
THREE-BODY SYSTEM

RESONANCES OF EXOTIC THREE-BODY SYSTEMS
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LAGRANGE-MESH METHOD

3. Expansion

3D-mesh							          and 

(Sometimes approximate) Gauss quadrature

Rotation of the coordinates

Stable complex eigenvalues
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BACKGROUND
•	 Antimatter facilities at CERN for studying exotic quantum systems
•	 Efficient tool for determining antimatter properties, e.g.

•	 experimental study of the antiprotonic helium atom (made of an α-par-
ticle, an electron, and an antiproton), with high-precision laser spectroscopy 
on narrow resonances of pHe+ 	 	  best value for the p mass [1],

•	same techniques for negatively charged pion [2].

PRESENT WORK
•	 Aim: computing accurately resonant parameters (energies and widths) of 

1.	 3-body systems with 2 identical particles (He, H2
+, Ps-, etc.),

2.	 3-body exotic quantum systems (pHe+, pH, π-He+, etc.).
•	 Method: applying the

1.	 Lagrange-mesh method [3] in perimetric coordinates [4],
2.	 complex scaling method [5] to extract resonance parameters.

INTRODUCTION

Helium and Ps- (L = 0, 1)
•	 Absolute accuracy between 10-11 and 10-15 
•	 For antisymmetric and symmetric states (1S and 3S)
•	 Even and odd, (anti)symmetric states (1Pe,o and 3Pe,o)

RESULTS

COMPLEX SCALING METHOD

1. Internal Hamiltonian of the system

2. Perimetric coordinates

Radial coordinates

Euler angles      ,     ,     

with ,

Energy (a.u.) Width (a.u.)
∞He 1S -7.778 676 355 62   x 10-1 4.541 305 705 x 10-3 [a]

Ref. [8] -7.778 676 356        x 10-1 4.541 306        x 10-3

Ps- 3S -6.353 735 370 385 x 10-2 3.141 47          x 10-9 [a]

Ref. [9] -6.353 735 371        x 10-2 3.134               x 10-9

Ps- 1Po -6.315 586 163        x 10-2 9.1837             x 10-7

Ref. [10] -6.315 59                 x 10-2 8.87                 x 10-7

Ps- 3Pe -3.1 630 675 990 1  x 10-2 1.791 005 980 x 10-4

Ref. [11] -3.1 628 7                x 10-2 1.795               x 10-4

pHe+ Energy (a.u.) Width (a.u.)
L=3 -1.838 623 03          x 102 2     x 10-6 [b]

L=21 -6.595 1 1.1  x 10-2 [b]

L=32 -3.353 757 863 53 [b]

Ref. [12] -3.353 757 80 2.1  x 10-12

We plan to develop and extend the current method to study the reso-

nances of 

EXOTIC QUANTUM HYBRID SYSTEMS
•	 Antiprotonic helium atom pHe+

•	 Antiprotonic hydrogen ion pH [13]
•	 Pionic helium atom π-He+ [14]
•	 Kaonic helium atom

for any angular momentum L,
by means of the Kohn variational method.

PERSPECTIVES
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Antiprotonic helium (see Ref. [7])
•	 Nonrelativistic quasibound / resonant states for L = 0 to 80 
•	 Widths studied for  2 < L < 22

Extracted 
from Ref. [6]

[a] See Ref. [6].
[b] See Ref. [7].


