. (2013)

µD 1710 µeV ± 15 µeV Krauth et al. (2015) 3.4 µeV Pohl et al. (2016)

µ3
He

+
15.30 meV ± 0.52 meV Franke et al. (2017) 0.05 meV

µ4
He

+
9.34 meV ± 0.25 meV Diepold et al. (2018) 0.05 meV Krauth et al. (2020)

�0.15 meV ± 0.15 meV (3PE) Pachucki et al. (2018)

THEORY

(70) 2PE  (elastic 25, nuclear inelastic 36, nucleon inelastic 56)
(42) 3PE  (inelastic contribution missing)
  (4) QED

r↵ = 1.67824(2)sys(13)stat(82)theory fm

(25) 2PE  (mainly subtraction term)
(15) QED

basically only nuclear 2PErd = 2.12562(5)sys(12)stat(77)theory fm

rp = 0.84087(12)sys(23)stat(29)theory fm

present accuracy factor 5-10 worse than experimental precision    

present accuracy comparable with experimental precision    μH:	

μD,	μ3He+,	μ4He+:			
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HYPERFINE SPLITTING IN 𝜇H

Aldo Antognini 26

THEORY INITIATIVE

EHFS = 182.443
EF

+ 1.350(7)
QED+weak

+ 0.004
⏟

hVP

+ EF (1.01958(13)ΔZ + 1.01656(4)Δrecoil + 1.00402Δpol

2γ

) [meV]

X 7400(38) 20 7403(21) 837(3) 364(89) [ppm]

(<1) <1 ppm ? New FF measurements? Spin program? 
ChPT?

Theory compilations,  including mixed terms (recoil-finite size-
radiative), hadronic effects, meson contributions.

Experiment

37(95)
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THEORY INITIATIVE

Kick-off meeting to form a dedicated “Muonic Atom Spectroscopy Theory 
Initiate” similar to the “Muon g-2 Theory Initiate”

Working groups, possible divisions:

1. μH, μD, …, μX, Mu(?) 

2. Lamb shift, fine structure, hyperfine splitting

3. QED, QCD = (EFTs, data-driven dispersive, lattice QCD)

Main outcome: full SM prediction!

More workshops foreseen, e.g.:

• Satellite-workshop to “Nucleon Structure at Low Q”, Crete, May 2023?

• Dedicated MITP workshop in 2024?
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HYPERFINE SPLITTING
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Experiment: HFS in H, He , …μ μ +Theory: QED, ChPT, data-driven 
dispersion relations, 


ab-initio few-nucleon theories

Spectroscopy of 
ordinary atoms (H, He )+

Guiding the exp. 

find narrow 1S HFS 
transitions


with the help of full 
theory predictions: 
QED, weak, finite 
size, polarizability

Input for data-
driven evaluations 

form factors, 
structure functions, 

polarizabilities

Electron and 
Compton Scattering

Determine  
fundamental 

constants 

Zemach radius RZ

Testing the theory 

‣ discriminate between theory 
predictions for polarizability 
effect


• disentangle  & 
polarizability effect by 
combining HFS in H & H


‣ test HFS theory

• combining HFS in H & H 

with theory prediction for 
polarizability effect


‣ test nuclear theories

RZ

μ

μ

Interpreting the exp. 

extract ,  or ETPE Epol. RZ
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COMBINING  𝜇H, H, He, HD+, …
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A. Antognini, FH, V. Pascalutsa, Ann. Rev. Nucl. Part. 72 (2022) 389-418

Proton structure
GE(Q2), GM(Q2)

F1(x,Q2), F2(x,Q2)
g1(x,Q2), g2(x,Q2)

Isotope shift
H – D(1S-2S)

rp

rp

rd

R∞

R∞

R∞

me/Mp

me/Mp

Mp/Md

Mp/M12C5+
Best test of

bound g-factors

Best test of
H-energy levels

Best test of a
three-body
molecule

Best test of 
higher-order
terms     Z5...7  

H(1S-3S)
δ = 1 × 10–12

He+(1S-2S)
δ = 6 × 10–12

Bound-electron g-factor
δ = 4 × 10–11

Theory tests

HD+

δ(rot) = 5 × 10–11

δ(rot–vib) = 2 × 10–11

rd(δ = 8 × 10–5)

μH (2S-2P)
δ = 1 × 10–5

rp(δ = 4 × 10–4)

H (1S-2S)
δ = 4 × 10–15

R∞(δ = 8 × 10–13)

Penning trap
programs

me, Mp, Md in atomic units

me/Mp (δ = 2 × 10–11)

HD+

δ(rot) = 1 × 10–11

δ(rot–vib) = 3 × 10–12

Figure 9
Simpli!ed scheme showing the impact of rp(µH) on improving fundamental constants and bound-state QED tests. Abbreviation: µH,
muonic hydrogen.

the rp value from CODATA 2018 does not completely re"ect the potential of the µH(2S-2P)
measurements. We thus sketch in the following the impact of rp(µH) by combining it with some
selected measurements and corresponding theory predictions in simple systems with distinctive
precision and sensitivity.Figure 9 illustrates the impact of theµH spectroscopy and its connection
to H,HD+, and Penning trap measurements that leads to cutting-edge tests of bound-state QED
for H-like systems, simple molecular systems, and bound-electron g-factors while improving
on fundamental constants such as the rp, rd, R∞, me, and Mp. Throughout this section we use
SI units.

5.1. Muonic Hydrogen to Hydrogen: Testing the Hydrogen Energy Levels
and Extracting R∞

Even though the recent H(2S-8D) measurement (15) is at some tension with the µH results, here
we exploit the agreement between the rp values from H (16, 17, 19) and µH to illustrate the
potential of combining µH and H measurements for testing the H energy levels and improving
on R∞, the most precisely known fundamental constant and a major player in the adjustment of
fundamental constants. R∞ also sets the energy scale for atoms, ions, and molecules, such that
precise predictions of transition frequencies in these systems require its precise value.

410 Antognini • Hagelstein • Pascalutsa
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Experiment: HFS in H, He , …

LS in H, D, He , …

μ μ +

μ μ μ +
Theory: QED, ChPT, data-driven 

dispersion relations, 

ab-initio few-nucleon theories, LQCD

Guiding the exp. 

find HFS or LS 
transitions


with the help of full 
theory predictions: 
QED, weak, finite 
size, polarizability

Input for data-
driven evaluations 

form factors, 
structure functions, 

polarizabilities

Electron and 
Compton Scattering

Interpreting the 
exp. 

extract , , 
 or 
ETPE Epol.

RZ RE

Determine  
fundamental 

constants 

‣ Rydberg 
constant 


‣ charge and 
Zemach radii   
(  and )


‣ mass ratios

R∞

RE RZ

Hydrogen 
molecular ions

Spectroscopy of 
ordinary atoms (H, He )+

Penning 
traps

Testing the theory 

‣ bound-state QED for H, He  

‣ HFS theory

‣ nuclear theories

‣ three-body molecules

‣ bound g-factors

+

INTERPLAY WITH THEORY AND OTHER EXPERIMENTS

HFS 
Theory

HFS experiments

TPE

Scattering 
experiments

Polarizabilities

Heavier 
(Muonic) 
Atoms

HD+

BSM

https://indico.psi.ch/event/
13154/
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LIMITING THEORY UNCERTAINTIES

Vladimir Pascalutsa — Introduction to “Proton structure in and out of muonic hydrogen”—  PSI2022 Satellite Workshop — Oct 14,15            

Theoretical approaches to low-energy QCD

10

Dispersive 
data-driven 

Lattice 
 QCD 

EFTs 
ChPT  
SCET 

…
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STRUCTURE EFFECTS THROUGH 2𝛾
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Proton-structure effects at subleading orders arise through multi-photon processes

forward 

two-photon exchange (2γ)

elastic contribution:             
finite-size recoil, 

3rd Zemach moment (Lamb shift),
Zemach radius (Hyperfine splitting)                     

polarizability contribution
(non-Born VVCS)

Tµ⌫(q, p) =

✓
�gµ⌫ +

qµq⌫

q2

◆
T1(⌫, Q

2) +
1

M2

✓
pµ � p · q

q2
qµ

◆✓
p⌫ � p · q

q2
q⌫
◆
T2(⌫, Q

2)

� 1

M
�µ⌫↵q↵ S1(⌫, Q

2)� 1

M2

�
�µ⌫q2 + qµ�⌫↵q↵ � q⌫�µ↵q↵

�
S2(⌫, Q

2)

“Blob” corresponds to doubly-virtual Compton scattering (VVCS):

f1(x,Q
2), f2(x,Q

2), g1(x,Q
2), g2(x,Q

2)

Lamb shift Hyperfine splitting 
(HFS)

Proton structure functions: γ∗

N

X

see talks by 
A. Pineda, V. Lensky, 

M. Gorshteyn and S. Li Muli
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2𝛾 EFFECT IN THE LAMB SHIFT
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�E(nS) = 8⇡↵m�2
n
1

i

Z 1

�1

d⌫

2⇡

Z
dq

(2⇡)3

�
Q2 � 2⌫2

�
T1(⌫, Q2)� (Q2 + ⌫2)T2(⌫, Q2)

Q4(Q4 � 4m2⌫2)

wave function 
at the origin

T1(⌫, Q
2) = T1(0, Q

2) +
32⇡Z2↵M⌫2

Q4

ˆ 1

0
dx

xf1(x,Q2)

1� x2(⌫/⌫el)2 � i0+

T2(⌫, Q
2) =

16⇡Z2↵M

Q2

ˆ 1

0
dx

f2(x,Q2)

1� x2(⌫/⌫el)2 � i0+

dispersion relation
& optical theorem:

Caution: in the data-driven dispersive approach the T1(0,Q2) subtraction function 
is modelled!

lim
Q2!0

T 1(0, Q
2)/Q2 = 4⇡�M1

low-energy expansion:

T 1(0, Q
2) = 4⇡�M1 Q

2/
�
1 +Q2/⇤2

�4
modelled Q2 behavior:

real Compton scattering / 
polarizabilities: 

J. McGovern, E. Mornacchi 
and E. Downie

determine slope of  
through dilepton production:

M. Vanderhaeghen

βM1(Q2)
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EUCLIDEAN SUBTRACTION FUNCTION
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ΔE(inel)
2S (νs = 0) ≃ − 12.3 μeV

ΔE′￼(inel)
2S (νs = iQ) ≃ 1.6 μeV

based on Bosted-Christy parametrization:

Once-subtracted dispersion relation for  with subtraction at  

Dominant part of polarizability contribution: 

 with  

Inelastic contribution for  is order of magnitude smaller than for 

Prospects for future lattice QCD and EFT calculations

T1(ν, Q2) νs = iQ

ΔE′￼(subt)
nS =

2αm
π

ϕ2
n ∫

∞

0

dQ
Q3

2 + vl

(1 + vl)2
T1(iQ, Q2) vl = 1 + 4m2/Q2

νs = iQ νs = 0

����� (��+��)
�� ����	�
�� ����	�

��� ��� ��� ��� ���

-��

�

��

��

��

��

��/��

�
� �

�
[�
��

]

✘

FH, V. Pascalutsa, Nucl. Phys. A 1016 (2021) 122323
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Constrained by empirical information: 
spin structure functions,  and 

, and Pauli form factor 

BχPT calculation puts the reliability of 
dispersive calculations (and BχPT) to 
the test ?!

LO BχPT result is compatible with zero

• Contributions from  and  are sizeable and 
largely cancel each other

Are the data-driven evaluations affected by cancelations?

g1(x, Q2)
g2(x, Q2) F2(Q2)

σLT σTT

Assuming ChPT is working, it should be best applicable to atomic systems, where the energies are very small !
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Empirical information on spin structure functions is limited 

Low-Q region is very important (cancelation between  and )I1(Q2) F2(Q2)

Changes Zemach radius (smaller, just like )rp

4

FIG. 2. The longitudinal-transverse spin polarizability for
the proton as a function of Q2, compared to existing world
data [24, 25], phenomenological models [22, 26] and �PT cal-
culations [13, 27]. The �LT point indicated by an 8-pointed
marker near Q2 = 0.05 GeV 2 includes both g1 and g2 from
E08-027 data, while the other three points use the CLAS
model for the g1 part of the integral. The cyan shaded re-
gion represents the systematic uncertainty.

ing electron spin, respectively. The slightly di↵ering kine-
matics, influenced by the strong target magnetic field, did
not permit the combination of data sets at the polarized
cross section di↵erence level for the setting where we have
both longitudinal and transverse data, so the structure
functions were formed using a model input according to:

g1(x,Q
2) = K1


��k

✓
1 +

1

K2

tan
✓

2

◆�
+

2g2tan
✓
2

K2y
(3)

g2(x,Q
2) =

K1y

2


��?

✓
K2 + tan

✓

2

◆�
� g1y

2
, (4)

where the kinematic terms, K1 and K2, are defined as

K1 =
MQ2

4↵

y

(1� y)(2� y)
(5)

K2 =
1 + (1� y)cos✓

(1� y)sin✓
, (6)

and ✓ is the angle of the scattered electron, y = ⌫/E and
⌫ = E0�E. A model [23] based on the CLAS Hall B data
was used as the g1 input for the extraction of g2, except
in the Q2 = 0.05 GeV2 setting where measured ��k and
��? were used to solve the above for g1 and g2. Details
on the extraction of the polarized cross section di↵erences
can be found in the Methods section.

The experimental cross section, calculated only for the
longitudinal setting, was formed by normalizing the de-
tected electron counts by target density and thickness
(⇢), spectrometer acceptance (Vacc), detector e�ciencies

FIG. 3. The longitudinal-transverse spin polarizability for
the proton as a function of Q2, compared to existing world
data [24, 25], phenomenological models [22, 26] and �PT cal-
culations [13, 27]. The �LT point indicated by an 8-pointed
marker near Q2 = 0.05 GeV 2 includes both g1 and g2 from
E08-027 data, while the other two points use the CLAS model
for the g1 part of the integral. The cyan shaded region repre-
sents the systematic uncertainty. On this plot the moment is

scaled by Q6

(2M)2
to form a unitless quantity, and is zoomed in

on the lowest three Q2 points.

(✏det), livetime (LT ) and accumulated charge (Q/e) :

�0 =
d2�

d⌦dE0 =
Ndet

Q/e · ⇢ · LT · ✏det · Vacc

. (7)

The spectrometer acceptance is defined with solid angle
⌦ and scattered electron energy E0 and was determined
using a Monte-Carlo simulation [28]. The same dilution
factor in the asymmetry was applied to the cross section
to obtain a pure proton result. Large systematics in the
transverse cross sections made it preferable to form the
polarized cross sections di↵erences using the asymmetries
from g2p data, and an unpolarized cross section from the
Bosted-Christy model [29]. The longitudinal cross sec-
tion was used to determine how well the model agreed
with the g2p data, and obtain an associated systematic
error. It was determined from this comparison that the
structure of the model matched our data very well, but
needed to be scaled by a factor of ⇡ 1.15. This scaling
factor is perhaps not surprising due to the small amount
of existing low Q2 proton data available to constrain the
model, and is in any case consistent within error bars
with the E61 data [30] that was originally used to create
the Bosted-Christy model. This scaling factor is trusted
to within the 9% relative uncertainty of our measured
cross section. An additional small uncertainty associ-
ated with structure di↵erences between our data and the
model brings the uncertainty of this method to around
10%. However, the impact of this scaling factor on the
higher moments is suppressed. We have calculated it to

BjPT of nucleon spin polarizabilities and contribution to `H hfs Vladimir Pascalutsa
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Figure 2: Generalized GDH integral �1(&2) and forward spin polarizability W0(&2) of the proton as function
of &2. The NLO BjPT prediction is shown by the blue solid line and the blue band. The red line represents
the LO BjPT result. The purple short-dashed lines are the HB results from Refs. [23] and [24], respectively.
The black dotted line is the MAID model prediction with c, [, cc channels [25]. The pink band is the IR+�
result from Ref. [26], and the gray band is the BjPT+� result from Ref. [27]. Empirical extractions: Ref. [28]
(blue dots), Ref. [29] (purple square), Ref. [22] (orange pyramid) and the recent CLAS Collaboration data
Ref. [19] (green triangles). The cyan star for �1(0) is derived from the proton anomalous magnetic moment
^? ≈ 1.793 [30].

The same discrepancy between the BjPT theory expectation and the empirical data at very
low &2, can be seen by studying the individual polarizabilities and moments of the proton spin
structure functions. In Fig. 2, we show the generalized GDH integral �1(&2) and the forward spin
polarizability W0(&2) of the proton as a function of &2. The recent CLAS results [19] (green
triangles) are compared to various theory predictions. In the region of 0.03 GeV2 < &2 < 0.3
GeV2, the data agree well with the NLO BjPT prediction (blue band). Below ∼ 0.03 GeV2, the
data display an unexplained structure that does not only disagree with BjPT, but also seems to
be in tension with independent empirical constraints at the real-photon point. The latter values of
�1(0) and W0(0) are precisely determined from the anomalous magnetic moment of the proton and
total photoabsorption cross sections, respectively. Note that if there is an issue with the data input
for the dispersive approach, it could be either due to the experimental data or the extrapolation to
unmeasured energy regions, included also in the evaluation of the moments [19].

3. Polarizability Contribution to the Hyperfine Splitting in (Muonic-)Hydrogen

The hfs of the =(-level is proportional to the leading order-(/U)4 Fermi energy:

⇢F = 8/U
303

1 + ^
<"

, (3)

where " is the mass of the proton, ^ is the anomalous magnetic moment of the proton, and < is
the electron (muon) mass in case of H and `H, respectively. The nuclear-structure e�ects only start
contributing from order-(/U)5 through the forward 2� exchange. The latter is conventionally split
into Zemach-radius, recoil and polarizability contributions [36]:

⇢2�
hfs(=() = ⇢F

=3
��Z + �recoil + �pol� . (4)

4

New data JLab Spin Physics Programme, e.g., g2p 2204.10224.
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FIG. 6. Correlation between the Zemach and charge radius of the proton. The shown results are from: Lin et al. [61], Borah
et al. [62], CREMA [4], Distler et al. [63], Kelly [64], Bradford et al. [65], Arrington et al. [55], and Arrington & Sick [66].

TABLE I. Determinations of the proton Zemach radius RZ, in units of fm.

ep scattering µH 2S hfs H 1S hfs

Lin et al. [61] Borah et al. [62] Antognini et al. [4] B�PT [67] Volotka et al. [58] B�PT [67]

1.054+0.003
�0.002 1.0227(107) 1.082(37) 1.040(33) 1.045(16) 1.010(9)

VI. THEORY PREDICTION FOR THE GROUND-STATE HYPERFINE SPLITTING IN µH

The upcoming measurements of the 1S hfs in µH [5–8] crucially rely on a precise theory prediction. The limiting
uncertainty is given by the TPE e↵ects [10]:

Ehfs(1S, µH) =
h
183.797(7)�1.30653(17)

✓
RZ

fm

◆
+ EF

⇣
1.01656(4)�recoil + 1.00402�pol

⌘

| {z }
TPE including radiative corrections

i
meV, (34)

see Appendix C and Table II for an itemized list of the individual contributions. As explained in Sec. IVD, it is
customary to refine the theory prediction of 1S hfs in µH with the help of the high-precision measurement of the 1S
hfs in H. We do so by combining our B�PT prediction for the polarizability e↵ect in the µH hfs, Eq. (14b), and the
Zemach radius extracted from H spectroscopy, Eq. (32a), based on the same prediction for the polarizability e↵ect in
the H hfs. We arrive at:

Ehfs(1S, µH) = 182.640(18)meV, (35a)

ETPE
hfs (1S, µH) = �1.157(16)meV, (35b)

where ETPE
hfs corresponds to the TPE including radiative corrections, as indicated by the curly brace in Eq. (34).

In Figs. 7 and 8, we compare our predictions to results from data-driven dispersive evaluations [11, 13] and HB
EFT [50]. While all available predictions for the total hfs are in agreement, further improvements of the theory are
required in order to compete with the anticipated experimental accuracy.

VII. CONCLUSIONS AND OUTLOOK

We have presented the LO B�PT prediction for the O(↵5) polarizability e↵ect on the hfs in H and µH, see Eq. (12).
Contrary to the data-driven evaluations, the B�PT prediction is compatible with zero. This was expected from the
HB�PT limit of the VVCS amplitudes, in particular S1(0, Q2), which partially display a cancellation of the leading
order in the chiral expansion of small m⇡, see discussion in Sec. III A. The small polarizability e↵ect is then mainly a
remnant of higher orders in the HB expansion.

spin structure functions: 
K. Slifer and A. Deur
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FIG. 6. Correlation between the Zemach and charge radius of the proton. The shown results are from: Lin et al. [61], Borah
et al. [62], CREMA [4], Distler et al. [63], Kelly [64], Bradford et al. [65], Arrington et al. [55], and Arrington & Sick [66].

TABLE I. Determinations of the proton Zemach radius RZ, in units of fm.

ep scattering µH 2S hfs H 1S hfs

Lin et al. ’21 Borah et al. ’20 Antognini et al. ’13 LO B�PT Volotka et al. ’04 LO B�PT

1.054+0.003
�0.002 1.0227(107) 1.082(37) 1.040(33) 1.045(16) 1.010(9)

VI. THEORY PREDICTION FOR THE GROUND-STATE HYPERFINE SPLITTING IN µH

The upcoming measurements of the 1S hfs in µH [5–8] crucially rely on a precise theory prediction. The limiting
uncertainty is given by the TPE e↵ects [10]:

Ehfs(1S, µH) =
h
183.797(7)�1.30653(17)
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meV, (34)

see Appendix C and Table II for an itemized list of the individual contributions. As explained in Sec. IVD, it is
customary to refine the theory prediction of 1S hfs in µH with the help of the high-precision measurement of the 1S
hfs in H. We do so by combining our B�PT prediction for the polarizability e↵ect in the µH hfs, Eq. (14b), and the
Zemach radius extracted from H spectroscopy, Eq. (32a), based on the same prediction for the polarizability e↵ect in
the H hfs. We arrive at:

Ehfs(1S, µH) = 182.640(18)meV, (35a)

ETPE
hfs (1S, µH) = �1.157(16)meV, (35b)

where ETPE
hfs corresponds to the TPE including radiative corrections, as indicated by the curly brace in Eq. (34).

In Figs. 7 and 8, we compare our predictions to results from data-driven dispersive evaluations [11, 13] and HB
EFT [50]. While all available predictions for the total hfs are in agreement, further improvements of the theory are
required in order to compete with the anticipated experimental accuracy.

VII. CONCLUSIONS AND OUTLOOK

We have presented the LO B�PT prediction for the O(↵5) polarizability e↵ect on the hfs in H and µH, see Eq. (12).
Contrary to the data-driven evaluations, the B�PT prediction is compatible with zero. This was expected from the
HB�PT limit of the VVCS amplitudes, in particular S1(0, Q2), which partially display a cancellation of the leading
order in the chiral expansion of small m⇡, see discussion in Sec. III A. The small polarizability e↵ect is then mainly a
remnant of higher orders in the HB expansion.
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The hyperfine splitting of µH (theory update):

E1S-hfs = �182.443�������������������������
EF

+1.350(7)�������������������������������������������
QED+weak

+0.004�������������������
hVP

−1.30653(17)�rZp
fm
� +EF �1.01656(4)�recoil + 1.00402�pol�

��������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������
2� incl. radiative corr.

�meV, 40.

E2S-hfs = �22.8054�������������������������
1
8EF

+0.1524(8)�����������������������������������������������������
QED+weak

+0.0006(1)�����������������������������������������������������
hVP

−0.16319(2)�rZp
fm
� + 1

8
EF �1.01580(4)�recoil + 1.00326�pol�

�����������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������
2� incl. radiative corr.

�meV.

4.2. Hyperfine splitting in µH

The improved 2S −2P measurements discussed above will also improve the precision of the

2S hfs measurement. However, a new level of precision will be reached in the upcoming

CREMA measurement of 1S hfs (108). The schematics of this experiment are shown in

Fig. 7 explained in the insert. On the theory side, we have made a detailed account of

the various contributions to these hfs transitions. Their simplified breakdown is given in

Eq. 40. More details can be found in the Supplement.

Once a high-precision measurement of the 1S hfs in µH is available, it can be used

together with H to accurately disentangle the Zemach and polarizability contributions, �Z

and �pol, with unprecedented precision. This is possible because the eVP corrections to

the 2� exchange di↵er between H and µH, cf. Eqs. 40 and 42. Anticipating 1 ppm accuracy

for the µH 1S hfs experiment, the Zemach radius will be determined with 5 × 10−3 relative

uncertainty and �pol(µH) with 40 ppm absolute uncertainty. It will thus lead to the

best empirical determination of the proton Zemach radius from spectroscopy, without the

uncertainty associated with the polarizability contribution.

Leveraging radiative
corrections allows to
disentangle the
Zemach radius from
H and µH hfs.

4.3. Pinning down the 1S hyperfine splitting in µH

The success of the 1S µH hfs experiments relies critically on the precision and accuracy of

the theory prediction. The CREMA Collaboration is expecting 2 hours of data taking time

per frequency point to observe an excess of events over background. The 1S hfs resonance

would need to be searched in a more than 40 GHz wide frequency range to be compared

with a linewidth of about 200 MHz at FWHM resulting from Doppler broadening (60 MHz),

laser bandwidth (100 MHz) and collisional e↵ects. We estimate the search range to cover a±3� band over the present spread of 2�-exchange theory predictions, cf. Fig. 8. Given the

limited access to the PSI accelerator facility, it is important to further narrow it down as

much as possible.

Fractional accuracy
of a quantity X:
�(X) = �X�X, with
�X the absolute
accuracy.

The 1S hfs in H has already been measured with � = 7 × 10−13 accuracy (109, 110):

E
exp.

1S-hfs
(H) = 1420.405751768(1)MHz. 41.

The corresponding theory prediction is compiled in Eq. 42. Compared to a previous compila-

tion by Volotka (92), we have recalculated the µVP correction which agrees with Ref. (111).
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FIG. 7. (a) One-photon exchange with vacuum polarization; (b) One-photon exchange with finite-size correction; and (c) elastic
and inelastic two-photon exchange.

In first-order perturbation theory to the unperturbed Coulomb wave functions, one finds for the Lamb shift:
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It is clear that the dominant e↵ect comes from the small-t region in the first integral, which starts from the threshold
of e+e� production. Unfortunately, we cannot simply expand GC around 0 before integration, since the integral will
eventually diverge. Instead we use again the DR for GC given in Eq. (C3b). We then change the variable t ! 4m2

eu
2

and perform the integration over u. Afterwards, only integrals over t
0 remain, which start from the threshold of
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and  = ↵mr/2me. Our formula agrees numerically with Ref. [64, Eq. (28)]. In Eq. (C7b), we used the deuteron
radius determined through the isotope shift to illustrate the quantitative size of the e↵ect, where the uncertainity is
just propagated from the error of the radius in Eq. (60).

A similar subleading correction stems from the interference of one-photon exchange potentials with electronic VP,

�VVP(r) = �
ˆ

dq

(2⇡)3
e
iq·r 4⇡↵

q 2
⇧

(1)
(q2) =

↵

⇡

 1

4m2
e

dt
Im ⇧(t)

t

e
�r

p
t

r
, (C9)

and finite-size corrections,
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see Fig. 7 (a) and (b), respectively. The latter can be approximated with a delta-function potential proportional to
the deuteron radius. To calculate this e↵ect at second order in perturbation theory, we need to know the matrix
elements of the delta-function and Yukawa-type potentials between the µD Coulomb wave functions:
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FIG. 7. (a) One-photon exchange with vacuum polarization; (b) One-photon exchange with finite-size correction; and (c) elastic
and inelastic two-photon exchange.
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the deuteron radius. To calculate this e↵ect at second order in perturbation theory, we need to know the matrix
elements of the delta-function and Yukawa-type potentials between the µD Coulomb wave functions:

h2S|�(r)|nSi = 1

2
p
2n3⇡a3

, (C11a)

h2S|e�r
p

t
/r|nSi = �4

p
2n

a

4� n
2
�
3 + 4a2t

�
h
n2
�
1 + 2a

p
t
�2 � 4

i2 exp

"
�2n arctanh

2

n
�
1 + 2a

p
t
�
#
, (C11b)
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FIG. 8. Elastic and inelastic two-photon exchange with vacuum-polarization insertion at O(↵6).

and the energy levels of the Coulomb potential:

En = � ↵

2an2
, E2 = � ↵

8a
, (C12)

with n the principal quantum number. For the discrete spectrum, we obtain:

E
(2)disc.hVPihFFi
2S = 2

X

n 6=2

h2S|�VVP|nSih2S|�VFF|nSi
E2 � En

(C13)

' 4↵2
r
2
d

3

X

n 6=2

1

E2 � En
h2S|�(r)|nSi

ˆ 1

4m2
e

dt
Im⇧(1)(t)

t
h2S|e�r

p
t
/r|nSi (C14)

= �0.008274
h
rd

fm

i2
meV ' �0.037464(6)meV, (C15)

with the deuteron radius in fm units. For the continuous spectrum, we apply:

h2S|�(r)|kSi = 1

2
p
2⇡a3

r
k

1� e�2⇡/k
, (C16a)
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1� e�2⇡/k
, (C16b)

and

Ek =
↵k

2

2a
, (C17)

to get:

E
(2)cont.hVPihFFi
2S = 2

ˆ 1

0
dk

h2S|�VVP|kSih2S|�VFF|kSi
E2 � Ek

(C18)

'
p
2↵2

r
2
d

3⇡a3

ˆ 1

0
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r
k

1� e�2⇡/k

1

E2 � Ek

ˆ 1

4m2
e

dt
Im⇧(1)(t)

t
h2S|e�r

p
t
/r|kSi (C19)

= 0.028761
h
rd

fm

i2
meV ' 0.130226(20)meV. (C20)

In total, the interference of the one-photon-exchange potentials in Fig. 7 (a) and (b) amounts to:

E
(2)hVPihFFi
2S = E

(2)disc.hVPihFFi
2S + E

(2)cont.hVPihFFi
2S (C21)

= 0.020487
h
rd

fm

i2
meV ' 0.092763(14)meV. (C22)

This formula agrees numerically with Ref. [64, Eq. (29)].

Let us now turn to our main interest: the electronic VP corrections to the 2� exchange. The simplest correction is
due to the insertion of the one-loop electronic VP into the 2�-exchange diagram, see Fig. 8. We multiply the integrand

2𝛾 + radiative corrections ⟹ differ for H vs. μH and 1S vs. 2S

+ …We have updated also the hVP, rescaling the recent result obtained for muonium (66). These

µVP and hVP results are considerably larger (roughly by a factor of 3 and 5, respectively)

than quoted in (92).

The hyperfine splitting of H (theory update):

E1S-hfs(H) = �1418840.082(9)�������������������������������������������������������������������������������������������
EF

+1612.673(3)������������������������������������������������������������������������
QED+weak

+0.274�������������������
µVP

+0.077�������������������
hVP

−54.430(7) �rZp
fm
� +EF �0.99807(13)�recoil + 1.00002�pol�

���������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������
2� incl. radiative corr.

�kHz 42.

In Refs. (112, 113), this high-precision hfs measurement was already exploited to con-

strain the 2�-exchange contribution and its e↵ect in the hfs of µH. Here we shall use a

somewhat di↵erent procedure, where all the uncertainty of rescaling from H to µH is limited

to radiative corrections. From H we deduce a subset of hadronic contributions, containing

the Zemach radius, polarizability and hVP corrections:

E
hadr

1S-hfs(H) = EF(H) [b1S(H)�Z(H) + c1S(H)�pol(H) +�hVP(H)] = −54.823(71)kHz, 43.

where b(H) and c(H) are the radiative-correction factors shown explicitly in Eq. 42; the

radiative correction on the small hVP contribution is neglected. We choose not to lump

in here the recoil corrections, because they are known rather precisely. We use (99, 79):

�recoil(H) = 5.33(5) ppm and �recoil(µH) = 846(6) ppm.

To go from H to µH, we assume that only the radiative factors scale non-trivially with

the reduced mass. The hadronic contributions scale linearly:

�i(H)
mr(H) =

�i(µH)
mr(µH) , i = Z, pol, hVP. 44.

This scaling is obvious for the Zemach and hVP contributions (cf. Eqs. 15, 28), whereas for

the polarizability contribution this has been verified numerically to better than 2% (99).

Therefore, the hadronic contribution in µH can be expressed via the one in H as follows:

E
hadr

nS-hfs(µH) = EF(µH)mr(µH) bnS(µH)
n3EF(H)mr(H) b1S(H) E

hadr

1S-hfs(H)
+ EF(µH)

n3
�pol(µH) �c1S(H)bnS(µH)

b1S(H) − cnS(µH)�
����������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������=−6×10−5 for n=1=−5×10−5 for n=2

45.

where b(µH) and c(µH) are shown numerically in Eq. 40. The second term is negligible

because the coe�cient given by the square brackets is very small. We thus only evaluate

the first term and obtain:

E
hadr

1S-hfs(µH) = −1.316(2)meV, E
hadr

2S-hfs(µH) = −0.1644(2)meV. 46.

20 A. Antognini, F. Hagelstein and V. Pascalutsa

δ (E exp.
1S−hfs(H)) = 10 × 10−13

Hellwig et al., 1970

High-precision measurement 
of the “21cm line” in H:

A. Antognini, FH, V. Pascalutsa, Ann. Rev. Nucl. Part. 72 (2022) 389-418

V. Pascalutsa
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Leverage radiative corrections  

and assume the non-recoil  effects have simple scaling 

1. Prediction for μH HFS from empirical 1S HFS in H

2. Disentangle Zemach radius and polarizability contribution 

3. Testing the theory

EZ+pol
1S−hfs(H) = EF(H)[b1S(H) ΔZ(H) + c1S(H) Δpol(H)] = − 54.900(71) kHz

𝒪(α5) Δi(H)
mr(H)

=
Δi(μH)
mr(μH)

, i = Z, pol

EZ+pol
nS−hfs(μH) =

EF(μH) mr(μH) bnS(μH)
n3EF(H) mr(H) b1S(H)

EZ+pol
1S−hfs(H) −

EF(μH)
n3

Δpol(μH) [c1S(H)
bnS(μH)
b1S(H)

− cnS(μH)]
= − 6 × 10−5 for n = 1 = − 5 × 10−5 for n = 2
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which is larger than the value accounted for in Ref. [5, Eq. (17)], but agrees with Ref. [6] within errors, cf. Table
VII. It is also in agreement with the empirical value, Eq. (66), but more than a factor 3 less precise. Our new theory
compilation will be used in Section VIA to extract rd(µD) from the experimental value for E2P�2S .

VI. CHARGE RADIUS EXTRACTIONS
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FIG. 4. Comparison of deuteron charge radius determinations from fits to electron-deuteron scattering data, ordinary and
muonic-deuterium spectroscopy, and the 2S � 1S hydrogen-deuterium isotope shift combined with the proton radius from
muonic hydrogen.

A. Deuteron Charge Radius

This section compares three independent extractions of the deuteron charge radius: from the spectroscopy of the
µD Lamb shift, the 2S � 1S transition in D and the 2S � 1S H-D isotope shift, respectively. With the experimental
value for the µD Lamb shift in Eq. (63), the theoretical prediction in Eq. (65), and our result for the 2�-exchange
e↵ects, Eq. (68), we can extract the deuteron charge radius from µD spectroscopy:

rd(µD) = 2.12763(13)exp(77)theory = 2.12763(78) fm, (69)

where the uncertainty budget remained the same as in the original extraction from Ref. [3], see Eq. (1b). In addition,
we consider the extraction from the measured 2S � 1S transition in D [60]:

f
D
2S�1S = 2466 732 407 522.88(91) kHz, (70)

and the theory prediction in Eq. (F2), which leads to:

rd(D, 2S � 1S) = 2.12767(49) fm. (71)

Note that the entering Rydberg constant, R1 in Eq. (E4), is strongly driven by rp(µH). The third extraction from
the H-D isotope shift and rp(µH) has been presented in Section IVB:

rd(µH & iso) = 2.12788(16) fm.

All results are shown in Fig. 4, together will older extractions, results from electron-deuteron scattering and the
CODATA recommended values. We can see that the spectroscopy of ordinary and muonic hydrogen isotopes, after
the recent theory updates, cf. Ref. [6], gives consistent results for the deuteron charge radius.

Precise deuteron radius from H-D 1S-2S isotope shift and μH Lamb shift

Higher-order contributions to μD Lamb shift are important:

• Coulomb (non-forward) distortion (starting ): 

• 2𝛾 incl. eVP and 3𝛾 contributions starting  [Kalinowski, Phys. Rev. A 99 (2019) 030501]

α6 log α ECoulomb
2S = 0.2625(15) meV

α6

E2P−2S(μD) = [228.77408(38) − 6.10801(28) ( rd

fm )
2

− E2γ
2S + 0.00219(92)] meV

V. Lensky
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Radii [fm] /⇡EFT N3LO (this work) �ET [27] Sick and Trautmann [9] Abbott et al. [28]

rd 2.128 2.126 2.130(10) 2.094(9)

rFd 3.376 3.372 3.385 3.292
⌦
r
3
d

↵1/3
2.468 2.468 2.480 2.401

⌦
r
4
d

↵1/4
2.820 2.837 2.844 2.726

TABLE III. Various radii corresponding to the di↵erent deuteron charge form factors.

Note that, neglecting recoil corrections, the elastic contribution can be approximated through the Friar radius as [30]

E
elastic, F
2S = �m

4
r↵

5

24
r
3
Fd. (24)

This approximation, however, results in a noticeable underestimation of Eelastic
2S . The /⇡EFT value, for instance, turns

out to be Eelastic, F
2S = �0.4323 meV, which has to be compared to Eq. (18). We therefore conclude that at the present

level of theoretical precision it is important to retain the full weighting function �̂2(⌧d, ⌧l) in Eq. (11) instead of only
taking the leading Friar radius term.

The dependence of both r
2
d and r

3
Fd on l

C0S
1 can be represented as a linear correlation between these quantities. We

show the correlation line in the right panel of Fig. 2, where we also plot a ±1% ⇠ (�/m⇡)4 band as a simple estimate
of terms beyond N3LO in the /⇡EFT expansion. One can see that the �ET result lies almost on the correlation
line, very close to the /⇡EFT results fixed by the H-D 2S � 1S isotope shift, see Section IV and Appendix D. The
parametrisation of Ref. [9] lies some distance from the line, albeit reasonably close to it, whereas that of Ref. [28] is
much further away. It would be interesting to see if this correlation line can be reproduced in a �ET calculation.
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FIG. 2. Left panel: Integrand of Eq. (11) as function of Q. Black dotted: deuteron form factor parametrisations from Ref. [28];
red solid: result of the /⇡EFT calculation. Right panel: Correlation of r

3
Fd and r

2
d. The dashed line shows the correlation

obtained from the /⇡EFT results, with the band showing the estimated 1% N3LO uncertainty; the red disc, purple cross, green
diamond, and blue square show the values obtained, respectively, from /⇡EFT, the �ET form factor [27], the parametrisation
of Ref. [9], and the parametrisation of Ref. [28].

The above considerations indicate that the FF parametrisation of Ref. [28], used in Refs. [24, 29], might not
adequately describe the behaviour of the deuteron charge FF at low virtualities. The agreement between the /⇡EFT
and �ET calculations, see Ref. [21, Sec. IV] for a detailed comparison of the FFs, is not entirely surprising as both
these EFTs are expected to well reproduce low-momenta/long-range properties of the deuteron. This vindicates our
choice of the /⇡EFT as the calculational framework. One can also conclude that the correlation shown in Fig. 2 can
serve as a diagnostic criterion for a realistic parametrisation of the deuteron charge FF. Furthermore, one can note

 13 / 20

Deuteron Charge Form Factor and Elastic TPE

● The charge form factor at N3LO
coincides with the χEFT result

● Vindicates both theories

● Empirical FFs would be very
close to these curves

● What about elastic TPE?

→ look at different form factors

● Magnetic and quadrupole contributions can be neglected

Filin et al. (2020)χEFT

V. Lensky, A. Hiller Blin, V. Pascalutsa, Phys. Rev. C 104 (2021) 054003 

Only one unknown low-energy constant  
of a longitudinal photon coupling to two 
nucleons 

Agreement of chiral EFT and pionless EFT

Use  and  correlation to test low-  
properties of form factor parametrisations

Abbott parametrisation gives different radii

l1

rd rFd Q
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V. Lensky, A. Hiller Blin, FH, V. Pascalutsa, 2203.13030 

V. Lensky, FH, V. Pascalutsa, in preparation
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E
2�
2S [meV]

Theory prediction

Krauth et al. ’16 [5] �1.7096(200)

Kalinowski ’19 [6, Eq. (6) + (19)] �1.740(21)

/⇡EFT (this work) �1.752(20)

Empirical (µH + iso)

Pohl et al. ’16 [3] �1.7638(68)

This work �1.7585(56)

TABLE VII. Comparison of prediction for the 2�-exchange e↵ects in the µD Lamb shift.

In the following, we update this value based on the improved hadronic VP [55] and electronic light-by-light scattering
contributions [57], as well as rd(µH & iso) from Eq. (60).

For the e↵ect of LO and NLO hadronic VP [55], combined with the mixed electronic and muonic VP, as well as
the electronic VP loop in the SE correction [52], we use (2P � 2S): 11.64(32)µeV. This reduces the uncertainty of
the old value 11.12(71)µeV (sum of #12, 13, 14, 30, 31 in Ref. [5, Table 1]), thereby improving the uncertainty of
the deuteron-radius independent term by a factor 2. In addition, we include the inelastic 3�-exchange, calculated
for the first time in Ref. [7]. Compared to Eq. (62), the elastic 3�-exchange contribution (#r3, r30 in [5, Table 2])
has been removed from the radius-dependent term, so that the sum of elastic and inelastic 3�-exchange (2P � 2S):
2.19(88)(27)µeV [7], is now listed as an individual term. The updated theory prediction for the Lamb shift in µD
then reads [51]:

E2P�2S =


228.77408(38)� 6.10801(28)

⇣
rd

fm

⌘2
� E

2�
2S + 0.00219(92)

�
meV. (65)

Inserting the deuteron charge radius determined from the H-D isotope shift, Eq. (60), and comparing to the CREMA
measurement, Eq. (63), we refine the empirical 2�-exchange e↵ect:

E
2�
2S(emp.) = �1.7585(56)meV. (66)

B. Comparison of Theoretical Predictions for 2� Exchange

In Section IIID, we summarized our /⇡EFT results for the deuteron-structure e↵ects in the µD Lamb shift originating
from the forward 2� exchange, including the accompanied electronic VP contributions, and compared to other theory
predictions. Our final result is given in Eq. (42). For a meaningful comparison to the empirical value for the 2�-
exchange e↵ect, Eq. (66), we need to add e↵ects from o↵-forward 2� exchange (the Coulomb distortions). Formally of
a subleading O(↵6 ln↵), they are, however, numerically important. We use the recommended value from the theory
compilation in Ref. [5]:

E
Coulomb
2S = 0.2625(15)meV, (67)

derived from modern deuteron potentials (�ET potential and AV18 model [58]). This value should be consistent with
the /⇡EFT framework, since the deuteron electric dipole polarizability from /⇡EFT [21] is in agreement with predictions
from the applied deuteron potentials [59]. Combining Eqs. (42) and (67), our final result for the 2�-exchange structure
e↵ects on the 2S-level in µD reads:

E
2�
2S = �1.752(20) meV, (68)

N3LO pionless EFT + higher-order 
single-nucleon effects: 

Elastic 2𝛾 several standard deviations 
larger

Inelastic 2𝛾 consistent with other results

Agreement with precise empirical value 
for the 2𝛾 effect extracted with 
rd (μH + iso)

Eelastic
2S = − 0.446(8) meV

Einel,L
2S = − 1.509(16) meV

Einel,T
2S = − 0.005 meV

Ehadr
2S = − 0.032(6) meV

EeVP
2S = − 0.027 meV
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FIG. 3. Comparison of predictions for the elastic and inelastic contributions to the 2� exchange in µD. Values are the same as
in Tables II and IV.

which agrees well with the value adopted in Ref. [5]: 0.0098(98) meV. As one can see from Table V, our predictions
agree with the dispersive estimates from Ref. [41]. It is also instructive to compare our result for the proton subtrac-
tion contribution, 0.0035(26) meV, to predictions in the framework of heavy-baryon �PT: 0.0042(10) meV [43] and
0.0029(12) meV [44].

The above considerations take into account the most significant higher-order nucleon structure corrections that
start to appear at N4LO in the /⇡EFT expansion. One can notice that each one of the corrections, E

hadr, FF
2S =

�0.013(1) meV from Eq. (33), and the nucleon polarisability corrections, Ehadr, subt
2S + E

hadr, inel
2S = �0.019(6) meV

from Eqs. (34) and (35), is separately smaller or of the size of the estimated N3LO uncertainty of the inelastic
contribution, 0.016 meV, Eq. (26). Their total, however,

E
hadr
2S = E

hadr, FF
2S + E

hadr, subt
2S + E

hadr, inel
2S = �0.032(6) meV, (36)

is about twice as large as that uncertainty. Nevertheless, we expect the higher-order nuclear e↵ects, as well as the
relativistic corrections, to be much smaller, and we expect the remaining higher-order e↵ects to be within our N3LO
uncertainty estimate. Erring on the side of caution, we refrain from going as far as performing an N4LO adjustment
of the uncertainty.

D. Summary of Results

We conclude this section by summarizing our /⇡EFT predictions of the nuclear-structure e↵ects on the 2S level
in µD from the forward 2� exchange, and including the accompanying electronic VP contributions. At N3LO, we
derived the dominant 2�-exchange e↵ects coming from the elastic deuteron charge FF GC and the non-pole part of
the deuteron VVCS amplitude:

E
elastic
2S = �0.446(8) meV, (37a)

E
inel
2S = �1.509(16) meV, (37b)

see Sections IIIA and III B for details. The uncertainties have been quantified through the Bayesian error estimate
described in Appendix A. As mentioned above, the value of Einel

2S contains the transverse contribution,

E
inel,T
2S = �0.005 meV. (38)

Even though it only starts entering at N4LO, we add it since it is included in many of the alternative calculations;
its uncertainty due to higher-order terms in the /⇡EFT expansion is neglected.

In Fig. 3, our /⇡EFT predictions are compared to data-driven and �ET results. The disagreement with Carlson et
al. [24] for Eelastic

2S is due to the deuteron charge FF parametrization from Ref. [28]. As one can see from Table II, our
prediction is in good agreement with the data-driven approach if the Sick & Trautmann parametrization [9] is used
instead.

Beyond N3LO, we also take into account the single-nucleon e↵ects discussed in Section III C. They can be split into
the nucleon-polarizability contribution, the single-nucleon subtraction-function contribution, and the insertion of the
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which agrees well with the value adopted in Ref. [5]: 0.0098(98) meV. As one can see from Table V, our predictions
agree with the dispersive estimates from Ref. [41]. It is also instructive to compare our result for the proton subtrac-
tion contribution, 0.0035(26) meV, to predictions in the framework of heavy-baryon �PT: 0.0042(10) meV [43] and
0.0029(12) meV [44].

The above considerations take into account the most significant higher-order nucleon structure corrections that
start to appear at N4LO in the /⇡EFT expansion. One can notice that each one of the corrections, E

hadr, FF
2S =

�0.013(1) meV from Eq. (33), and the nucleon polarisability corrections, Ehadr, subt
2S + E

hadr, inel
2S = �0.019(6) meV

from Eqs. (34) and (35), is separately smaller or of the size of the estimated N3LO uncertainty of the inelastic
contribution, 0.016 meV, Eq. (26). Their total, however,

E
hadr
2S = E

hadr, FF
2S + E

hadr, subt
2S + E

hadr, inel
2S = �0.032(6) meV, (36)

is about twice as large as that uncertainty. Nevertheless, we expect the higher-order nuclear e↵ects, as well as the
relativistic corrections, to be much smaller, and we expect the remaining higher-order e↵ects to be within our N3LO
uncertainty estimate. Erring on the side of caution, we refrain from going as far as performing an N4LO adjustment
of the uncertainty.

D. Summary of Results

We conclude this section by summarizing our /⇡EFT predictions of the nuclear-structure e↵ects on the 2S level
in µD from the forward 2� exchange, and including the accompanying electronic VP contributions. At N3LO, we
derived the dominant 2�-exchange e↵ects coming from the elastic deuteron charge FF GC and the non-pole part of
the deuteron VVCS amplitude:

E
elastic
2S = �0.446(8) meV, (37a)

E
inel
2S = �1.509(16) meV, (37b)

see Sections IIIA and III B for details. The uncertainties have been quantified through the Bayesian error estimate
described in Appendix A. As mentioned above, the value of Einel

2S contains the transverse contribution,

E
inel,T
2S = �0.005 meV. (38)

Even though it only starts entering at N4LO, we add it since it is included in many of the alternative calculations;
its uncertainty due to higher-order terms in the /⇡EFT expansion is neglected.

In Fig. 3, our /⇡EFT predictions are compared to data-driven and �ET results. The disagreement with Carlson et
al. [24] for Eelastic

2S is due to the deuteron charge FF parametrization from Ref. [28]. As one can see from Table II, our
prediction is in good agreement with the data-driven approach if the Sick & Trautmann parametrization [9] is used
instead.

Beyond N3LO, we also take into account the single-nucleon e↵ects discussed in Section III C. They can be split into
the nucleon-polarizability contribution, the single-nucleon subtraction-function contribution, and the insertion of the
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Thank you for your attention!


