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Outline

I Iterative learning control
– Repetitive control tasks

– Example: RF pulse shaping

I Robust control
– Modeling and handling system uncertainty

– Robust control design

– Example: Beam injector control

I Adaptive robust methods
– Online estimation of uncertainty

– Example: Laser pulse stacking (automated tuning)

– Example: Beam orbit correction

I Data-driven control
– Dynamic models

– Integration with predictive control methods

A. Rezaeizadeh, T. Schilcher, R.S. Smith, “Control
of the Swiss Free Electron Laser,” IEEE Control

Systems Magazine, 37(6), pp. 30–51, 2017.
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Iterative learning control

Problem configuration

G++
y u

v d

Linear system description:

yk = G(z)uk + dk + vk, for time steps k = 1, . . . , N.

or, in matrix form,


y1

...
yN




︸ ︷︷ ︸

= G



u1

...
uN




︸ ︷︷ ︸

+



d1

...
dN




︸ ︷︷ ︸

+



v1

...
vN




︸ ︷︷ ︸

, where:
dk disturbance

vk ∼ N (0, σ2
v) (stochastic noise)

y u d v
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Iterative learning control

Iterative operation

The system operates repetitively. Each repetition is described by:

y = Gu+ d+ v, y, u, v, d ∈ RN , G ∈ RN×N ,

Repetitions usually have a significant uncontrolled time interval between them.

The unknown disturbance signal, d ∈ RN , is constant over all repetitions.
For example: unknown, but constant, initial conditions.

Design problem (feedforward)

Design the input signal, u ∈ RN to achieve:

I Reference tracking: y = yref ∈ RN .

I Information (u and y) from past repetitions is available.
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Iterative learning control

Potential difficulties

I Uncertainty about the true dynamics:

y = Gu+∆G(u) + d + v, (errors caused by d and ∆G(u) can’t be disambiguated)

I Measurement noise: vk ∼ N (0, σ2
v)

Iterative learning control approach

I Iteratively update the next input: ui ∈ RN (i is the iteration index)

I If yref is the same for all repetitions then we want ui to converge so that:

E
{
yref + v

}
= yref = Gui + ∆G(ui) + d, (proceed cautiously)

I Only update ui to ui+1 every L repetitions of the signal. Estimate yi by averaging,

ŷi =
1

L

L∑

l=1

yi,l (ui is constant for all L repetitions)
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Iterative learning control

Cost function

At each update of u (from ui to ui+1) we will minimise,

‖yref − yi+1‖2Y︸ ︷︷ ︸
+ ‖ui+1 − ui‖2R︸ ︷︷ ︸

= (yref − yi+1)TY (yref − yi+1) + (ui+1 − ui)TR(ui+1 − ui).

tracking input
error change

Tracking error dynamics

Neglecting noise,

yref − yi+1 = yref −Gui+1 −∆G(ui+1)− di+1 (and similarly for yref − yi)

If, as assumed, ∆G(ui+1) + di+1 = ∆G(ui) + di then,

(yref − yi+1)︸ ︷︷ ︸ = (yref − yi)︸ ︷︷ ︸ − G(ui+1 − ui)
next error prior error
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Iterative learning control

Updating the input signal

minimise
ui+1

‖yref − yi+1‖2Y + ‖ui+1 − ui‖2R

subject to: (yref − yi+1) = (yref − yi) − G(ui+1 − ui)

Thiis has a closed-form solution:

ui+1 = ui + (R+GTY G)−1GTY
︸ ︷︷ ︸

(yref − yi).

constant matrix

I We could also include input constraints (e.g. umin ≤ ui+1 ≤ umax)

I In practice we will use the averaged estimate of the tracking error: yref − ŷi.
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Fig. 2. The RF layout of a C-band station in the SwissFEL beamline.

and dynamics including an overview on the low-level RF
architecture of a C-band RF station. The two conventional
operation modes of pulse compressors are discussed in detail
in Section III. Section IV develops the iterative learning con-
trol approach for amplitude and phase modulation, followed
by the experimental results and a comparison with the phase
modulation approach. Section VI concludes the paper with a
summary of the results.

II. SYSTEM DESCRIPTION

The simplified layout of a C-band RF station in the Swiss-
FEL Linac is illustrated in Figure 2. The C-band signal source
is generated by a master oscillator. The discrete waveforms of
the in-phase, I , and quadrature, Q, components of the RF
signal are fed into the vector modulator to be up-converted.
Each sequence contains 2048 samples with sampling time of
4.2 ns. The RF signal drives the klystron to generate high
power RF at its output. The output signal is then fed to the
pulse compressor to deliver a high peak power by shortening
the RF pulse length. The high power signal is then split over
four accelerating structures [3]. The RF field at the output
of the BOC is measured by a directional coupler and down-
converted to the baseband. The resulting signal is then sampled
at the rate of 238 MHz, followed by a non-IQ demodulation
algorithm to obtain the discrete sequences of I and Q. The
details of the low level RF architecture design are reported in
[14]. The measured I and Q waveforms are used in the ILC
algorithm to update the next I and Q input waveforms to the
Digital-to-Analog Converters (DAC). The control objective of
the ILC is to generate flat-topped RF amplitude and phase
pulses at the pulse compressor output.

A. The pulse compressor model

The relationship between the klystron and pulse compressor
voltage is given by [1]

↵Vg = Vc + ⌧ V̇c, (1)

where Vc and Vg are respectively the pulse compressor and
klystron voltage phasors which are complex numbers contain-
ing the voltage magnitude and phase. Furthermore, ↵ = 2�

�+1 ,
and � is the coupling factor and ⌧ is the filling time of the
pulse compressor given by

⌧ =
2Q0

(� + 1)!0
, (2)

where Q0 is the unloaded quality factor and !0 is the angular
frequency of the RF wave. To derive Equation 1, it has been
assumed that the unloaded quality factor is high enough, thus
1/!0 can be neglected with respect to ⌧ . Furthermore, Vg is
assumed to be constant or to change smoothly (i.e. V̇g ⌧ !0).
For the case where the RF wave frequency and the pulse
compressor resonant frequency are different, Equation 1 is
replaced by[5]:

↵Vg = Vc(1 + j⌧�!) + ⌧ V̇c, (3)

where �! = !0 � !c, and where !c is the nominal angular
resonant frequency of the pulse compressor. This frequency
shift is introduced to remove the residual phase modulation
by operating the klystron with a lower frequency than of the
accelerating structure, as described in [1]. We refer to this
operation as “detuning” the BOC. The reflected wave from the
pulse compressor, which is the signal fed to the accelerating
structure, is specified as the output voltage of the pulse
compressor. The reflected voltage, given by Vr = Vc � Vg ,
is the quantity that we are interested in (see Figure 1).

III. TWO MODES OF OPERATION

In this section, we briefly survey the two common operation
modes of pulse compressors, namely: the phase jump and the
phase modulation.

A. Phase Jump

In this mode, the input RF phase is flipped by 180 de-
grees while the input amplitude is kept constant. This makes
an amplitude spike at the output of the pulse compressor
which decays slowly. However, this amplitude pulse shape
is not suitable for multi-bunch operation of a Linac, since
the bunches experience different accelerating gradients as they
pass through the structure. As it has been proposed previously
in [1], the output amplitude can be lowered and flattened by
reversing the phase slowly. In this method, commonly known
as the “phase modulation”, the phase trajectory is derived
analytically.

B. Phase Modulation

From Equation 1 and the fact that the reflected voltage is
Vr = Vc � Vg , we lead to the following differential equation
governing the system dynamics:

Vr + ⌧ V̇r = (↵� 1)Vu � ⌧ V̇u. (4)

For simplicity, the low-pass dynamics of the klystron and other
LLRF devices are ignored. Therefore, Vu denotes the voltage
phasor introduced at the vector modulator.
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An Iterative Learning Control Approach for Radio
Frequency Pulse Compressor Amplitude and Phase

Modulation
Amin Rezaeizadeh, Roger Kalt, Thomas Schilcher and Roy S. Smith

Abstract—Radio Frequency (RF) pulse compressors are used
in linear accelerators (Linac) to achieve high power levels by
shortening the RF pulse length. In their original form, the phase
of the incoming pulse is reversed by 180� which generates a high
peak power at the output of the pulse compressor, followed by an
exponential decay. This pulse shape however is not appropriate
with regard to timing stability as well as for having equal energy
gain for multi-bunch operation. To achieve flat-topped pulses, a
method has been previously proposed in [1] which analytically
modulates the input phase waveform. In the present contribution
an alternative way to producing flat-topped RF pulses is proposed
which is based on Iterative Learning Control technique. This
approach manipulates the input waveforms iteratively in order
to generate flat-topped amplitude and phase pulses at the output
of the pulse compressor.

Index Terms—Linear accelerator, free electron laser, radio
frequency control, pulse compressor, iterative learning control.

I. INTRODUCTION

THE SwissFEL machine, currently being developed and
constructed at Paul Scherrer Institut, will provide a source

of bright and short X-ray pulses [2]. The SwissFEL C-band
(5.712 GHz) Linac includes 26 Radio Frequency (RF) stations.
In each RF station, the klystron delivers high power RF to an
RF pulse compressor followed by four accelerating structures
[3]. The RF pulse compressor is a passive device used to
store the energy and release it under certain conditions[1].
It essentially converts a long RF pulse to a short one with
much higher peak RF magnitude. The SwissFEL RF pulse
compressor is designed based on a single Barrel Open Cavity
(BOC) which has a high quality factor resulting in a relatively
long filling time and significant energy storage capacity (see
Figure 1)[4]. In the original form of RF pulse compression,
commonly referred to as the “phase jump” regime, the input
phase is flipped by 180�, generating a reflected wave into the
acceleration structures. This transient high power RF decays
relatively slowly which gives enough time to the structures
to build up an accelerating gradient much higher than using
the klystron alone. However, this pulse shape is not suitable
for multi-bunch operation where it is often required that all

Amin Rezaeizadeh is with Department of Electrical Engineering and
Information Technology, ETH Zurich, CH-8092 Zurich, Switzerland, and also
with the LLRF team at the Paul Scherrer Institut, AG-5232 PSI-Villigen,
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Roger Kalt and Thomas Schilcher are with the Paul Scherrer Institut, AG-
5232 PSI-Villigen, Switzerland.

Roy S. Smith is with Automatic Control Laboratory (IfA), ETH Zurich,
CH-8092 Zurich, Switzerland.

Fig. 1. The pulse compressor based on a single Barrel Open Cavity. The Vg

and Vr denote the input and output forward voltages.

bunches experience the same RF amplitude and phase through
the structures. Moreover, due to the spiky shape of the pulse,
the resulting accelerating gradient is very sensitive to the
timing jitters. To cope with this problem, a more complicated
form of pulse compression was introduced which is referred to
as the “phase modulation”[1]. In this method, the input phase
is reversed very slowly so that the peak amplitude of the pulse
compressor output is lowered and flattened.

The SwissFEL machine operate in a pulsed mode at the
rate of 100 Hz, using normal conducting structures. The RF
pulse length is of the order of 1-3 µs and no digital RF
feedback loop is used within a pulse. Iterative learning control
(ILC) is a control technique for systems that operate in a
repetitive, or run-to-run, manner [6], [7], [8], [9], [10]. In this
method, the measured trajectory is compared to the desired
one to give an error estimate. The error is then used to update
the inputs for the next run. For our problem, i.e. controlling
the pulse waveform, an iterative control is a good approach
since no intra-pulse feedback loop is feasible. Previously in
[11], a model-free ILC algorithm was developed to control the
klystron RF pulse [12]. In this paper, we develop and apply a
model-based ILC approach for producing flat-topped RF pulse
at the pulse compressor output. In this approach, both input
phase and amplitude waveforms are modulated. The method
has been successfully tested on the RF pulse compressor at
the SwissFEL Linac test facility.

This paper provides more materials and additional analysis,
not previously reported in [13]. The paper is organized as
follows. Section II introduces the pulse compressor model

Roy Smith (2022-10-11) 9



Iterative Learning Control

Control problem

Inputs: u Vector modulator input (uI + juQ)

Outputs: y Barrel Open Cavity (BOC)
reflected output (yI + jyQ)

Plant: G(z) Vector modulator and BOC dynamics

G++
y u

v d

Plant model

GBOC(z) =
Vr(z)

Vg(z)
=

Ts(α− 1)− τ − jTsτ∆ω + τz−1

Ts + τ + jTsτ∆ω − τz−1
. (first order, complex-valued)

G(z) = K
1− γ

1− γz−1
GBOC(z).

Ts: sample period, τ : filling time, ∆ω : detuning shift, α: coupling term.
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Iterative Learning Control

Nominal plant model: G

GIQ =




h1 0 · · · 0

h2 h1
. . .

...
...

. . .
. . . 0

hN · · · · · · h1




Toeplitz matrix of impulse response coefficients
(complex-valued)

Real and complex part decomposition: GIQ = Greal + jGimag

Real-valued model:
[
yI
yQ

]

︸ ︷︷ ︸
=

[
Greal −Gimag

Gimag Greal

]

︸ ︷︷ ︸

[
uI
uQ

]

︸ ︷︷ ︸
y G u
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Iterative Learning Control

Operating modes: input signal

Control interval: N = 2048

Phase jump:

1. Constant amplitude “filling”

2. 180◦ phase jump

3. Output reflected voltage jump

4. Output reflected voltage decay

Phase modulation:

1. Constant amplitude “filling”

2. Smaller phase jump

3. Lower output voltage

4. Phase modulated to maintain
constant voltage.

This article has been accepted for inclusion in a future issue of this journal. Content is final as presented, with the exception of pagination.
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B. Phase Modulation
)URP ��� DQG WKH IDFW WKDW WKH UHÀHFWHG YROWDJH LV

� ZH FDQ GHULYH WKH IROORZLQJ GLIIHUHQWLDO HTXDWLRQ
JRYHUQLQJ WKH V\VWHP G\QDPLFV�

���

ZKHUH LV QRUPDOL]HG XS WR D JDLQ IDFWRU� )RU VLPSOLFLW\ LQ
WKH SKDVH PRGXODWLRQ DQDO\VLV� WKH G\QDPLFV RI WKH NO\VWURQ DQG
RWKHU //5) GHYLFHV DUH LJQRUHG� :H ZLOO VXEVHTXHQWO\ WDNH WKH
5) G\QDPLFV LQWR DFFRXQW LQ 6HFWLRQ ,9�
,Q WKLV DSSURDFK� WKH LQSXW DPSOLWXGH LV NHSW FRQVWDQW� L�H� ZH

WDNH � )XUWKHUPRUH� WKH LQSXW SKDVH DOVR UHPDLQV
FRQVWDQW EHIRUH VWDUWLQJ WKH SKDVH PRGXODWLRQ� +HQFH� WKH LQLWLDO
LQSXW YROWDJH LV�

���

ZLWK ]HUR SKDVH DQG XQLW DPSOLWXGH�
7KH RXWSXW YROWDJH RI WKH SXOVH FRPSUHVVRU FDQ EH UHDGLO\

FDOFXODWHG XVLQJ ����

���

7KXV� WKH UHÀHFWHG YROWDJH ULVHV H[SRQHQWLDOO\�

���

XQWLO LW UHDFKHV�

���

ZKHUH LV WKH EHJLQQLQJ WLPH RI WKH SKDVH PRGXODWLRQ� RU LQ
WKH SKDVH MXPS UHJLPH� LW LV WKH WLPH ZKHQ WKH SKDVH LV ÀLSSHG
E\ �
$W WKH WLPH � WKH LQSXW SKDVH MXPSV WR ZKLFK LV

OHVV WKDQ ��� GHJUHHV�

���

)URP WKH HTXDWLRQ G\QDPLFV LQ ���� ZH KDYH D GLUHFW
IHHG�WKURXJK WHUP RI � L�H� WKH FKDQJH RI LV RSSRVLWH WR
WKH FKDQJH RI � 7KLV LPSOLHV WKDW DQ\ FKDQJHV LQ WKH LQSXW
YROWDJH DUH GLUHFWO\ WUDQVODWHG WR WKH RXWSXW E\ WKH IHHG�WKURXJK
WHUP� 7R VHH WKLV� RQH FDQ UHSODFH WKH GHULYDWLYH WHUPV E\ WKHLU
¿QLWH GLIIHUHQFH DSSUR[LPDWLRQV�

����

)RU LQ¿QLWHVLPDOO\ VPDOO � WKH YROWDJH MXPSV KDYH WKH IRO�
ORZLQJ UHODWLRQVKLS�

����

)LJ� �� 7KH LQSXW DPSOLWXGH DQG SKDVH ZDYHIRUPV IRU WKH SKDVH MXPS DQG SKDVH
PRGXODWLRQ UHJLPHV�

7KHUHIRUH� DW WKH WLPH ZKHQ WKH SKDVH PRGXODWLRQ VWDUWV� WKHUH
LV D MXPS LQ WKH RXWSXW YROWDJH GHWHUPLQHG DV IROORZV�

����

ZKHUH DQG � GHQRWH UHVSHFWLYHO\ WKH DPSOLWXGH
DQG SKDVH RI WKH RXWSXW YROWDJH DW WLPH � 6LQFH WKH RXWSXW DP�
SOLWXGH LV WR EH FRQVWDQW� LW FDQ EH H[SUHVVHG DV

����

IRU XQWLO WKH HQG RI WKH NO\VWURQ SXOVH� 6XEVWLWXWLQJ �����
WKH LQSXW YROWDJH DQG WKH GHULYDWLYHV LQWR WKH GLIIHUHQWLDO HTXD�
WLRQ ���� \LHOGV

����

6HSDUDWLQJ WKH LPDJLQDU\ DQG UHDO WHUPV� ZH KDYH�

����

ZKHUH WKH WLPH LQGH[ LV UHPRYHG IRU QRWDWLRQDO VLPSOLFLW\� (TXD�
WLRQV ���� DUH QRQOLQHDU ¿UVW RUGHU GLIIHUHQWLDO HTXDWLRQV ZKLFK
FDQ EH VROYHG QXPHULFDOO\ ZLWK WKH LQLWLDO FRQGLWLRQV RQ
DQG � 7KH YDOXH IRU LV DOUHDG\ FDOFXODWHG LQ �����
)LJ� � LOOXVWUDWHV WKH DSSOLHG LQSXW VLJQDOV XVHG LQ SKDVH MXPS

DQG SKDVH PRGXODWLRQ PRGHV RQ DQ 5) VWDWLRQ DW WKH 6ZLVV)(/
/LQDF WHVW IDFLOLW\� ,Q ERWK PHWKRGV� WKH LQSXW DPSOLWXGH UHPDLQV
FRQVWDQW� 7KH LQSXW SKDVH WUDMHFWRU\ LQ SKDVH PRGXODWLRQ PRGH�
VKRZQ LQ )LJ� �� LV WKH VROXWLRQ WR WKH GLIIHUHQWLDO HTXDWLRQ LQ
����� 7KH PHDVXUHG RXWSXW VLJQDOV DUH SORWWHG LQ )LJ� �� $V ZH
FDQ VHH� WKH %2& RXWSXW DPSOLWXGH LV ORZHUHG DQG UHODWLYHO\
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Iterative Learning Control

Operating modes: output signal

Control interval: N = 2048

Phase jump:

1. Constant amplitude “filling”

2. 180◦ phase jump

3. Output reflected voltage jump

4. Output reflected voltage decay

Phase modulation:

1. Constant amplitude “filling”

2. Smaller phase jump

3. Lower output voltage

4. Phase modulated to maintain
constant voltage.
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Iterative Learning Control

ILC results: Comparison with phase modulation

Input signal:

This article has been accepted for inclusion in a future issue of this journal. Content is final as presented, with the exception of pagination.
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)LJ� �� 7KH %2& RXWSXW DPSOLWXGH DQG SKDVH ZDYHIRUPV RI WKH ,/&�EDVHG DQG
WKH SKDVH PRGXODWLRQ PHWKRGV RQ WKH GHWXQHG SXOVH FRPSUHVVRU�

)LJ� �� 7KH NO\VWURQ LQSXW DPSOLWXGH DQG SKDVH ZDYHIRUPV IRU WKH SKDVH PRG�
XODWLRQ DQG ,/& PHWKRGV� 7KH GDVKHG OLQH GHQRWHV WKH NO\VWURQ VDWXUDWLQJ DP�
SOLWXGH�

UDQGRP QRLVH DV ZHOO DV WKH UHSHWLWLYH QRQ�,4 GHPRGXODWLRQ SDW�
WHUQV� 6LQFH DW HDFK LWHUDWLRQ WKH DPSOLWXGH SXOVH VKDSH LV PRG�
L¿HG� VRPH DPRXQW RI WLPH VKRXOG EH FRQVLGHUHG IRU WKH %2&
WHPSHUDWXUH VWDELOL]DWLRQ XQLW� (VSHFLDOO\� GXULQJ WKH HDUO\ LWHUD�
WLRQV� WKH ZDLWLQJ WLPH EHWZHHQ WZR FRQVHFXWLYH LWHUDWLRQV LV UHO�
DWLYHO\ ODUJH� DV WKH DPSOLWXGH ZDYHIRUP FKDQJHV VLJQL¿FDQWO\�
)LJ� � VKRZV WKH H[SHULPHQWDO UHVXOW RI WKH ,/&�EDVHG PHWKRG
�DIWHU �� LWHUDWLRQV� DQG WKH FRPSDULVRQ ZLWK WKH SKDVH PRGXOD�
WLRQ PHWKRG� 7KH GLIIHUHQFH LQ ZDYHIRUPV� JHQHUDWHG E\ SKDVH
PRGXODWLRQ� EHWZHHQ )LJ� � DQG � FRPHV IURP GHWXQLQJ WKH SXOVH
FRPSUHVVRU� 7KH XSGDWHG LQSXW DPSOLWXGH DQG SKDVH ZDYHIRUPV
DUH SORWWHG LQ )LJ� �� 7KH RXWSXW SKDVH FDQ EH FKDQJHG E\ DGGLQJ
DQ RIIVHW WR ERWK LQSXW SKDVH ZDYHIRUP DQG WKH GHVLUHG ÀDW�WRS
SKDVH � $FFRUGLQJ WR )LJ� �� WKHUH LV QR VLJQL¿FDQW FKDQJH
LQ LQSXW DYHUDJH SRZHU� )LJ� � LOOXVWUDWHV WKH VWDQGDUG GHYLDWLRQ
RI DPSOLWXGH DQG SKDVH SXOVHV RYHU WKH ÀDW�WRSSHG UHJLRQ� DV D
JRRG PHDVXUH RI SXOVH ÀDWQHVV� &RPSDULQJ WKH SHUIRUPDQFH RI

)LJ� �� 7KH VWDQGDUG GHYLDWLRQ RI WKH %2& RXWSXW DPSOLWXGH DQG SKDVH SXOVHV
RYHU WKH ÀDW�WRSSHG UHJLRQ�

)LJ� �� 7KH DPSOLWXGH ZDYHIRUP DW WKH ÀDW�WRSSHG UHJLRQ IRU GLIIHUHQW LWHUD�
WLRQV� 7KH GHVLUHG DPSOLWXGH ZDYHIRUP LV GHSLFWHG LQ UHG� 7KH SKDVH PRGXOD�
WLRQ PHWKRG JLYHV WKH GDVKHG EOXH WUDMHFWRU\�

WKH WZR PHWKRGV RI ,/& DQG SKDVH PRGXODWLRQ� WKH UHODWLYH VWDQ�
GDUG GHYLDWLRQ RI DPSOLWXGH LV UHGXFHG E\ D IDFWRU RI � DQG IRU
WKH SKDVH E\ D IDFWRU RI �� LQ WKH ,/&�EDVHG DSSURDFK� )LJ� � DQG
��� UHVSHFWLYHO\� LOOXVWUDWH WKH 5) DPSOLWXGH DQG SKDVH RYHU WKH
ÀDW�WRSSHG UHJLRQ IRU GLIIHUHQW LWHUDWLRQ QXPEHUV� DQG D FRP�
SDULVRQ ZLWK WKH SKDVH PRGXODWLRQ DSSURDFK� $V WKH LWHUDWLRQ
SURFHHGV� WKH ZDYHIRUPV DSSURDFK WKH GHVLUHG WUDMHFWRU\ �DV
VKRZQ LQ UHG IRU WKH DPSOLWXGH�� 7KH GHVLUHG SKDVH ZDYHIRUP
ZDV VLPSO\ FKRVHQ WR EH FRQVWDQW RYHU WKH ÀDW�WRSSHG UHJLRQ�
HYHQ WKRXJK WKH DOJRULWKP ZLOO ZRUN IRU DQ\ DUELWUDU\ ZDYH�
IRUP�

9,� &21&/86,21

:H SURSRVHG DQ LWHUDWLYH OHDUQLQJ DSSURDFK IRU SXOVH VKDSLQJ
LQ ZKLFK WKH PHDVXUHG RXWSXW DQG ZDYHIRUPV DUH XVHG
WR HVWLPDWH WKH HUURU RI ÀDWQHVV� 7KH DOJRULWKP LWHUDWLYHO\ XS�
GDWHV WKH '$& LQSXW DQG ZDYHIRUPV IRU WKH QH[W SXOVH�
:LWK WKH FKRLFH RI DQG � LQVWHDG RI DPSOLWXGH DQG SKDVH� ZH
EHQH¿W IURP OLQHDULW\ RI WKH V\VWHP G\QDPLFV� ,Q WKH SURSRVHG
,/&�EDVHG SXOVH ÀDWWHQLQJ� LQ FRQWUDVW WR WKH SKDVH PRGXODWLRQ
UHJLPH ZKLFK LV DQ RSHQ�ORRS DQDO\WLFDO DSSURDFK� WKH NO\VWURQ
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Iterative Learning Control

ILC results: Comparison with phase modulation

Output signal:
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)LJ� �� 7KH %2& RXWSXW DPSOLWXGH DQG SKDVH ZDYHIRUPV RI WKH ,/&�EDVHG DQG
WKH SKDVH PRGXODWLRQ PHWKRGV RQ WKH GHWXQHG SXOVH FRPSUHVVRU�

)LJ� �� 7KH NO\VWURQ LQSXW DPSOLWXGH DQG SKDVH ZDYHIRUPV IRU WKH SKDVH PRG�
XODWLRQ DQG ,/& PHWKRGV� 7KH GDVKHG OLQH GHQRWHV WKH NO\VWURQ VDWXUDWLQJ DP�
SOLWXGH�

UDQGRP QRLVH DV ZHOO DV WKH UHSHWLWLYH QRQ�,4 GHPRGXODWLRQ SDW�
WHUQV� 6LQFH DW HDFK LWHUDWLRQ WKH DPSOLWXGH SXOVH VKDSH LV PRG�
L¿HG� VRPH DPRXQW RI WLPH VKRXOG EH FRQVLGHUHG IRU WKH %2&
WHPSHUDWXUH VWDELOL]DWLRQ XQLW� (VSHFLDOO\� GXULQJ WKH HDUO\ LWHUD�
WLRQV� WKH ZDLWLQJ WLPH EHWZHHQ WZR FRQVHFXWLYH LWHUDWLRQV LV UHO�
DWLYHO\ ODUJH� DV WKH DPSOLWXGH ZDYHIRUP FKDQJHV VLJQL¿FDQWO\�
)LJ� � VKRZV WKH H[SHULPHQWDO UHVXOW RI WKH ,/&�EDVHG PHWKRG
�DIWHU �� LWHUDWLRQV� DQG WKH FRPSDULVRQ ZLWK WKH SKDVH PRGXOD�
WLRQ PHWKRG� 7KH GLIIHUHQFH LQ ZDYHIRUPV� JHQHUDWHG E\ SKDVH
PRGXODWLRQ� EHWZHHQ )LJ� � DQG � FRPHV IURP GHWXQLQJ WKH SXOVH
FRPSUHVVRU� 7KH XSGDWHG LQSXW DPSOLWXGH DQG SKDVH ZDYHIRUPV
DUH SORWWHG LQ )LJ� �� 7KH RXWSXW SKDVH FDQ EH FKDQJHG E\ DGGLQJ
DQ RIIVHW WR ERWK LQSXW SKDVH ZDYHIRUP DQG WKH GHVLUHG ÀDW�WRS
SKDVH � $FFRUGLQJ WR )LJ� �� WKHUH LV QR VLJQL¿FDQW FKDQJH
LQ LQSXW DYHUDJH SRZHU� )LJ� � LOOXVWUDWHV WKH VWDQGDUG GHYLDWLRQ
RI DPSOLWXGH DQG SKDVH SXOVHV RYHU WKH ÀDW�WRSSHG UHJLRQ� DV D
JRRG PHDVXUH RI SXOVH ÀDWQHVV� &RPSDULQJ WKH SHUIRUPDQFH RI

)LJ� �� 7KH VWDQGDUG GHYLDWLRQ RI WKH %2& RXWSXW DPSOLWXGH DQG SKDVH SXOVHV
RYHU WKH ÀDW�WRSSHG UHJLRQ�

)LJ� �� 7KH DPSOLWXGH ZDYHIRUP DW WKH ÀDW�WRSSHG UHJLRQ IRU GLIIHUHQW LWHUD�
WLRQV� 7KH GHVLUHG DPSOLWXGH ZDYHIRUP LV GHSLFWHG LQ UHG� 7KH SKDVH PRGXOD�
WLRQ PHWKRG JLYHV WKH GDVKHG EOXH WUDMHFWRU\�

WKH WZR PHWKRGV RI ,/& DQG SKDVH PRGXODWLRQ� WKH UHODWLYH VWDQ�
GDUG GHYLDWLRQ RI DPSOLWXGH LV UHGXFHG E\ D IDFWRU RI � DQG IRU
WKH SKDVH E\ D IDFWRU RI �� LQ WKH ,/&�EDVHG DSSURDFK� )LJ� � DQG
��� UHVSHFWLYHO\� LOOXVWUDWH WKH 5) DPSOLWXGH DQG SKDVH RYHU WKH
ÀDW�WRSSHG UHJLRQ IRU GLIIHUHQW LWHUDWLRQ QXPEHUV� DQG D FRP�
SDULVRQ ZLWK WKH SKDVH PRGXODWLRQ DSSURDFK� $V WKH LWHUDWLRQ
SURFHHGV� WKH ZDYHIRUPV DSSURDFK WKH GHVLUHG WUDMHFWRU\ �DV
VKRZQ LQ UHG IRU WKH DPSOLWXGH�� 7KH GHVLUHG SKDVH ZDYHIRUP
ZDV VLPSO\ FKRVHQ WR EH FRQVWDQW RYHU WKH ÀDW�WRSSHG UHJLRQ�
HYHQ WKRXJK WKH DOJRULWKP ZLOO ZRUN IRU DQ\ DUELWUDU\ ZDYH�
IRUP�

9,� &21&/86,21

:H SURSRVHG DQ LWHUDWLYH OHDUQLQJ DSSURDFK IRU SXOVH VKDSLQJ
LQ ZKLFK WKH PHDVXUHG RXWSXW DQG ZDYHIRUPV DUH XVHG
WR HVWLPDWH WKH HUURU RI ÀDWQHVV� 7KH DOJRULWKP LWHUDWLYHO\ XS�
GDWHV WKH '$& LQSXW DQG ZDYHIRUPV IRU WKH QH[W SXOVH�
:LWK WKH FKRLFH RI DQG � LQVWHDG RI DPSOLWXGH DQG SKDVH� ZH
EHQH¿W IURP OLQHDULW\ RI WKH V\VWHP G\QDPLFV� ,Q WKH SURSRVHG
,/&�EDVHG SXOVH ÀDWWHQLQJ� LQ FRQWUDVW WR WKH SKDVH PRGXODWLRQ
UHJLPH ZKLFK LV DQ RSHQ�ORRS DQDO\WLFDO DSSURDFK� WKH NO\VWURQ
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Iterative Learning Control

ILC results: Output voltage detail

Amplitude
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)LJ� �� 7KH %2& RXWSXW DPSOLWXGH DQG SKDVH ZDYHIRUPV RI WKH ,/&�EDVHG DQG
WKH SKDVH PRGXODWLRQ PHWKRGV RQ WKH GHWXQHG SXOVH FRPSUHVVRU�

)LJ� �� 7KH NO\VWURQ LQSXW DPSOLWXGH DQG SKDVH ZDYHIRUPV IRU WKH SKDVH PRG�
XODWLRQ DQG ,/& PHWKRGV� 7KH GDVKHG OLQH GHQRWHV WKH NO\VWURQ VDWXUDWLQJ DP�
SOLWXGH�

UDQGRP QRLVH DV ZHOO DV WKH UHSHWLWLYH QRQ�,4 GHPRGXODWLRQ SDW�
WHUQV� 6LQFH DW HDFK LWHUDWLRQ WKH DPSOLWXGH SXOVH VKDSH LV PRG�
L¿HG� VRPH DPRXQW RI WLPH VKRXOG EH FRQVLGHUHG IRU WKH %2&
WHPSHUDWXUH VWDELOL]DWLRQ XQLW� (VSHFLDOO\� GXULQJ WKH HDUO\ LWHUD�
WLRQV� WKH ZDLWLQJ WLPH EHWZHHQ WZR FRQVHFXWLYH LWHUDWLRQV LV UHO�
DWLYHO\ ODUJH� DV WKH DPSOLWXGH ZDYHIRUP FKDQJHV VLJQL¿FDQWO\�
)LJ� � VKRZV WKH H[SHULPHQWDO UHVXOW RI WKH ,/&�EDVHG PHWKRG
�DIWHU �� LWHUDWLRQV� DQG WKH FRPSDULVRQ ZLWK WKH SKDVH PRGXOD�
WLRQ PHWKRG� 7KH GLIIHUHQFH LQ ZDYHIRUPV� JHQHUDWHG E\ SKDVH
PRGXODWLRQ� EHWZHHQ )LJ� � DQG � FRPHV IURP GHWXQLQJ WKH SXOVH
FRPSUHVVRU� 7KH XSGDWHG LQSXW DPSOLWXGH DQG SKDVH ZDYHIRUPV
DUH SORWWHG LQ )LJ� �� 7KH RXWSXW SKDVH FDQ EH FKDQJHG E\ DGGLQJ
DQ RIIVHW WR ERWK LQSXW SKDVH ZDYHIRUP DQG WKH GHVLUHG ÀDW�WRS
SKDVH � $FFRUGLQJ WR )LJ� �� WKHUH LV QR VLJQL¿FDQW FKDQJH
LQ LQSXW DYHUDJH SRZHU� )LJ� � LOOXVWUDWHV WKH VWDQGDUG GHYLDWLRQ
RI DPSOLWXGH DQG SKDVH SXOVHV RYHU WKH ÀDW�WRSSHG UHJLRQ� DV D
JRRG PHDVXUH RI SXOVH ÀDWQHVV� &RPSDULQJ WKH SHUIRUPDQFH RI

)LJ� �� 7KH VWDQGDUG GHYLDWLRQ RI WKH %2& RXWSXW DPSOLWXGH DQG SKDVH SXOVHV
RYHU WKH ÀDW�WRSSHG UHJLRQ�

)LJ� �� 7KH DPSOLWXGH ZDYHIRUP DW WKH ÀDW�WRSSHG UHJLRQ IRU GLIIHUHQW LWHUD�
WLRQV� 7KH GHVLUHG DPSOLWXGH ZDYHIRUP LV GHSLFWHG LQ UHG� 7KH SKDVH PRGXOD�
WLRQ PHWKRG JLYHV WKH GDVKHG EOXH WUDMHFWRU\�

WKH WZR PHWKRGV RI ,/& DQG SKDVH PRGXODWLRQ� WKH UHODWLYH VWDQ�
GDUG GHYLDWLRQ RI DPSOLWXGH LV UHGXFHG E\ D IDFWRU RI � DQG IRU
WKH SKDVH E\ D IDFWRU RI �� LQ WKH ,/&�EDVHG DSSURDFK� )LJ� � DQG
��� UHVSHFWLYHO\� LOOXVWUDWH WKH 5) DPSOLWXGH DQG SKDVH RYHU WKH
ÀDW�WRSSHG UHJLRQ IRU GLIIHUHQW LWHUDWLRQ QXPEHUV� DQG D FRP�
SDULVRQ ZLWK WKH SKDVH PRGXODWLRQ DSSURDFK� $V WKH LWHUDWLRQ
SURFHHGV� WKH ZDYHIRUPV DSSURDFK WKH GHVLUHG WUDMHFWRU\ �DV
VKRZQ LQ UHG IRU WKH DPSOLWXGH�� 7KH GHVLUHG SKDVH ZDYHIRUP
ZDV VLPSO\ FKRVHQ WR EH FRQVWDQW RYHU WKH ÀDW�WRSSHG UHJLRQ�
HYHQ WKRXJK WKH DOJRULWKP ZLOO ZRUN IRU DQ\ DUELWUDU\ ZDYH�
IRUP�

9,� &21&/86,21

:H SURSRVHG DQ LWHUDWLYH OHDUQLQJ DSSURDFK IRU SXOVH VKDSLQJ
LQ ZKLFK WKH PHDVXUHG RXWSXW DQG ZDYHIRUPV DUH XVHG
WR HVWLPDWH WKH HUURU RI ÀDWQHVV� 7KH DOJRULWKP LWHUDWLYHO\ XS�
GDWHV WKH '$& LQSXW DQG ZDYHIRUPV IRU WKH QH[W SXOVH�
:LWK WKH FKRLFH RI DQG � LQVWHDG RI DPSOLWXGH DQG SKDVH� ZH
EHQH¿W IURP OLQHDULW\ RI WKH V\VWHP G\QDPLFV� ,Q WKH SURSRVHG
,/&�EDVHG SXOVH ÀDWWHQLQJ� LQ FRQWUDVW WR WKH SKDVH PRGXODWLRQ
UHJLPH ZKLFK LV DQ RSHQ�ORRS DQDO\WLFDO DSSURDFK� WKH NO\VWURQ

Phase
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DPSOLWXGH LV DOVR PRGXODWHG� 7KH JUHDWO\ LPSURYHG SXOVH ÀDW�
WHQLQJ FRPHV DW D FRVW� 6LPXODWLRQ VWXGLHV VKRZ WKDW WKH HQHUJ\
JDLQ GURSV E\ QHDUO\ ��� ZLWK WKH ÀDW�WRSSHG 5) SXOVH FRP�
SDUHG WR WKH SKDVH MXPS PRGH�
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Iterative Learning Control

ILC results: convergence
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)LJ� �� 7KH %2& RXWSXW DPSOLWXGH DQG SKDVH ZDYHIRUPV RI WKH ,/&�EDVHG DQG
WKH SKDVH PRGXODWLRQ PHWKRGV RQ WKH GHWXQHG SXOVH FRPSUHVVRU�

)LJ� �� 7KH NO\VWURQ LQSXW DPSOLWXGH DQG SKDVH ZDYHIRUPV IRU WKH SKDVH PRG�
XODWLRQ DQG ,/& PHWKRGV� 7KH GDVKHG OLQH GHQRWHV WKH NO\VWURQ VDWXUDWLQJ DP�
SOLWXGH�

UDQGRP QRLVH DV ZHOO DV WKH UHSHWLWLYH QRQ�,4 GHPRGXODWLRQ SDW�
WHUQV� 6LQFH DW HDFK LWHUDWLRQ WKH DPSOLWXGH SXOVH VKDSH LV PRG�
L¿HG� VRPH DPRXQW RI WLPH VKRXOG EH FRQVLGHUHG IRU WKH %2&
WHPSHUDWXUH VWDELOL]DWLRQ XQLW� (VSHFLDOO\� GXULQJ WKH HDUO\ LWHUD�
WLRQV� WKH ZDLWLQJ WLPH EHWZHHQ WZR FRQVHFXWLYH LWHUDWLRQV LV UHO�
DWLYHO\ ODUJH� DV WKH DPSOLWXGH ZDYHIRUP FKDQJHV VLJQL¿FDQWO\�
)LJ� � VKRZV WKH H[SHULPHQWDO UHVXOW RI WKH ,/&�EDVHG PHWKRG
�DIWHU �� LWHUDWLRQV� DQG WKH FRPSDULVRQ ZLWK WKH SKDVH PRGXOD�
WLRQ PHWKRG� 7KH GLIIHUHQFH LQ ZDYHIRUPV� JHQHUDWHG E\ SKDVH
PRGXODWLRQ� EHWZHHQ )LJ� � DQG � FRPHV IURP GHWXQLQJ WKH SXOVH
FRPSUHVVRU� 7KH XSGDWHG LQSXW DPSOLWXGH DQG SKDVH ZDYHIRUPV
DUH SORWWHG LQ )LJ� �� 7KH RXWSXW SKDVH FDQ EH FKDQJHG E\ DGGLQJ
DQ RIIVHW WR ERWK LQSXW SKDVH ZDYHIRUP DQG WKH GHVLUHG ÀDW�WRS
SKDVH � $FFRUGLQJ WR )LJ� �� WKHUH LV QR VLJQL¿FDQW FKDQJH
LQ LQSXW DYHUDJH SRZHU� )LJ� � LOOXVWUDWHV WKH VWDQGDUG GHYLDWLRQ
RI DPSOLWXGH DQG SKDVH SXOVHV RYHU WKH ÀDW�WRSSHG UHJLRQ� DV D
JRRG PHDVXUH RI SXOVH ÀDWQHVV� &RPSDULQJ WKH SHUIRUPDQFH RI

)LJ� �� 7KH VWDQGDUG GHYLDWLRQ RI WKH %2& RXWSXW DPSOLWXGH DQG SKDVH SXOVHV
RYHU WKH ÀDW�WRSSHG UHJLRQ�

)LJ� �� 7KH DPSOLWXGH ZDYHIRUP DW WKH ÀDW�WRSSHG UHJLRQ IRU GLIIHUHQW LWHUD�
WLRQV� 7KH GHVLUHG DPSOLWXGH ZDYHIRUP LV GHSLFWHG LQ UHG� 7KH SKDVH PRGXOD�
WLRQ PHWKRG JLYHV WKH GDVKHG EOXH WUDMHFWRU\�

WKH WZR PHWKRGV RI ,/& DQG SKDVH PRGXODWLRQ� WKH UHODWLYH VWDQ�
GDUG GHYLDWLRQ RI DPSOLWXGH LV UHGXFHG E\ D IDFWRU RI � DQG IRU
WKH SKDVH E\ D IDFWRU RI �� LQ WKH ,/&�EDVHG DSSURDFK� )LJ� � DQG
��� UHVSHFWLYHO\� LOOXVWUDWH WKH 5) DPSOLWXGH DQG SKDVH RYHU WKH
ÀDW�WRSSHG UHJLRQ IRU GLIIHUHQW LWHUDWLRQ QXPEHUV� DQG D FRP�
SDULVRQ ZLWK WKH SKDVH PRGXODWLRQ DSSURDFK� $V WKH LWHUDWLRQ
SURFHHGV� WKH ZDYHIRUPV DSSURDFK WKH GHVLUHG WUDMHFWRU\ �DV
VKRZQ LQ UHG IRU WKH DPSOLWXGH�� 7KH GHVLUHG SKDVH ZDYHIRUP
ZDV VLPSO\ FKRVHQ WR EH FRQVWDQW RYHU WKH ÀDW�WRSSHG UHJLRQ�
HYHQ WKRXJK WKH DOJRULWKP ZLOO ZRUN IRU DQ\ DUELWUDU\ ZDYH�
IRUP�

9,� &21&/86,21

:H SURSRVHG DQ LWHUDWLYH OHDUQLQJ DSSURDFK IRU SXOVH VKDSLQJ
LQ ZKLFK WKH PHDVXUHG RXWSXW DQG ZDYHIRUPV DUH XVHG
WR HVWLPDWH WKH HUURU RI ÀDWQHVV� 7KH DOJRULWKP LWHUDWLYHO\ XS�
GDWHV WKH '$& LQSXW DQG ZDYHIRUPV IRU WKH QH[W SXOVH�
:LWK WKH FKRLFH RI DQG � LQVWHDG RI DPSOLWXGH DQG SKDVH� ZH
EHQH¿W IURP OLQHDULW\ RI WKH V\VWHP G\QDPLFV� ,Q WKH SURSRVHG
,/&�EDVHG SXOVH ÀDWWHQLQJ� LQ FRQWUDVW WR WKH SKDVH PRGXODWLRQ
UHJLPH ZKLFK LV DQ RSHQ�ORRS DQDO\WLFDO DSSURDFK� WKH NO\VWURQ

Roy Smith (2022-10-11) 17



Iterative Learning Control

Summary

I Applicable to repetitive problems, particularly pulsed-mode accelerators.

I Effectively removes the effect of unknown but constant disturbances and initial conditions

I Works well for feedforward reference signal generation (can be used in combination with feedback)

I Trade-off between rate of input signal updates and tracking error convergence.

Roy Smith (2022-10-11) 18



Robust control

Sources of our uncertainty

I Environmental variations (e.g. temperature)

I Component ageing

I Unmodeled dynamics (too complex, no easy model)

I Neglected dynamics (accuracy is too expensive)

I Operation over a range of operating points.

I Non-repeatable dynamic behaviour

Modeling uncertainty: set-based description

G(z) ∈ {Gnom(z) + ∆ | ‖∆‖ ≤ γ }

Gnom(z) = Nominal plant

∆ = unknown, but bounded,
perturbation (i/o operator)

‖∆‖

Gnom(z)

Robustness

Stability and performance
for all G(z) in the set.

Roy Smith (2022-10-11) 19



Robust control

Uncertain static systems

Basic model (response matrix, R):

y = f(u), linearised as y − y0 = Rnom(u− u0), Rnom ∈ Rn×m,

Assume that n ≥ m.

Perturbation model:

R ∈ R, R = {R | R = Rnom(I + ∆), ∆ block structured, ‖∆‖2 ≤ γ < 1 } .

Note that in the static case, if we don’t have ‖∆‖2 < 1 then we do not know the sign of Rnom and
control is not possible.

Roy Smith (2022-10-11) 20



Robust control

Simple (somewhat näıve and non-robust) approach

If ∆ = 0, then the predicted next output is ŷk+1 = yk + Rnom(uk+1 − uk).

Least-squares solution (assume for simplicity that Rnom has full column rank):

uk+1 = uk + (RTnomRnom)−1RTnom(yref − yk).

Linearised error (yref − y) propagation is,

ek+1 ≈ (I −Rnom(I + ∆)(RTnomRnom)−1RTnom) ek

= −Rnom∆R−1
nom ek (assume Rnom is square)

If for any ∆ ∈∆, max
∣∣eig(Rnom∆R−1

nom)
∣∣ > 1, then the error is unstable.

But max
∆∈∆

max
∣∣eig(Rnom∆R−1

nom)
∣∣ = γ‖Rnom‖2‖R−1

nom‖2 = γκ (κ is condition number of Rnom)

Roy Smith (2022-10-11) 21



Robust control

Model structures

Multiplicative output perturbation

Gnom(z)

W∆

+
u

zv

y

y = (I + ∆W )Gnom(z)u

∆ ∈∆,

∆ = {∆ | ∆ block structured, ‖∆‖ ≤ 1}

Linear fractional perturbation

Glft(z)

∆

uy

z v

y = Fu (Glft,∆) u

=
(
G2,2 +G2,1∆(I −G1,1∆)−1G1,2

)
u

∆ ∈∆,

∆ = {∆ | ∆ block structured, ‖∆‖ ≤ 1}

Roy Smith (2022-10-11) 22



Robust control

Nominal design

P (z)

K(z)

de

ym u

Design K(z) so that:

Nominal closed-loop is stable.

‖e‖2 ≤ ‖d‖2.

Robustness analysis

Fl (P,K)

∆

de

z v

Closed-loop stable for all
∆ ∈∆?

‖e‖2 ≤ ‖d‖2 for all ∆ ∈∆?

Robust control design

P (z)

K(z)

∆

de

ym u

z v

Design K(z) such that:

Closed-loop stable ∀∆ ∈∆

‖e‖2 ≤ ‖d‖2 for all ∆ ∈∆

Roy Smith (2022-10-11) 23



Robust control

Nominal design: H∞

H∞ control objective:

‖Fl (P (z),K(z))‖H∞
= max

‖d‖2≤1
‖e‖2

H∞ control design:

min
K(z),stabilising

‖Fl (P (z),K(z))‖H∞

This is a convex problem, easily solved in Matlab
(via Robust Control Toolbox).

P (z)

K(z)

de

ym u

Roy Smith (2022-10-11) 24



Robust control

Robustness analysis (structured singular value)

Fl (P,K)

∆

[
D 0
0 I

] [
D−1 0
0 I

]v

d

z

e de
Fl (P,K)

∆

de

z v

Define D =
{
D
∣∣∣ D∆D−1 ∈∆, D = DT , D > 0

}
(D commute with all ∆)

Sufficient condition

If there exists D ∈ D such that, σ

([
D 0
0 I

]
Fl (P (z),K(z))

[
D−1 0

0 I

])
< 1, (σ () is maximum singular value)

then, the closed loop system is stable for all ∆ ∈∆, and ‖e‖2 < ‖d‖2 for all ∆ ∈∆.

Roy Smith (2022-10-11) 25



Robust control

Robust design

P (z)

K(z)

[
D 0
0 I

] [
D−1 0
0 I

]v

d

z

e de

ym u
P (z)

K(z)

∆

de

ym u

z v

Iterative approach:

I Design a nominal H∞ controller (convex)

I Calculate the robustness upper-bound (D ∈ D, convex)

I Rescale design problem with D, D−1matrices

I Iterate.

Roy Smith (2022-10-11) 26



Robust control

SwissFEL beam profile control

Laser trigger

3 GHz Accelerating Structures 12 GHz Cavity

Bunch Compressor

Transverse 
Deflecting Cavity

Spectrometer

RF Gun

Beam axis

Controller

q mx, sx, sy

as, js Q
jx

Laser trigger

3 GHz Accelerating Structures
X-band

Bunch Compressor

TDC

RF Gun

Beam axis

BPM

BAM

SRM

Spectrometer

FODO Cells

3 GHz 3 GHz 3 GHz 3 GHz 12 GHz 3 GHz

S-band 
35 MW

 klystron

X-band 
50 MW

 klystron

Inputs: θ laser intensity
as S-band amplitude
φs S-band phase
φx X-band phase.

Measurements: Q charge
µx beam mean x posn. energy change
σx beam std. dev. x energy spread
σy bean std. dev. y bunch length
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Robust control

Electron bunch profile
Electron bunch profile

σ
x
 = 0.43734 mm

µ
x
 = −5.9327 mm

σ
y
 = 4.1636 mm

x [mm]

y 
[m

m
]

−10 −8 −6 −4 −2 0 2 4 6

−10

−5

0

5

10

15

Response matrix (linearised model)

δy = Rδu, where,

y =




Q
µx
σx
σy


 u =




θ
as
φs
φx




Perturbation model

R = (I +W∆)Rnom

Nominal system, Rnom ∈ R4×4

Perturbation, ∆ ∈ R4×4
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Robust control

Experimental response matrix estimate
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Robust control

Robust control approach - weighted static design

where subscript k denotes the discrete time samples (or
shots), yd is the desired output vector, and where ! is a
constant scalar to regulate the settling time.

Since the condition number of R is of the order of 104, the
inverse-based control is potentially sensitive to uncertainties
in the model which may result in poor performance. Prior
work has used a singular value decomposition (SVD) method
to invert the matrix, followed by filtering the singular values
[8]. In this paper, we propose a more structured approach
based on robust control theory to treat the problem. The
optimal control design for static linear systems with un-
structured uncertainty has been previously addressed in [9].
The controller we are looking at, has an integrator on all
actuators. This introduces dynamics into the optimal control
design, although the plant itself is modeled as a linear
static system. There is also a delay in the measurement
feedback loop. In the following section, we describe an H!-
based robust control scheme of the beam-based feedback.
Another H!-based control method of disturbance rejection
for iterative learning control problems has been studied in
[10].

III. ROBUST CONTROL DESIGN

The closed-loop schematic of the system with the robust
discrete controller is illustrated in Figure 4. The uncertainties
in the response matrix are modeled by a matrix ! ! R4"4,
with "!"2 # 1, as an unstructured multiplicative uncertainty
at the plant input, i.e.,

R̃ = R (I + W !) , (9)

where R̃ denotes the actual response matrix. A constant
weight W is introduced to specify the assumed uncertainty
size.

The dashed box in the figure represents the controller
which is composed of an integrator with a constant matrix
gain, K. The following closed-loop equations hold:

yk#1 := Ruk + Rvk, (10)
uk+1 = uk + K (r $ yk#1) , (11)

ek = r $ yk#1, (12)
êk = Week, (13)
wk = Wuk, (14)

where yk, uk, vk, r, ek and êk ! R4, and where the frequency
dependent error weight, We(z), is a low-pass filter defined
as,

We(z) =
"

z $ z0
In, (15)

with " and z0 as the filter parameters.

Figure 5 depicts the interconnected structure of the closed-
loop system with the following matrix definitions:
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Fig. 4. The closed-loop schematic of the robust control design. The control
block consists of an integrator with a constant MIMO gain denoted by matrix
K.
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Fig. 5. The closed-loop interconnection of Figure 4. The transfer function
of the interconnected system is the (perturbed) r to ê transfer function.
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And to reduce notation, we define !̃ := diag(z#1I2n, !),
with z denoting the z-transform variable.

The robust performance criteria is given as the H! norm
minimization of the closed-loop transfer function from the
reference r to the weighted error ê, which minimizes the
closed-loop effect of the worst case perturbed error,

#opt := inf
K

sup
$!̃$2<1

$̄
!
N(K, !̃)

"
, (17)

where N(K, !̃) is the closed-loop transfer function of the
interconnected system depicted in Figure 5:

N(K, !̃) = M21!̃
!
I $ M11!̃

"#1

M12 + M22. (18)

The robust performance criteria can be reformulated with
the following upper bound [11],

#opt # inf
K

Z%Z

####Z

$
M11 M12

M21 M22

%
Z#1

####
!

, (19)
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Controller: integrated error (4 channels) × constant matrix gain, K

Error/penalty (ê): low pass filtered tracking error, We(z) = α/(z − γ)

Measurement delay in the feedback loop.
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Robust control

Closed-loop robust formulation

where subscript k denotes the discrete time samples (or
shots), yd is the desired output vector, and where ! is a
constant scalar to regulate the settling time.

Since the condition number of R is of the order of 104, the
inverse-based control is potentially sensitive to uncertainties
in the model which may result in poor performance. Prior
work has used a singular value decomposition (SVD) method
to invert the matrix, followed by filtering the singular values
[8]. In this paper, we propose a more structured approach
based on robust control theory to treat the problem. The
optimal control design for static linear systems with un-
structured uncertainty has been previously addressed in [9].
The controller we are looking at, has an integrator on all
actuators. This introduces dynamics into the optimal control
design, although the plant itself is modeled as a linear
static system. There is also a delay in the measurement
feedback loop. In the following section, we describe an H!-
based robust control scheme of the beam-based feedback.
Another H!-based control method of disturbance rejection
for iterative learning control problems has been studied in
[10].

III. ROBUST CONTROL DESIGN

The closed-loop schematic of the system with the robust
discrete controller is illustrated in Figure 4. The uncertainties
in the response matrix are modeled by a matrix ! ! R4"4,
with "!"2 # 1, as an unstructured multiplicative uncertainty
at the plant input, i.e.,

R̃ = R (I + W !) , (9)

where R̃ denotes the actual response matrix. A constant
weight W is introduced to specify the assumed uncertainty
size.

The dashed box in the figure represents the controller
which is composed of an integrator with a constant matrix
gain, K. The following closed-loop equations hold:

yk#1 := Ruk + Rvk, (10)
uk+1 = uk + K (r $ yk#1) , (11)

ek = r $ yk#1, (12)
êk = Week, (13)
wk = Wuk, (14)

where yk, uk, vk, r, ek and êk ! R4, and where the frequency
dependent error weight, We(z), is a low-pass filter defined
as,

We(z) =
"

z $ z0
In, (15)

with " and z0 as the filter parameters.

Figure 5 depicts the interconnected structure of the closed-
loop system with the following matrix definitions:
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And to reduce notation, we define !̃ := diag(z#1I2n, !),
with z denoting the z-transform variable.

The robust performance criteria is given as the H! norm
minimization of the closed-loop transfer function from the
reference r to the weighted error ê, which minimizes the
closed-loop effect of the worst case perturbed error,

#opt := inf
K

sup
$!̃$2<1

$̄
!
N(K, !̃)

"
, (17)

where N(K, !̃) is the closed-loop transfer function of the
interconnected system depicted in Figure 5:

N(K, !̃) = M21!̃
!
I $ M11!̃

"#1

M12 + M22. (18)

The robust performance criteria can be reformulated with
the following upper bound [11],

#opt # inf
K

Z%Z

####Z

$
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M21 M22

%
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M =




I 0 0 0
αR γI αR αI

W 0 0 0
0 I 0 0


+




I
0

0
0


Krob

[
R 0 R I

]

= P + UKrobV (affine in Krob)

Define D = diag(Dz, d∆In, dpIn), Dz ∈ C2n×2n,

If there exists D ∈ D such that,

σ
(
D(P + UKrobV )D−1) < 1, (σ () is maximum singular value)

then the closed-loop system is stable and

‖ê‖2 ≤ ‖r‖2 for all ∆ ∈∆. Robust performance
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Robust control

Design: computational approach

Design objective:

βopt = inf
Krob ∈ R4×4

D ∈ D

σ
(
D(P + UKrobV )D−1)

If βopt < 1 then the robust performance objective is achieved.

For fixed Krob, inf
D∈D

σ
(
D(P + UKrobV )D−1) is a convex problem

For fixed D, inf
Krob

σ
(
D(P + UKrobV )D−1) is a convex problem

Computational approach: iterate between minimising D and minimising Krob.

This gives an upper bound on βopt.

Roy Smith (2022-10-11) 32



Robust control

Experimental results: comparison with inverse-based control
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Inverse-based control:

uk+1 = uk + γR−1
nom ek, γ = 0.005.

Robust control:

uk+1 = uk + Krob ek.

The inverse-based controller (shown in grey)
loses control of the beam.

The condition number of Rnom is ≈ 104.
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Robust control

Experimental results: reference step change
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Robust control

Summary

I Uncertainty about the system (dynamic and static) is captured by a set description.

I Uncertain set is parametrised by perturbation ∆ which can be:
– Static (unknown parameters) or dynamic (unknown systems);

– Structured (uncertainty at specific locations) or unstructured (cross-coupling).

I Design and analysis applicable to highly structured systems (e.g. high condition number plants).

I Stability and performance for all perturbations in a set is verified computationally.

I Robust design achieved by iterating between nominal design and robust analysis.

I Static controllers (and static plants) lead to simpler matrix problems.

I Typically there is a trade-off between robustness and performance.
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Adaptive robust control

Uncertain static systems

Basic model (response matrix, R):

y = f(u), linearised as y − y0 = Rnom(u− u0), Rnom ∈ Rn×m,

Assume that n ≥ m. (more measurements than controls)

Perturbation model:

R ∈ R, R = {R | R = Rnom(I + ∆), ∆ block structured, ‖∆‖2 ≤ γ < 1 } .
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Adaptive robust control

Overall structure: run-to-run

I Robust control design to calculate:
– the next input: uk+1, or

– the next controller, K;

I Collect data over a “run” using the same controller or input calculation strategy;

I Use data from the last “run” to refine the estimate of the system by:
– estimating ∆; or

– refining both Rnom and γ

I Iterate until converged.

Roy Smith (2022-10-11) 37



Adaptive robust control

Initialisation

Robust control calculation of u1:

u1 = min
u

max
∆∈∆,‖∆‖≤γ

‖yref − y0 +Rnom(I + ∆)u‖2

subject to: ‖u‖2 < umax,

‖u− uk‖2 < δumax.

Simple case: ∆ is unstructured

The maximisation over ∆ simplifies the cost function to:

‖yref − y0 +Rnomu‖2 + γ‖Rnom‖2‖u‖2

This gives a (potentially constrained) least squares problem.
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Adaptive robust control

Model refinement
5
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FIG. 1: The concept of updating the response matrix in two di↵erent ways: (a) nonadaptive, and (b) adaptive. In
nonadaptive case, the estimated response matrix remains within a range from the initial model, R0. In the adaptive
case, the center of the ball moves iteratively and the radius shrinks as the norm of the perturbation matrix, �k,
decreases at every iteration.

beam axis
...

...
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z

y
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FIG. 2: A schematic of the orbit correction system in a
linear accelerator, showing the beam position monitors
(BPMs) as the sensors, and the corrector magnets as
the actuators to influence the beam trajectory.

focusing and defocusing quadruples are omitted to re-
duce complexity of the figure. The beam position (in the
transverse plane of x and y) is measured by the Beam Po-
sition Monitors (BPMs) as the beam passes through. The
BPMs are distributed between several corrector magnets.
These correctors are used to influence the beam trajec-
tory in x and y axes through the currents, Ix and Iy in
the magnet.

The response matrix of the system is measured by per-
turbing the currents in the magnets and measuring the
e↵ects on the BPMs. For BPM i-th’s x-position change
the model is of the form,

�xi =

NX

j=1

rix,jx�Ijx + rix,jy�Ijy, (29)

where N denotes the number of correctors which we as-
sume is equal to the number of BPMs. Note that we
assume a general case that the model includes coupling
of the vertical correction and the horizontal orbit. From
(29), we can construct the response matrix relating the
current changes to the beam position changes for x and
y direction,

0
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Figure 3 depicts the measured response matrix, R, in
the SwissFEL injector test facility, with its singular val-
ues plotted in Fig. 4. For this experiment, 10 BPMs were
used. As we can see, the matrix is close to lower trian-
gular which comes from the fact that the downstream
correctors have no impact on the upstream BPMs in a
linear accelerator. The matrix has a checkered pattern
which indicates that x and y directions are decoupled.

A. Experimental results at the SwissFEL Injector
Test Facility

This experiment demonstrates robust orbit correction
using the algorithm introduced in the previous section.
In the robust approach, the control inputs are determined
in a structured way, along with the handling of the actu-
ator limits. In this experiment the optimization schemes,
defined in (18) and (27), are used to generate the opti-
mal currents into the corrector magnets. For the optimal
control input determination, the cost function is slightly
modified to avoid getting close to the actuators limits.
The optimization problems in (17) and (27) are replaced

Nonadaptive: optimistic

Estimate ∆k−1 from uk−1 and yk−1

Design using Rk = Rnom + Rnom∆k−1

Adaptive: conservative

Estimate ∆−1 from uk−1 and yk−1

Update the nominal plant:
Rk = Rk−1 +Rk−1∆k−1

Adjust the perturbation bound to γ‖Rk−1‖2.
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Adaptive robust control

Model refinement: estimating ∆

Using the most recent data: uk−1, yk−1,

min
∆

‖yk−1 − y0 −Rnom(I + ∆)(uk−1 − u0)‖2
subject to: ‖∆‖2 ≤ γ.

Practical issues

I Using the most recent past data allows us to track slow plant drifts.

I The solution to the optimisation problem is generally not unique and optimistic.

I Uniqueness may be regained (temporarily) if we use multiple (m2/n) past u, y data points.

I As uk, k −→∞, converges uniqueness is again lost (insufficiently exciting input).

I See A. Rezaeizadeh’s Ph.D. thesis for more details.

I Strongly related to the field of dual control and exploration/exploitation trade-offs.
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Optimisitic design

δuk+1 = min
δu

‖yref − yk +Rnom(I + ∆k)δu‖2
subject to: |uk + δu| < umax

‖δu‖2 < δumax.

Robust (conservative) design

uk+1 = min
u

max
∆∈∆,‖∆‖≤γ

‖yref − y0 +Rk(I + ∆)(u− u0)‖2

subject to: ‖u‖2 < umax,

‖u− uk‖2 < δumax.
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Control of the electron beam orbit
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FIG. 1: The concept of updating the response matrix in two di↵erent ways: (a) nonadaptive, and (b) adaptive. In
nonadaptive case, the estimated response matrix remains within a range from the initial model, R0. In the adaptive
case, the center of the ball moves iteratively and the radius shrinks as the norm of the perturbation matrix, �k,
decreases at every iteration.

beam axis
...

...

corrector magnet

BPM

z

y
x

FIG. 2: A schematic of the orbit correction system in a
linear accelerator, showing the beam position monitors
(BPMs) as the sensors, and the corrector magnets as
the actuators to influence the beam trajectory.

focusing and defocusing quadruples are omitted to re-
duce complexity of the figure. The beam position (in the
transverse plane of x and y) is measured by the Beam Po-
sition Monitors (BPMs) as the beam passes through. The
BPMs are distributed between several corrector magnets.
These correctors are used to influence the beam trajec-
tory in x and y axes through the currents, Ix and Iy in
the magnet.

The response matrix of the system is measured by per-
turbing the currents in the magnets and measuring the
e↵ects on the BPMs. For BPM i-th’s x-position change
the model is of the form,

�xi =

NX

j=1

rix,jx�Ijx + rix,jy�Ijy, (29)

where N denotes the number of correctors which we as-
sume is equal to the number of BPMs. Note that we
assume a general case that the model includes coupling
of the vertical correction and the horizontal orbit. From
(29), we can construct the response matrix relating the
current changes to the beam position changes for x and
y direction,

0
BBBBB@

�x1

�y1

...
�xN

�yN

1
CCCCCA

=

0
BBBBB@

r1x,1x r1x,1y · · · r1x,Nx r1x,Ny

r1y,1x r1y,1y · · · r1y,Nx r1y,Ny

...
. . .

...
rNx,1x rNx,1y · · · rNx,Nx rNx,Ny

rNy,1x rNy,1y · · · rNy,Nx rNy,Ny

1
CCCCCA

0
BBBBB@

�I1x

�I1y

...
�INx

�INy

1
CCCCCA

. (30)

Figure 3 depicts the measured response matrix, R, in
the SwissFEL injector test facility, with its singular val-
ues plotted in Fig. 4. For this experiment, 10 BPMs were
used. As we can see, the matrix is close to lower trian-
gular which comes from the fact that the downstream
correctors have no impact on the upstream BPMs in a
linear accelerator. The matrix has a checkered pattern
which indicates that x and y directions are decoupled.

A. Experimental results at the SwissFEL Injector
Test Facility

This experiment demonstrates robust orbit correction
using the algorithm introduced in the previous section.
In the robust approach, the control inputs are determined
in a structured way, along with the handling of the actu-
ator limits. In this experiment the optimization schemes,
defined in (18) and (27), are used to generate the opti-
mal currents into the corrector magnets. For the optimal
control input determination, the cost function is slightly
modified to avoid getting close to the actuators limits.
The optimization problems in (17) and (27) are replaced

Transverse beam position measured by monitors (BPM) and adjusted by corrector magnets.

Ten magnets and ten BPMs in each direction (x and y)

Static orbit control with adaptive updates at approx. 1 Hz.
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Orbit control: static model

Incremental position change (x-direction)

δxi =
N∑

j=1

rix,jx δIjx + rix,jyδIjy




δx1

δy1

...
δxN
δyN




=




r1x,1x r1x,1y · · · r1x,Nx r1x,Ny

r1y,1x r1y,1y · · · r1y,Nx r1y,Ny

...
...

...
...

rNx,1x rNx,1y · · · rNx,Nx rNx,Ny
rNy,1x rNy,1y · · · rNy,Nx rNy,Ny




︸ ︷︷ ︸




δI1x
δI1y
...

δINx
δINy




Rnom

Perturbation model: R = Rnom(I + ∆), ∆ = δI, (scalar × identity)
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Orbit control: experimental response matrix
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response matrix [37], and some have also taken the correc-
tor’s limits into account in the SVD algorithm [38].

Orbit-correction algorithms can be classified as static or 
dynamic [39]. The objective of static orbit correction is to 
minimize the steady-state orbit deviation from the desired 
trajectory. The process runs slowly, and the feedback rate is 
normally approximately 1 Hz. In dynamic orbit correction, 
the objective is to minimize the beam motion on some 
 frequency range. The process rate is on the order of several 
kilohertz and may take the corrector magnets’ dynamics 
into account. For SwissFEL, the plant is modeled by a static 
response matrix .R  However, the control approach uses a 
robust adaptive-control scheme that captures some of the 
uncertainty of the response matrix and treats the input 
actuation limits of the system appropriately [2]. In addition, 
the system response matrix can be estimated on the fly, and 

therefore the approach can be applied to time-varying sys-
tems as well [3, Chapter 6].

The response matrix of the system is measured by per-
turbing the currents in the magnets and measuring the ef -
fects on the BPMs. The model for the change in the x-position 
of the ith BPM is

 ,x r I r I, ,i ix jx jx ix jy jy
j

N

1
d d d= +

=

/  (33)

where N  denotes the number of correctors, which is 
assumed for simplicity to be equal to the number of BPMs. 
Equation (33) gives an estimate of the linearization of the 
nonlinear static relationship between the corrector mag-
nets and BPMs [see (10)]. In the general case, the model 
includes coupling between the vertical correction and the 
horizontal orbit. From (33), the full response matrix relating 
the current changes to the beam-position changes for the 
x- and y-directions is
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or by defining the appropriate incremental input and 
output vectors, ,y Ru=  in the same manner as (10).

Figure 13 depicts the measured response matrix to be 
used as the nominal model Rnom  in the SwissFEL injec-
tor test facility. For this experiment, 20 BPM sensors and 
20 corrector magnet actuators were used. The matrix 
has a checkered pattern since the x- and y-directions 
are  decoupled.

Experimental Robust Adaptive  
Beam-Orbit Control Results
The robust adaptive optimization was experimentally 
tested on the SwissFEL beam-orbit correction problem. Cur-
rent saturation in the correction magnets is a significant 

Beam Axis
. . .

. . .

Corrector Magnet

BPM

z

y
x

FIGURE 12 A linear accelerator orbit correction system. The beam-position monitors (BPMs) are the beam-position sensors in the x- and 
y-axes. The corrector magnets are the actuators and drive the transverse components of the beam’s trajectory.
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FIGURE 13 An experimentally determined response matrix R  for 
the SwissFEL injector test-facility beam. The lower-triangular 
form arises because corrector magnets cannot affect the upstream 
beam orbit. The individual magnets have variable strength and 
spatial influence. The condition number of the matrix is on the 
order of ..1 5 104#

Negligible cross-coupling between x and y
directions

Corrector magnets do not affect upstream positions

Significant differences between x and y responses

Condition number of Rnom is approx. 1.5× 104

Significant actuation limits (corrector magnet
saturation).
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Orbit control: control algorithm

Calculation of the next corrector magnet input vector.

uk+1 = argmin
u

‖yref −Rnom(I + ∆k)u‖2 + p(u),

subject to: ‖u‖2 < umax,

‖u− uk‖2 < δumax.

Penalty function: p(u) = α

m∑

i=1

∣∣∣∣
ui
umax

∣∣∣∣
10

, α > 0.

The optimisation problem is solved via the Matlab CVX toolbox.
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Orbit control: experimental results (25 times reduction in RMS error)
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Laser pulse-stacking automation

I Single Gaussian laser pulse input

I N birefringent crystals

I Each crystal splits the pulse into
two time-separated pulses.

I ∆t determined by L and refractive
index.

I Relative intensities determined by
crystal optical axis rotation.

I 2N Gaussian pulses superimpose to
give a single, long pulse.

I Objective: adjust crystal angles to
create a flat-topped output pulse.
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FIG. 6: The rms value of all BPMs versus time. After
approximately 20 iterations, the algorithm converges.
The rms value of the beam position is improved by a
factor of 25.

chine. The production of high-brightness electron beams
is challenging as it introduces high demands such as a
flat-topped pulse shape on the driving laser pulse ap-
plied to a copper photocathode. The following section
describes the pulse stacking system in more detail.

A. Laser pulse stacking

A technique for flat-topped pulse generation relies on
stacking several laser pulses in time [19]. In this scheme,
up to six crystals are used in sequence, which produce
up to 64 individual pulses, each with a di↵erent delay,
depending on the thickness and the group birefringence
of the crystals. The combination of those pulses leads
to a long quasi flat-topped pulse in the temporal domain
[20]. This laser pulse is then used to extract the electrons
from the cathode.

In particular, a laser pulse stacker is composed of N
birefringent crystals that transform a single Gaussian
pulse into a stack of 2N Gaussian pulses that overlap
and produce a long flat-topped pulse [19]. Figure 7 illus-
trates the concept of laser pulse stacking for 2 crystals.
The initial single pulse, which is linearly polarized in ver-
tical direction, is passed through the first crystal with the
optic axis tilted by some degrees relative to the vertical
axis. The crystal splits the input pulse into two pulses
separated in time by �t1. The delay between the two
pulses is constant and depends on the characteristics of
the crystal such as length and refractive indices. The
relative intensity of the two laser pulses can be adjusted
by rotating the optic axis. The two resulting pulses from
crystal 1 are oriented at di↵erent angles to the vertical.
The two intermediate pulses then pass through the sec-
ond crystal to be each divided into 2 pulses separated
by �t2. The whole process is repeated by adding more

u                                            y

Initial single pulse

L1

optic axis
L2

optic axis

t1

t2

t1

FIG. 7: The schematic diagram of laser pulse stacking
concept. The arrows represent the polarization axis.
The initial single pulse is passed through 2 birefringent
crystals to produce 4 stacked pulses. The first crystal
with length L1 splits the input pulse into two
intermediate pulses, separated by �t1. The resulting
pulses are then passed through the second crystal with
length L2 to be further split and delayed by �t2. The
process is repeated to finally produce 2N overlapped
pulses by passing the initial pulse through N crystals.

crystals so that with N crystals the initial single pulse is
divided into 2N overlapped pulses.

B. Longitudinal feedback on the current profile

The objective of this section is to generate a desired
beam current profile. To measure the current pulse, the
beam is deflected by a transverse deflecting cavity and a
camera takes an image of the longitudinal profile which
is then processed to extract the charge distribution over
the bunch length [21]. Figure 8 illustrates an example of
the beam current profile. The pulse shape is influenced
mainly by the Radio Frequency (RF) accelerating cavi-
ties and the laser stacker system. In this control scheme,
we modify the pulse shape by manipulating the crystals’
angles which, in turn, changes the relative intensities of
the stacked pulses in the laser profile. In order to gener-
ate a flat-topped current pulse, the flat-topped region of
the profile is divided into several cells. The beam current
is averaged at each cell to give an estimate of flatness er-
ror which is then used to steer the crystals (see Fig. 8).
In the SwissFEL test injector machine, four crystals in
the laser stacker system are motorized so the angles can
be set remotely. We can define a response matrix that
relates the changes in crystal angles to the changes in
the beam intensity at each cell. Dividing the flat-topped
region into more cells, gives more information about the
pulse shape, however since the number of actuators is
limited (in this case 4 crystals), this may lead to an un-
der actuation situation. Therefore, the number of cells
in the flat-topped region is determined empirically.
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Laser pulse-stacking automation

Model structure: R = Rnom(I + ∆)

I 4 motor driven crystals
(R ∈ R16×4)

I ∆ is unstructured (∆ ∈ C4×4)

Perturbation update:

Response matrix update:

Rk+1 = Rk + Rk ∆k.
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FIG. 8: The beam current profile measured using the
transverse deflecting cavities (TDC). The flat-topped
region of the pulse is divided into several cells. Each cell
is then averaged to estimate the pulse shape.

C. Experimental results at the SwissFEL injector
test facility

The same algorithm described in Section III is applied
to the laser stacker system to tune the crystal angles by
directly measuring the current profile of the beam. In
this experiment, the flat-topped region is split into 16
cells and 4 crystals are used to modify the pulse shape.
Therefore, the response matrix is a tall matrix of size
16 by 4, which is initially estimated by perturbing the
angles and measuring all 16 cells. This response matrix
is used to correct the pulse shape based on the adaptive
robust algorithm introduced in (III). In this case, no spe-
cial form is assumed for the perturbation matrix, i.e., �
is a full (or unstructured) matrix. Figure 8 illustrates
the final pulse shape after 50 iterations compared to the
initial one. The processing time of each iteration is ap-
proximately 2 seconds which is determined by the com-
putation time and speed of the crystal motors. Figure
9 shows the standard deviation of the flat-topped region
as a criterion of flatness. The relative standard deviation
is improved by a factor of 3, starting from an arbitrary
beam current profile.

The response matrix, R, is updated iteratively in an
adaptive manner as previously described in (26):

Rk+1 = Rk + Rk�k, (33)

where �k is the perturbation matrix estimated in (18).
Figure 9 also plots the 2-norm of �k versus iteration

index. The norm, k�kk2, decreases to the level of the
residual noise. In this experiment, � is set to 0.3.

The concept of cell-splitting of the current profile is
illustrated more clearly in Fig. 10. The current at each
cell is averaged and subtracted from the mean of the
flat-topped region. This gives an output vector of length
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FIG. 9: The relative standard deviation of the
flat-topped region (in blue) and norm of the
perturbation update matrix, �k, (in green) versus
iteration index. The response matrix is updated
iteratively according to the following update law:
Rk+1 = Rk + Rk�k.
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FIG. 10: The error of flatness: each cell is averaged and
compared to the mean of the flat-topped region.

16 which represents the error in the flatness. The error
vector is then used to steer the 4 crystals through the
optimization defined in Section III. Figure 11 compares
the longitudinal profile of the electron beam, captured
on the transverse profile monitor of the deflecting cavity,
before and after applying the algorithm. The final image
is taken after 50 iterations which shows that the charge is
more uniformly distributed over the bunch length. The
maximum rotation angle of crystals (with respect to their
initial state) is approximately 4 degrees.
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Laser pulse-stacking automation

Injector-beam current
8
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FIG. 8: The beam current profile measured using the
transverse deflecting cavities (TDC). The flat-topped
region of the pulse is divided into several cells. Each cell
is then averaged to estimate the pulse shape.

C. Experimental results at the SwissFEL injector
test facility

The same algorithm described in Section III is applied
to the laser stacker system to tune the crystal angles by
directly measuring the current profile of the beam. In
this experiment, the flat-topped region is split into 16
cells and 4 crystals are used to modify the pulse shape.
Therefore, the response matrix is a tall matrix of size
16 by 4, which is initially estimated by perturbing the
angles and measuring all 16 cells. This response matrix
is used to correct the pulse shape based on the adaptive
robust algorithm introduced in (III). In this case, no spe-
cial form is assumed for the perturbation matrix, i.e., �
is a full (or unstructured) matrix. Figure 8 illustrates
the final pulse shape after 50 iterations compared to the
initial one. The processing time of each iteration is ap-
proximately 2 seconds which is determined by the com-
putation time and speed of the crystal motors. Figure
9 shows the standard deviation of the flat-topped region
as a criterion of flatness. The relative standard deviation
is improved by a factor of 3, starting from an arbitrary
beam current profile.

The response matrix, R, is updated iteratively in an
adaptive manner as previously described in (26):

Rk+1 = Rk + Rk�k, (33)

where �k is the perturbation matrix estimated in (18).
Figure 9 also plots the 2-norm of �k versus iteration

index. The norm, k�kk2, decreases to the level of the
residual noise. In this experiment, � is set to 0.3.

The concept of cell-splitting of the current profile is
illustrated more clearly in Fig. 10. The current at each
cell is averaged and subtracted from the mean of the
flat-topped region. This gives an output vector of length
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FIG. 9: The relative standard deviation of the
flat-topped region (in blue) and norm of the
perturbation update matrix, �k, (in green) versus
iteration index. The response matrix is updated
iteratively according to the following update law:
Rk+1 = Rk + Rk�k.
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FIG. 10: The error of flatness: each cell is averaged and
compared to the mean of the flat-topped region.

16 which represents the error in the flatness. The error
vector is then used to steer the 4 crystals through the
optimization defined in Section III. Figure 11 compares
the longitudinal profile of the electron beam, captured
on the transverse profile monitor of the deflecting cavity,
before and after applying the algorithm. The final image
is taken after 50 iterations which shows that the charge is
more uniformly distributed over the bunch length. The
maximum rotation angle of crystals (with respect to their
initial state) is approximately 4 degrees.

Beam current profile flatness
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FIG. 8: The beam current profile measured using the
transverse deflecting cavities (TDC). The flat-topped
region of the pulse is divided into several cells. Each cell
is then averaged to estimate the pulse shape.

C. Experimental results at the SwissFEL injector
test facility

The same algorithm described in Section III is applied
to the laser stacker system to tune the crystal angles by
directly measuring the current profile of the beam. In
this experiment, the flat-topped region is split into 16
cells and 4 crystals are used to modify the pulse shape.
Therefore, the response matrix is a tall matrix of size
16 by 4, which is initially estimated by perturbing the
angles and measuring all 16 cells. This response matrix
is used to correct the pulse shape based on the adaptive
robust algorithm introduced in (III). In this case, no spe-
cial form is assumed for the perturbation matrix, i.e., �
is a full (or unstructured) matrix. Figure 8 illustrates
the final pulse shape after 50 iterations compared to the
initial one. The processing time of each iteration is ap-
proximately 2 seconds which is determined by the com-
putation time and speed of the crystal motors. Figure
9 shows the standard deviation of the flat-topped region
as a criterion of flatness. The relative standard deviation
is improved by a factor of 3, starting from an arbitrary
beam current profile.

The response matrix, R, is updated iteratively in an
adaptive manner as previously described in (26):

Rk+1 = Rk + Rk�k, (33)

where �k is the perturbation matrix estimated in (18).
Figure 9 also plots the 2-norm of �k versus iteration

index. The norm, k�kk2, decreases to the level of the
residual noise. In this experiment, � is set to 0.3.

The concept of cell-splitting of the current profile is
illustrated more clearly in Fig. 10. The current at each
cell is averaged and subtracted from the mean of the
flat-topped region. This gives an output vector of length
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FIG. 9: The relative standard deviation of the
flat-topped region (in blue) and norm of the
perturbation update matrix, �k, (in green) versus
iteration index. The response matrix is updated
iteratively according to the following update law:
Rk+1 = Rk + Rk�k.
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FIG. 10: The error of flatness: each cell is averaged and
compared to the mean of the flat-topped region.

16 which represents the error in the flatness. The error
vector is then used to steer the 4 crystals through the
optimization defined in Section III. Figure 11 compares
the longitudinal profile of the electron beam, captured
on the transverse profile monitor of the deflecting cavity,
before and after applying the algorithm. The final image
is taken after 50 iterations which shows that the charge is
more uniformly distributed over the bunch length. The
maximum rotation angle of crystals (with respect to their
initial state) is approximately 4 degrees.
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Laser pulse-stacking automation

Longitudinal beam profile comparison
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FIG. 11: The longitudinal profile of the deflected beam,
measured at the transverse profile monitor. The
automatic laser pulse stacking procedure, generates
more uniform charge distribution by controlling the
beam current pulse shape.

VI. CONCLUSION

This research demonstrates two applications of an
adaptive robust control method that can be beneficial for
both transverse and longitudinal profile correction of the
electron beam. Each of the two systems studied in this
work can be modeled as a static response matrix which
relates the actuation changes to the output changes. The

control objective is to generate a desired output vector or
profile by manipulating the input actuators without vio-
lating the input limits. The control approach is based on
an adaptive robust method which seeks to minimize the
2-norm of the error under the assumption that the model
is not exact and may include some bounded uncertainty.
The algorithm estimates the uncertainty iteratively and
finds the optimal control input to achieve the desired tra-
jectory at the output such that the actuator constraints
are respected. In the first system, i.e. orbit correction,
the objective is to have the beam at zero (or any other
desired) position in all BPMs. The corrector magnets
are used as the actuators with predefined limits on the
input currents. The experimental results at the Swiss-
FEL injector test facility show that the beam position is
brought to the origin after about 20 iterations without
violating the input constraints. A similar method was
applied to the laser pulse stacker system to produce a
flat-topped beam current profile. This application facil-
itates the laser pulse tuning in a sense that it gives the
possibility to the operators to automatically adjust the
crystal angles within a limited amount of time. The pro-
posed control approach can be extended to other systems
that deal with response matrices with a high condition
number.
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Summary

I Control performance depends on model accuracy.

I Control can start from a poorly known model and improve as the model becomes more accurate.

I Model adaptation allows us to track slowly drifting plants.

I The speed of adaptation is often important.

I Fundamental loss of information as the adaptation (and control improvement) proceeds.

I Trade-off between exploration (for model improvement) and exploitation (tracking accuracy).
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Data-driven control

Willems’ fundamental lemma

Given a sufficiently exciting input data, ud
t , t = 0, . . . , T − 1 and a corresponding system output data,

yd
t , t = 0, . . . , T − 1,

Form the Hankel matrices,

Ud =




ud
0 ud

1 ud
2 · · · ud

T−L
ud

1 ud
2 · · ·

ud
2 · · ·
...

ud
L−1 ud

L · · · ud
T−1




Y d =




yd
0 yd

1 yd
2 · · · yd

T−L
yd

1 yd
2 · · ·

yd
2 · · ·
...

yd
L−1 yd

L · · · yd
T−1



.

Then u, y is an input-output trajectory of the system if and only if there exists g such that,

[
u
y

]
=

[
Ud

Y d

]
g.
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Data-driven simulation: using data as a model

Divide our data matrices into past & future blocks,

Ud =

[
Up

U f

]
, Y d =

[
Y p

Y f

]
,

To specify the initial condition, suppose we have the input and output trajectory from the immediate
past,

uini = ut, t = −N, . . . ,−1, yini = yt, t = −N, . . . ,−1.

Then for any given ut, t = 0, . . . ,M , we can calculate yt, t = 0, . . . ,M finding any g solving,




uini

u
yini

y


 =




Up

U f

Y p

Y f


 g, One solution: g =



Up

U f

Y p



† 

uini

u
yini


 , y = Y f g.
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Model predictive control (DeePC)

Control objective:

minimise
g,u,y

(y − yref)TQ(y − yref) + uTRu+ λ‖g‖2

subject to:




uini

u
yini

y


 =




Up

U f

Y p

Y f


 g

u ∈ U , y ∈ Y.

Considerations

I Not necessary to specify or parametrise the state.

I The cost function must be regularised (λ‖g‖2)

I Potential performance issues for large noise on y
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Data-driven control

Model predictive control (Signal Matrix Model)

Control objective:

minimise
u,y

(y − yref)TQ(y − yref) + uTRu

subject to: y = Y fgSMM(u, y, yini),

u ∈ U , y ∈ Y,

where g = gSMM(u, y, yini) is based on a maximum likelihood solution.

Considerations

I Not necessary to specify or parametrise the state.

I Improved noise performance for noisy y.

I gSMM requires an iterative algorithm for an exact solution.

I Updating g with one iteration from previous MPC solution works well in practice.
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Data-driven control

Summary

I Data-driven control methods are at the experimental stage of development.

I Capable of fitting calculating trajectories in the presence of large unknown transients.

I A single trajectory (or collection of trajectories) can replace the explicit model in predictive, or
simulation-based, control.

I Noisy signals are embedded in the “model” giving complex noise effects.
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Closing

Thank you.

Questions?

Roy Smith (2022-10-11) 57



Bibliography

Iterative learning control

I N. Amann, D.H. Owens, and E. Rogers, “Iterative learning control for discrete-time systems with
exponential rate of convergence,” Proc. IEE Control Theory Appl., 143( 2), pp. 217–224, 1996.

I D.A. Bristow, M. Tharayil, and A.G. Alleyne, “A survey of iterative learning control,” IEEE Control Syst.
Mag, 26(3) pp. 96–114, 2006.

I Y. Wang, F. Gao, and F.J. Doyle, III, “Survey on iterative learning control, repetitive control, and
run-to-run control,” J. Process Control, 19(10), pp. 1589–1600, 2009.

I S. Kichhoff, C. Schmidt, G. Lichtenberg, and H. Werner, “An iterative learning algorithm for control of an
accelerator based free electron laser,” Control & Decision Conf., pp. 3032–3037, 2008.

I E. Rogers, D.H. Owens, H. Werner, C.T. Freeman, P.L. Lewin, S. Kichhoff, C. Schmidt, and G.
Lichtenberg, “Norm-optimal iterative learning control with application to problems in accelerator-based
free electron lasers and rehabilitation robotics,” European J. Control, 16(5) pp. 497-?522, 2010.

I A. Rezaeizadeh, R. Kalt, T. Schilcher, and R.S. Smith, “An iterative learning control approach for radio
frequency pulse compressor amplitude and phase modulation,” IEEE Trans. Nucl. Sci., 62(6), pp. 842–848,
2015.

I A. Rezaeizadeh and R.S. Smith, “Iterative Learning Control for the Radio Frequency Subsystems of a
Free-Electron Laser,” IEEE Trans. Control Systems Tech., 26(5), pp. 1567–1577, 2018.

Roy Smith (2022-10-11) 58



Bibliography

Robust control
I A. Packard and J.C. Doyle, “The complex structured singular value,” Automatica, 29(1), 71–109, 1993.

I G. Balas, J.C. Doyle, K. Glover, A. Packard, and R.S. Smith, µ-Analysis and Synthesis Toolbox (µ-Tools),
Natick, MA: MathWorks, 1993.

I R.S. Smith, and A.K. Packard, “Optimal control of perturbed static systems,” IEEE Trans. Automatic
Control, 41(4), pp. 579–584, 1996.

I A. Rezaeizadeh, T. Schilcher and R.S. Smith, “Robust H∞-based Control Design for the Beam Injector
Facility,” Proc. European Control Conf., pp. 346–351, July 2016.

Roy Smith (2022-10-11) 59



Bibliography

Adaptive robust control

I A. Rezaeizadeh, T. Schilcher and R.S. Smith, “Adaptive robust control of longitudinal and transverse
electron beam profiles,” Phys. Rev. Accel. Beams, 19(5) pp. 052802, 2016.

I A. Rezaeizadeh, Automatic control strategies for the Swiss Free Electron Laser, Ph.D. dissertation, ETH
Zurich, 2016. [Online: http://e-collection.library.ethz.ch/view/eth:49101].

I M. Tanaskovic, L. Fagiano, R.S. Smith, and M. Morari, “Receding horizon control for constrained linear
systems,” Automatica, 50(12), pp. 3019–3029, 2014.

Roy Smith (2022-10-11) 60



Bibliography

Data-driven control
I J.C. Willems, P. Rapisarda, I. Markovsky, and B.L.M. De Moor, “A note on persistency of excitation,”

Systems & Control Letters, 54(4) pp. 325–329, 2005.

I I. Markovsky and P. Rapisarda, “Data-driven simulation and control,” Int. J. Control, 81(12)
pp. 1946–1959, 2008.

I J. Coulson, J. Lygeros, and F. Dörfler, “Data-enabled predictive control: In the shallows of the DeePC,”
Proc. European Control Conf. (ECC), pp. 307–312, 2019.

I M. Yin, A. Iannelli, and R.S. Smith, “Maximum Likelihood Estimation in Data-Driven Modeling and
Control,” IEEE Trans. Automatic Control, doi:10.1109/TAC.2021.3137788, 2021.

I M. Yin, A. Iannelli and R.S. Smith, “Maximum Likelihood Signal Matrix Model for Data-Driven Predictive
Control,” Learning for Dynamics & Control Conf., Proc. Machine Learning Research, 144, pp. 1004–1014,
June, 2021.

Roy Smith (2022-10-11) 61


