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Atomic spectra: solution of Schrödinger/Dirac potential problem (QM) 

QED: radiative corrections — corrections to the potential  

Lamb Shift is zero in the pure Coulomb problem — is entirely due to RC! 

Strong Interaction is short range — enough to relegate SI effects to small corrections 

Nuclear Radius — first such correction: nuclear radii from high-precision atomic spectra 

Muonic atoms 200 more compact than electronic — enhanced sensitivity to nuclear radii 

Mixed QCD + QED corrections are double-suppressed (  + short range) 

-box: IR and UV finite, no enhancements — natural size; but precision goal is such  
that it is promoted to the main source of uncertainty; need to scan all scales from IR to UV! 

Compare to EW boxes ( , ) as corrections to EW precision tests: 
UV sensitive (large logs) but uncertainty from intermediate scales 

∼ αem ≈ 1/137
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FIG. 1: The box diagram for the O(α5) corrections.

The Feynman diagram for the two-photon proton-
structure correction to the Lamb shift is shown in Fig. 1.
To the level of accuracy needed here, all external lines
have zero three-momentum. The blob corresponds to
off-shell forward Compton scattering, given in terms of
the Compton tensor

Tµν(p, q) =
i

8πM

∫
d4x eiqx〈p|Tjµ(x)jν(0)|p〉

=

(
−gµν +

qµqν

q2

)
T1(ν, Q2)

+
1

M2

(
pµ − p · q

q2
qµ

)(
pν − p · q

q2
qν

)
T2(ν, Q2), (6)

where q2 = −Q2, ν = p · q/M, and M is the nucleon
mass. A spin average is implied and the state normal-
ization is 〈p|p′〉 = (2π)3 2E δ3(!p − !p′). The functions
T1,2(ν, q2) are each even in ν and their imaginary parts
are related to the structure functions measured in elec-
tron or muon scattering by

Im T1(ν, Q2) =
1

4M
F1(ν, Q2),

Im T2(ν, Q2) =
1

4ν
F2(ν, Q2), (7)

with ν > 0 and where F1,2 are standard [15].

After doing a Wick rotation, where q0 = iQ0 and !Q =
!q, one obtains the O(α5) energy shift as

∆E =
8α2m

π
φ2

n(0)
∫

d4Q

×
(Q2 + 2Q2

0)T1(iQ0, Q2)− (Q2 − Q2
0)T2(iQ0, Q2)

Q4(Q4 + 4m2Q2
0)

,

(8)

where m is the lepton mass, and φ2
n(0) = m3

r α3/(πn3)
with mr = mM/(M + m).

The Ti are obtained using dispersion relations. Regge
arguments [16] suggest that T2 satisfies an unsubtracted
dispersion relation in ν at fixed Q2, but that T1 will re-
quire one subtraction. Before proceeding, we will note
that the Born terms, obtained from the elastic box and
crossed box of Fig. 2 and the vertex function Γµ =

γµF1(Q2) + (i/2M)σµνqνF2(Q2) for an incoming pho-
ton, are

TB
1 (q0, Q2) =

1

4πM

{
Q4G2

M(Q2)

(Q2 − iε)2 − 4M2q2
0

− F2
1 (Q2)

}

,

TB
2 (q0, Q2) =

MQ2

π(1 + τp)

G2
E(Q2) + τpG2

M(Q2)

(Q2 − iε)2 − 4M2q2
0

, (9)

where τp = Q2/(4M2), and the electric and magnetic
form factors are

GE(Q2) = F1(Q2)− τpF2(Q2),

GM(Q2) = F1(Q2) + F2(Q2). (10)

The Born terms are reliable for obtaining the imaginary
parts of the nucleon pole terms, but not reliable in gen-
eral, since the given vertex assumes the incoming and
outgoing nucleons are both on shell.

Calling the first term in TB
1 the pole term, one can split

the whole of T1 into pole term and non-pole terms,

T1(q0, Q2) = T
pole
1 + T1 . (11)

The pole term alone evidently allows an unsubtracted
dispersion relation, and this term calculated from the
dispersion relation simply reproduces itself. With a once
subtracted dispersion relation for T1, one has

T1(q0, Q2) = T
pole
1 (q0, Q2) + T1(0, Q2)

+
q2

0

2πM

∫ ∞

νth

dν
F1(ν, Q2)

ν(ν2 − q2
0)

. (12)

The nucleon pole is isolated in T
pole
1 and the integral

begins at the inelastic threshold νth = (2Mmπ + m2
π +

Q2)/(2M). Similarly, as TB
2 contains only a pole term,

T2(q0, Q2) = TB
2 (q0, Q2) +

1

2π

∫ ∞

νth

dν
F2(ν, Q2)

ν2 − q2
0

. (13)

With

∆E = ∆Esubt + ∆Einel + ∆Eel , (14)

we obtain

∆Esubt =
4πα2

m
φ2

n(0)
∫ ∞

0

dQ2

Q2

γ1(τ")√
τ"

T1(0, Q2) , (15)

q q

kk

p pp p

k

q q
p

k

FIG. 2: Elastic contributions to the box diagram.
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FIG. 1: The box diagram for the O(α5) corrections.

The Feynman diagram for the two-photon proton-
structure correction to the Lamb shift is shown in Fig. 1.
To the level of accuracy needed here, all external lines
have zero three-momentum. The blob corresponds to
off-shell forward Compton scattering, given in terms of
the Compton tensor
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mass. A spin average is implied and the state normal-
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where m is the lepton mass, and φ2
n(0) = m3
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with mr = mM/(M + m).

The Ti are obtained using dispersion relations. Regge
arguments [16] suggest that T2 satisfies an unsubtracted
dispersion relation in ν at fixed Q2, but that T1 will re-
quire one subtraction. Before proceeding, we will note
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form factors are
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parts of the nucleon pole terms, but not reliable in gen-
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FIG. 2: Elastic contributions to the box diagram.
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I extend the well-known photonuclear sum rule that relates the strength of the photoexcitation of
the giant dipole resonance in a nucleus to the number of elementary scatterers-nucleons to the case
of virtual photons. The new sum rule relates the size of the magnetic polarizability of a nucleus
to the slope of the transverse virtual photoabsorption cross section integrated over the energy in
the nuclear range. I check this sum rule for the deuteron where necessary data is available, discuss
possible applications and connection with other sum rules postulated in the literature.
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Scattering of light o↵ a composite object has long been
used to study its structure. At low frequencies, elec-
tromagnetic waves scatter without absorption and solely
probe its mass and electric charge, the classical Thomson
result. With the photon energy raising above the absorp-
tion threshold internal structure is revealed. Kramers
and Kronig related the photoabsorption spectrum of a
material to its index of refraction by means of a disper-
sion relation [1, 2] based on the probability conservation
and causality. Dispersion relations and sum rules have
been among the main tools for studying the electromag-
netic interactions in atomic, nuclear and hadronic physics
domains. These domains roughly correspond to keV,
MeV and GeV photon energies, respectively, and this
scale hierarchy indicates that dynamics in each domain
can be clearly identified. Thomas-Reiche-Kuhn sum rule
equated the sum of oscillator strengths in an atom to the
number of electrons [3–5]. For nuclei, Levinger-Bethe [6]
and Gell-Mann, Goldberger and Thirring [7] related the
integrated photoabsorption cross section to the number
of elementary scatterers, protons and neutrons in a nu-
cleus. For GeV energy photons that resolve the nucleon
structure, Gorchtein, Hobbs, Londergan and Szczepaniak
[8] observed that the integrated strength of the nucleon
resonances may be explained by counting the constituent
quarks. These sum rules are an economic, albeit approx-
imate way to express duality, the transcendence of higher
energy degrees of freedom in the low-energy phenomena
[9]. In this letter I extend the Thomas-Reiche-Kuhn-
Levinger-Bethe sum rule to the case of virtual photons,
obtain a sum rule for the nuclear magnetic polarizability,
and discuss further applications.

The spin-averaged, forward Compton tensor Tµ⌫ is ex-
pressed in terms of two scalar amplitudes T1,2(⌫, Q2),

T
µ⌫ = T1(⌫, Q

2)

✓
�g

µ⌫ +
q
µ
q
⌫

q2

◆
(1)

+ T2(⌫, Q
2)

1

M
2
T

✓
p� (p · q)

q2
q

◆µ ✓
p� (p · q)

q2
q

◆⌫

,

with the invariants defined in terms of the nucleus and

photon four-momenta p, q as ⌫ = (p · q)/MT , Q
2 =

�q
µ
qµ = �q

2 � 0, and p
2 = M

2
T , with MT the target nu-

cleus mass. In this letter I concentrate on the transverse
amplitude T1. Its imaginary parts is related to the unpo-
larized structure function F1 as ImT1 = (⇡↵em/MT )F1,
with ↵em ⇡ 1/137 the fine structure constant. T1 satis-
fies a once subtracted dispersion relation (DR),

ReT1(⌫, Q
2) = T1(0, Q

2) +
↵em⌫

2

MT

1Z

0

d⌫
02
F1(⌫0, Q2)

⌫02(⌫02 � ⌫2)
(2)

where the integral is understood in terms of its princi-
pal value. I remove the pole contribution that is due to
an absorption of a virtual photon by an on-shell ground
state (this separation is well-defined, see, e.g., discus-
sion in [10]). Upon this removal, the subtraction con-
stant Tnp

1 (0, Q2) is defined in terms of the nuclear charge
form factor FC normalized to unity at Q

2 = 0, and the
nuclear magnetic polarizability �

nucl
M (Q2) generalized to

finite Q
2,

T
np
1 (0, Q2) = �↵em

M

Z
2
F

2
C(Q

2)

Z +N
+Q

2
�
nucl
M (Q2), (3)

with Z(N) the number of protons (neutrons) in the nu-
cleus, ↵em ⇡ 1/137 the fine structure constant, M ⇡
Mp ⇡ Mn the nucleon mass, such that MT ⇡ (Z+N)M .
Real photoabsorption on lead, shown in Fig. 1, il-

lustrates several general features common to all nuclei:
i) the strength of nuclear excitations is concentrated in
the region between the breakup threshold ⌫min(Q2) =
B + Q

2
/(2MT ), with B the nucleon removal threshold

for the nucleus, and ⌫max(Q2) ⇡ B + Q
2
/(2M) + 30

MeV; ii) nuclear cross sections stay small above that en-
ergy and below the threshold for the nucleon breakup
⌫⇡(Q2) = Q

2
/(2M) +m⇡ +m

2
⇡/(2M), with m⇡ the pion

mass; iii) above this threshold, an incoherent absorption
by Z protons and N neutrons that make up a nucleus is a
good overall representation of the cross section (modulo
nuclear e↵ects). I exploit the observed gap between ⌫max

and ⌫⇡ by evaluating the DR for T1 at an intermediate
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Scattering of light o↵ a composite object has long been
used to study its structure. At low frequencies, elec-
tromagnetic waves scatter without absorption and solely
probe its mass and electric charge, the classical Thomson
result. With the photon energy raising above the absorp-
tion threshold internal structure is revealed. Kramers
and Kronig related the photoabsorption spectrum of a
material to its index of refraction by means of a disper-
sion relation [1, 2] based on the probability conservation
and causality. Dispersion relations and sum rules have
been among the main tools for studying the electromag-
netic interactions in atomic, nuclear and hadronic physics
domains. These domains roughly correspond to keV,
MeV and GeV photon energies, respectively, and this
scale hierarchy indicates that dynamics in each domain
can be clearly identified. Thomas-Reiche-Kuhn sum rule
equated the sum of oscillator strengths in an atom to the
number of electrons [3–5]. For nuclei, Levinger-Bethe [6]
and Gell-Mann, Goldberger and Thirring [7] related the
integrated photoabsorption cross section to the number
of elementary scatterers, protons and neutrons in a nu-
cleus. For GeV energy photons that resolve the nucleon
structure, Gorchtein, Hobbs, Londergan and Szczepaniak
[8] observed that the integrated strength of the nucleon
resonances may be explained by counting the constituent
quarks. These sum rules are an economic, albeit approx-
imate way to express duality, the transcendence of higher
energy degrees of freedom in the low-energy phenomena
[9]. In this letter I extend the Thomas-Reiche-Kuhn-
Levinger-Bethe sum rule to the case of virtual photons,
obtain a sum rule for the nuclear magnetic polarizability,
and discuss further applications.

The spin-averaged, forward Compton tensor Tµ⌫ is ex-
pressed in terms of two scalar amplitudes T1,2(⌫, Q2),
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with the invariants defined in terms of the nucleus and

photon four-momenta p, q as ⌫ = (p · q)/MT , Q
2 =
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qµ = �q

2 � 0, and p
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2
T , with MT the target nu-

cleus mass. In this letter I concentrate on the transverse
amplitude T1. Its imaginary parts is related to the unpo-
larized structure function F1 as ImT1 = (⇡↵em/MT )F1,
with ↵em ⇡ 1/137 the fine structure constant. T1 satis-
fies a once subtracted dispersion relation (DR),
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where the integral is understood in terms of its princi-
pal value. I remove the pole contribution that is due to
an absorption of a virtual photon by an on-shell ground
state (this separation is well-defined, see, e.g., discus-
sion in [10]). Upon this removal, the subtraction con-
stant Tnp
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with Z(N) the number of protons (neutrons) in the nu-
cleus, ↵em ⇡ 1/137 the fine structure constant, M ⇡
Mp ⇡ Mn the nucleon mass, such that MT ⇡ (Z+N)M .
Real photoabsorption on lead, shown in Fig. 1, il-

lustrates several general features common to all nuclei:
i) the strength of nuclear excitations is concentrated in
the region between the breakup threshold ⌫min(Q2) =
B + Q
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/(2MT ), with B the nucleon removal threshold

for the nucleus, and ⌫max(Q2) ⇡ B + Q
2
/(2M) + 30

MeV; ii) nuclear cross sections stay small above that en-
ergy and below the threshold for the nucleon breakup
⌫⇡(Q2) = Q
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⇡/(2M), with m⇡ the pion

mass; iii) above this threshold, an incoherent absorption
by Z protons and N neutrons that make up a nucleus is a
good overall representation of the cross section (modulo
nuclear e↵ects). I exploit the observed gap between ⌫max

and ⌫⇡ by evaluating the DR for T1 at an intermediate
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Non-trivial object:  
doubly-virtual Compton tensor

Tμν =
i

8πM ∫ d4xeiqx⟨p |T jν(x)jμ(0) |p⟩

Lorentz- and Gauge-invariant decomposition

�E = � ↵2

2⇡mlMd
�2

n(0)
Z

d4q
(q2 + 2⌫2)T1(⌫, q2)� (q2 � ⌫2)T2(⌫, q2)

q4[(q2/2ml)2 � ⌫2]

-correction to the Lamb shift (nS-nP)2γ



Forward Compton Amplitudes  
from Dispersion Relation
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FIG. 1: The box diagram for the O(α5) corrections.

The Feynman diagram for the two-photon proton-
structure correction to the Lamb shift is shown in Fig. 1.
To the level of accuracy needed here, all external lines
have zero three-momentum. The blob corresponds to
off-shell forward Compton scattering, given in terms of
the Compton tensor

Tµν(p, q) =
i

8πM

∫
d4x eiqx〈p|Tjµ(x)jν(0)|p〉

=
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−gµν +
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where q2 = −Q2, ν = p · q/M, and M is the nucleon
mass. A spin average is implied and the state normal-
ization is 〈p|p′〉 = (2π)3 2E δ3(!p − !p′). The functions
T1,2(ν, q2) are each even in ν and their imaginary parts
are related to the structure functions measured in elec-
tron or muon scattering by

Im T1(ν, Q2) =
1

4M
F1(ν, Q2),

Im T2(ν, Q2) =
1

4ν
F2(ν, Q2), (7)

with ν > 0 and where F1,2 are standard [15].

After doing a Wick rotation, where q0 = iQ0 and !Q =
!q, one obtains the O(α5) energy shift as
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,

(8)

where m is the lepton mass, and φ2
n(0) = m3

r α3/(πn3)
with mr = mM/(M + m).

The Ti are obtained using dispersion relations. Regge
arguments [16] suggest that T2 satisfies an unsubtracted
dispersion relation in ν at fixed Q2, but that T1 will re-
quire one subtraction. Before proceeding, we will note
that the Born terms, obtained from the elastic box and
crossed box of Fig. 2 and the vertex function Γµ =

γµF1(Q2) + (i/2M)σµνqνF2(Q2) for an incoming pho-
ton, are
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form factors are

GE(Q2) = F1(Q2)− τpF2(Q2),

GM(Q2) = F1(Q2) + F2(Q2). (10)

The Born terms are reliable for obtaining the imaginary
parts of the nucleon pole terms, but not reliable in gen-
eral, since the given vertex assumes the incoming and
outgoing nucleons are both on shell.

Calling the first term in TB
1 the pole term, one can split

the whole of T1 into pole term and non-pole terms,

T1(q0, Q2) = T
pole
1 + T1 . (11)

The pole term alone evidently allows an unsubtracted
dispersion relation, and this term calculated from the
dispersion relation simply reproduces itself. With a once
subtracted dispersion relation for T1, one has
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The nucleon pole is isolated in T
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Q2)/(2M). Similarly, as TB
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The Feynman diagram for the two-photon proton-
structure correction to the Lamb shift is shown in Fig. 1.
To the level of accuracy needed here, all external lines
have zero three-momentum. The blob corresponds to
off-shell forward Compton scattering, given in terms of
the Compton tensor
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where q2 = −Q2, ν = p · q/M, and M is the nucleon
mass. A spin average is implied and the state normal-
ization is 〈p|p′〉 = (2π)3 2E δ3(!p − !p′). The functions
T1,2(ν, q2) are each even in ν and their imaginary parts
are related to the structure functions measured in elec-
tron or muon scattering by

Im T1(ν, Q2) =
1

4M
F1(ν, Q2),

Im T2(ν, Q2) =
1

4ν
F2(ν, Q2), (7)

with ν > 0 and where F1,2 are standard [15].

After doing a Wick rotation, where q0 = iQ0 and !Q =
!q, one obtains the O(α5) energy shift as
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where m is the lepton mass, and φ2
n(0) = m3

r α3/(πn3)
with mr = mM/(M + m).

The Ti are obtained using dispersion relations. Regge
arguments [16] suggest that T2 satisfies an unsubtracted
dispersion relation in ν at fixed Q2, but that T1 will re-
quire one subtraction. Before proceeding, we will note
that the Born terms, obtained from the elastic box and
crossed box of Fig. 2 and the vertex function Γµ =

γµF1(Q2) + (i/2M)σµνqνF2(Q2) for an incoming pho-
ton, are
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where τp = Q2/(4M2), and the electric and magnetic
form factors are

GE(Q2) = F1(Q2)− τpF2(Q2),

GM(Q2) = F1(Q2) + F2(Q2). (10)

The Born terms are reliable for obtaining the imaginary
parts of the nucleon pole terms, but not reliable in gen-
eral, since the given vertex assumes the incoming and
outgoing nucleons are both on shell.

Calling the first term in TB
1 the pole term, one can split

the whole of T1 into pole term and non-pole terms,
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dispersion relation, and this term calculated from the
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Optical Theorem relates  to structure functions  = dataImT1,2 F1,2
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mass. T1,2(⌫, Q
2) are even functions of ⌫ and their imag-

inary parts are related to the spin-independent structure
functions of lepton-deuteron scattering,

ImT1(⌫, Q
2) =

1

4Md

F1(⌫, Q
2)

ImT2(⌫, Q
2) =

1

4⌫
F2(⌫, Q

2). (7)

Given the known high-energy behavior of the structure
functions, the two amplitudes obey the following form of
dispersion relation,

ReT1(q0, Q
2) = T̄1(0, Q

2) + ReT pole

1 (q0, Q
2) (8)

+
q
2
0

2⇡Md

1Z

⌫thr
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2
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1

2⇡
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d⌫F2(⌫, Q
2)

⌫2 � q
2
0

,

where for T1 the subtraction at q0 = 0 was per-
formed with T̄1(0, Q

2) the respective subtraction func-
tion. Above, we explicitly extracted the contribution of
the ground state leading to a pole, T

pole

1,2 . This contribu-
tion is defined in terms of the deuteron’s electromagnetic
vertex

hd(p0)|Jµ(q)|d(p)i = G2(Q
2)[⇠0⇤

µ
(⇠q) � ⇠

µ(⇠0⇤q)]

�


G1(Q

2)(⇠0⇤⇠) � G3(Q
2)

(⇠0⇤q)(⇠q)

2M
2
d

�
(p + p

0)µ, (9)

where ⇠
µ(⇠0⇤µ) denote the polarization vector of the ini-

tial (final) deuteron with momenta p(p0), respectively,
and Q

2 = �q
2 stands for the four-momentum transfer.

The form factors G1,2,3 are related to the charge, mag-
netic and quadrupole deuteron form factors as

GM = G2,

GC = G1 +
2

3
⌧dGQ,

GQ = G1 � G2 + (1 + ⌧d)G3, (10)

and ⌧d = Q
2
/(4M

2
d
). The elastic contribution to the

structure functions reads

F
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1 =
1

3
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2
M

�(1 � xd), (11)
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2
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+
8
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2
d
G

2
Q

�
�(1 � xd),

with the Bjorken variable xd = Q
2
/(2Md⌫).

Correspondingly, we distinguish three contributions,
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Above, we denote ⌧ = ⌫
2
/Q
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2
/(4m

2), and the
auxiliary functions are given by
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III. EVALUATION AND DATA FITS

A. Elastic contribution

We start with the elastic contribution. It can be noted
that the integral in Eq. (13) is IR divergent due to an
exchange of soft Coulomb photons. Such contributions,
however, were already taken into account within the non-
relativistic calculations on a pointlike deuteron. Further-
more, the finite size e↵ects were accounted for, as well,
and have to be subtracted from the full result of Eq. (13)
to avoid double-counting. This subtraction leads to
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.

We evaluate Eq. (16) with the most recent deuteron
form factors’ parametrization from [32]. We use the
parametrization I and II of that Ref. to estimate the
uncertainty, and list the result with the uncertainty in
Table II.

The inelastic contributions contain two parts,

�E
inel

n0 = �E
QE

n0 + �E
hadr

n0 , (17)
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which only explicitly considered Q2 as a dynamical variable, our result allows for a greater detalization as we provide
a dispersion representation of that function,
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F (0)
3 (⌫, Q2). (18)

This is the first essentially new result of our work. Armed with this new dispersive representation we can address
model dependence of the box graph calculation on a qualitatively new level. In doing so we can also rely on experi-
mental data: while F �W

3 (⌫, Q2) itself is not directly observable, its weak isospin partners F �Z
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3 (⌫, Q2) and
FWW
3 (⌫, Q2) enter observables in inclusive electron and neutrino scattering.
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It is informative to take a look at the general structure of the virtual photoabsorption spectrum displayed in Fig.
3. For a fixed value of Q2 one clearly sees three major structures as one goes from low to high energy ⌫: elastic peak
at Q2/(2M) (broadened by radiative corrections); nucleon resonances and non-resonant pion production starting
from the pion threshold [Q2 + (M +m⇡)2 �M2]/(2M) and up to roughly 2.5 GeV above the threshold; high-energy
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at Q2/(2M) (broadened by radiative corrections); nucleon resonances and non-resonant pion production starting
from the pion threshold [Q2 + (M +m⇡)2 �M2]/(2M) and up to roughly 2.5 GeV above the threshold; high-energy
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Dispersive Approach: Formalism

Dispersion in energy:  
scanning hadronic intermediate states

W2 = M2 + 2Mν − Q2

E-M structure functions measured in a wide kinematical range  
— can evaluate dispersion integral directly without bothering about physics!

All regions contribute but weigh differently: -box for atoms vs scattering;  boxes2γ γZ /γW



Subtraction Function:  
Low-Energy Expansion vs Finite Energy Sum Rule

7

T̄1(0,Q2) = TB
1 (0,Q2) − Tpole

1 (0,Q2) +
Q2

e2
βM(Q2)

Low-Energy Expansion:
To reconstruct it — need additional information

General properties of Compton amplitude with low-energy photons  
+ low-energy dynamics (e.g. pions or nucleons)

Finite Energy Sum Rules:

Current state-of-the-art for muonic atoms - chiral effective framework  
Accounts for lowest relevant d.o.f., predicts low-  behavior  
Many people in this room contributed to LE approach

Q2

Use data at low energy + information from high energies 

Guess the correct d.o.f. (dynamic at HE, static at LE) — duality 

Analyticity then constrains the LE subtractions!

Subtraction — the only problematic term
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HE photoabsorption:  
Regge behavior for few GeVν ≥

COMPTON SCATTERING FROM NUCLEI AND PHOTO- . . . PHYSICAL REVIEW C 84, 065202 (2011)

FIG. 3. (Color online) High energy photoabsorption cross sections per nucleon for six nuclear targets compared to the fit results (solid
lines) using the Breit-Wigner resonance plus background pametrization of Eq. (19). Data are from Ref. [26] for the proton and the deuteron,
and from Refs. [21–23] for heavier nuclei. The Regge plus Pomeron curves are shown by dashed lines. The background fit parameters are
given in Table I.

this relies on a mean-field approach to the target, which we
would expect to become more accurate as the number of
target nucleons increases. For the α = 0 pole contribution,
our new result for the proton is significantly different from
the Thomson term, which is at variance with the original
result of Damashek and Gilman [5]. This discrepancy is
due to our use of the very high energy photoabsorption
data that has become available only recently [27]. As a
result, instead of the high-energy parametrization used in
Ref. [5],

σR+P (ν) ≈
(

96.6 + 70.2

√
1 GeV

ν

)

µb, (23)

we find

σR+P (ν) ≈
[

68.0
( ν

1 GeV

)0.097
+ 99.0

√
1 GeV

ν

]

µb. (24)

At an energy ν = 1 GeV, both formulas give almost identical
results, but at high energies they differ dramatically. At the

same time, the data in the resonance region have not changed
much, so this leads to our new value for the α = 0 contribution
to photoabsorption on the proton.

For heavier nuclei, however, the bottom panel of Fig. 4
and the final row of Table II show that the α = 0 contribution
appears to be consistent with the Thomson term. This result is
due to an interplay of various nuclear effects in the resonance
region that affect the value of the integrated photoabsorption
cross section and also shadowing at medium-to-high energies.
Shadowing at energies below ν = 200 GeV causes the value
of cP to decrease from 68 µb for the proton to approximately
43 µb for lead, respectively. On the other hand, the Pomeron
is a QCD phenomenon that is due to the interaction of
quarks and gluons and should be the leading mechanism of
photoabsorption at extremely high energies. It can be expected
that at asymptotic energies nuclear effects should be negligible,
and the strength of the Pomeron should be the same for
both the proton and heavier nuclei. If in the future nuclear
photoabsorption data above ν = 200 GeV becomes available,
they could shed more light on the asymptotic behavior of

TABLE I. Reggeon and Pomeron parameters in µb

Proton Deuteron 12
6 C 27

13Al 65
29Cu 207

82 Pb

cP (µb) 68.0 ± 0.2 70.08 ± 1.26 57.24 ± 1.13 62.70 ± 6.0 45.88 ± 0.57 42.08 ± 1.96
cR (µb) 99.0 ± 1.15 80.50 ± 2.27 76.49 ± 4.40 53.53 ± 11.6 76.95 ± 3.60 91.43 ± 9.14

065202-5

FR
1 = cPναP + cf ναf, αP ≈ 1.09, αf ≈ 0.5

HE behavior explains the need for subtraction (but does not determine the subtraction fn.)

Define two analytical functions that possess the “same” HE asymptotics

ReT1(ν, Q2) = T̄1(0,Q2) +
ν2

2πM ∫
∞

thr

dν′ F1(ν′ , Q2)
ν′ (ν′ 2 − ν2)

ReTR
1 (ν, Q2) = 0 +

ν2

2πM ∫
∞

0

dν′ FR
1 (ν′ , Q2)

ν′ (ν′ 2 − ν2)

Important: no constant trajectories (data and theory)

At asymptotic energy  the two functions can at most differ by a constantν → ∞

GORCHTEIN, LLANES-ESTRADA, AND SZCZEPANIAK PHYSICAL REVIEW A 87, 052501 (2013)

FIG. 1. The residual term for the high-energy Compton amplitude
corresponding to a fixed pole at J = 0 in the complex angular
momentum plane. It corresponds to Compton scattering on a pointlike
quark at instant light-cone time.

Note that the presence of the factor 1 − x = 1 − Q2/2Mν
in the relation between σT and F1, given by Eq. (20), requires a
value of N (Q2) larger than that found for real photons N (0). In
any case, the resulting FESR will not be sensitive to the value
of N , as long as the Regge amplitude correctly represents
the data for all ν > N . The values cP (0),cR(0) are fixed by
very precise fit to real photoabsorption data, and cP (Q2) is,
moreover, fixed to its real photon value (for low Q2 ! 1 GeV2

only) to ensure that asymptotically σT − σR
T vanishes, which

is the assumption that is crucial for the FESR method. This
effectively leaves the Q2 slope of the coefficient cR(Q2) (which
we take as a linear function) as the only parameter that has an
uncertainty, and we assign a generous 50% uncertainty thereto.
The analog of Eq. (19) at finite Q2,

C∞(Q2) ≡
[
Re T1(ν,Q2) − Re T R

1 (ν,Q2)
]∣∣

ν→∞, (26)

satisfies now

C∞(Q2) = T1(0,Q2) − e2

2πM

∫ N(Q2)

νπ (Q2)

dν ′

ν ′ F1(ν ′,Q2)

+ ν0

2π2

∑

i

ci(Q2)
αi

[
N (Q2)

ν0

]αi

. (27)

We expect a finite C∞(Q2) at high Q2. It represents a light-cone
instantaneous, two-photon interaction on a pointlike quark
[26], as depicted in Fig. 1. This causes no problem in the
first of Eqs. (10) for Esubt that is convergent upon substitution
of a constant contribution to T1(0,Q2). The constant C∞(Q2)
is related to the virtual Compton amplitude T1(0,Q2) through
Eq. (27) and enters the Lamb shift though Esubt.

To evaluate the integral on the right-hand side of Eq. (27),
we need a parametrization of the virtual photon-proton cross
section to substitute in Eq. (20). We use the form obtained
in Ref. [21] that reproduces the electroproduction data in the
resonance region and above,

σT (W 2,Q2) =
∑

a

BWa(W 2)F 2
a (Q2)

+
[
1 − e

(M+mπ )2−W2

M2
]
σR

tot(W
2,0)FB(Q2). (28)

In the first term, the summation runs over nucleon resonances,
with BW standing for a Breit-Wigner propagator BWa(W 2),

FIG. 2. Regge exchanges in the t channel dominate the high-
energy part of the Compton amplitude.

and electromagnetic transition form factors given by Fa(Q2).
The second term represents a smooth background. Expressing
T1(0,Q2) in terms of the J = 0 pole contribution, C∞(Q2)
yields

T1(0,Q2) = C∞(Q2) − ν0

2π2

∑

i

ci(Q2)
αi

[
N (Q2)

ν0

]αi

+ 1
2π2

∫ N(Q2)

νπ (Q2)
dν ′

(
1 − Q2

2Mν

)
σT (ν ′,Q2), (29)

which is the main result of this paper. It expresses the
low-energy function T1(0,Q2) that enters the Lamb shift
through Esubt in Eq. (9) in terms of three distinct contributions
with clear physical interpretation, which are diagrammatically
shown in Figs. 1–3. The last two are the t-channel Regge
exchanges and s-channel resonance contributions; the split
between the two is determined by N (Q2). The first term is the
J = 0 fixed-pole contribution to virtual Compton scattering
C∞(Q2) [27], to which we now turn our attention.

B. Analysis of the fixed pole

The J = 0 fixed pole in Compton scattering was introduced
in Ref. [28] and studied in phenomenological models, e.g., in
Refs. [26,27,29,30].

Such an s- and t-independent contribution has been
analyzed in the kinematic region where both −t and s are
large, s,−t & M2

N , and the existing data in this region [31,32]
support the existence of the fixed pole.

FIG. 3. (Color online) The low- and intermediate-energy region
is described by a sum over s-channel resonances that are photoexci-
tations of the nucleon.

052501-4

If information on  exists — a statement on LE subtraction can be madeC∞

Subtraction Function from FESR

MG, Hobbs, Londergan, Szczepaniak, Phys Rev C84 (2011)
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Express subtraction fn via C∞

ReT1(ν, Q2) = T̄1(0,Q2) +
ν2

2πM ∫
∞

thr

dν′ F1(ν′ , Q2)
ν′ (ν′ 2 − ν2)

ReTR
1 (ν, Q2) = 0 +

ν2

2πM ∫
∞

0

dν′ FR
1 (ν′ , Q2)

ν′ (ν′ 2 − ν2)

—

ν → ∞

T̄1(0,Q2) = C∞(Q2) +
1

2πM ∫
N

thr

dν
ν

F1(ν, Q2) −
1

2πM ∑
i=P, f

ci(Q2)
αi

[N(Q2)]αi

DR for the difference: dispersion integral has support below  where Regge sets inN(Q2)

 a.k.a. the J=0 pole; data suggest  —> clean prediction for subtraction fn!C∞ C∞ ≈ 0
MG, Llanes-Estrada, Szczepaniak, Phys Rev A87 (2013)

Duality: the exact balance between the integral over data and over Regge 
J=0 pole quantifies duality violation (some missing physics) 

Jerry Miller suggested some unknown physics at sub-asymptotic  

Would show up in many places, including DVCS

Q2
Miller et al, Phys Rev A84 (2011), Phys Rev C86 (2012)

Brodsky et al, Phys Rev D79 (2009)
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MUONIC-HYDROGEN LAMB SHIFT: DISPERSING THE . . . PHYSICAL REVIEW A 87, 052501 (2013)

TABLE I. Numerical results for the O(α5) proton structure
corrections to the 2P − 2S Lamb shift in muonic hydrogen in µeV.
The entry "Esubt from Ref. [34] is obtained by summing the Born
nonpole and polarizability contributions; that work uses the values
obtained for "Eel and "Einel in Ref. [14].

This work Ref. [2] Ref. [14] Ref. [34]

"Esubt 3.3 ± 4.6 6.6 5.3 ± 1.9 9.0 ± 1.0
"Eel −30.1 ± 1.2 −27.8 −29.5 ± 1.3 −29.5 ± 1.3
"Einel −13.0 ± 0.6 −13.9 −12.7 ± 0.5 −12.7 ± 0.5
"E −39.8 ± 4.8 −35.1 −36.9 ± 2.4 −33 ± 2

the proton radius puzzle in terms of the two-photon exchange
contribution, are not supported by resonance region data at low

Q2 [38] and require an unnaturally large value of the J = 0
pole for hard virtual photons [39].

The 300 µeV discrepancy between the direct muonic-
hydrogen Lamb shift measurement and estimates for it based
on usual (electronic) hydrogen is unnaturally large for the
hadronic structure-dependent corrections at the order of O(α5)
that have been proposed in the literature, basically Eq. (5), and
the explanation must be looked for elsewhere.
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FESR

-box for 2S-2P Lamb Shift: 
FESR vs. the rest of the world
2γ

Outdated table from 
MG, Llanes-Estrada, Szczepaniak, Phys Rev A87 (2013)

Fazit: FESR result is consistent with LE-motivated approaches (natural) 

Uncertainty is not very competitive: almost complete cancellation (90% or more!)  
between Regge and integral over data; generic data uncertainty - few%,  
but Regge and data are highly correlated —> would an updated analysis be of interest? 

Duality is a fundamental concept but its realization is not well understood: 
Duality in electron and neutrino scattering may follow different patterns 

Absence of J=0 pole assumed — reasonable but not proven
Kopeliovich et al, Prog Part Nucl Phys 68 (2013)
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FIG. 1: (Color online) Total photoabsorption cross section on
lead in µbarn as function of energy. Data in the nuclear range
(blue crosses) extend up to ⌫max ⇡ 30 MeV are from Ref.
[11]. Data above the pion production threshold ⌫⇡ (red open
circles) are from [12–15]. The vertical dashed lines display
⌫max, ⌫1, and ⌫⇡, see text for further details.

energy ⌫1(Q2) ⇡ B + Q
2
/(2M) + 70 MeV, impose the

hierarchy of scales, ⌫2max ⌧ ⌫
2
1 ⌧ ⌫

2
⇡ and take respective

limits,

ReTnp
1 (⌫1, Q

2) = T
np
1 (0, Q2)� 2↵em

MT

⌫maxZ

⌫min

d⌫

⌫
F1(⌫, Q

2)

+
2↵em⌫

2
1

MT

1Z

⌫⇡

d⌫

⌫3
F1(⌫, Q

2) +
↵em

MT
P

⌫⇡Z

⌫max

d⌫
2
⌫
2
1F1(⌫, Q2)

⌫2(⌫2 � ⌫21)
.

(4)

For compactness, I suppressed the Q
2-dependence of

the integration limits. The integral between ⌫max and ⌫⇡

is understood in the sense of its principal value. Next,
the scale hierarchy is used to calculate ReTnp

1 (⌫1, Q
2):

the scale ⌫1 was chosen such that the bulk of nuclear
excitations lies significantly below it. Then, photons will
scatter o↵ essentially unbound nucleons; the energy is
significantly lower than the pion production threshold,
so the nucleon structure is not resolved at that energy,
and it is legitimate to approximate its value by a low-
energy expansion up to order ⌫21,

ReTnp
1 (⌫1, Q

2) = �Z
↵em

M
F

p 2
D (Q2)�N

↵em

M
F

n 2
D (Q2)

+ZQ
2
�
p
M (Q2) +NQ

2
�
n
M (Q2)

+
2↵em⌫

2
1

M

Z 1

⌫⇡

d⌫

⌫3

⇥
ZF

p
1 (⌫, Q

2) +NF
n
1 (⌫, Q

2)
⇤
, (5)

where F p(n)
D denotes the proton (neutron) Dirac form fac-

tor, and �
p(n)
M (Q2) stand for the proton (neutron) mag-

netic polarizability, respectively, extended to finite Q
2.

A subtracted dispersion relation analogous to that of Eq.

(2) is imposed on the single nucleon amplitudes, with
F

p,n
1 free nucleon structure functions. Now, Eqs. (3,4,5)

can be combined together, and the coe�cients at di↵er-
ent powers of ⌫1 equated. If nuclear and hadronic scales
are indeed well-separated, above ⌫max(Q2) nucleons are
unbound, and the coe�cient at ⌫21 should vanish,

Z 1

⌫⇡

d⌫

⌫3


M

MT
F1(⌫, Q

2)� ZF
p
1 (⌫, Q

2)�NF
n
1 (⌫, Q

2)

�

+
M

MT
P
Z ⌫⇡

⌫max

d⌫F1(⌫, Q2)

⌫(⌫2 � ⌫21)
= 0. (6)

Turning to the terms independent of ⌫21, and setting
Q

2 = 0 Levinger and Bethe [6] obtained,

ZN = 2

Z ⌫max

⌫min

d⌫

⌫
F1(⌫, 0), (7)

i.e. integrated strength of nuclear excitations is fixed by
the number of nucleons within the nucleus. Levinger-
Bethe sum rule of Eq. (7) is obeyed for a wide range of
nuclei, typically better than 10% [16]. As an example,
the parametrization of the deuteron photodesintegration
cross section in Ref. [17] leads to the value of the right
hand side 1.007, in excellent agreement with the sum
rule, NZ = 1. Deviations due to non-vanishing of the
principal value integral and e↵ects of nuclear binding and
shadowing in Eq. (6) were estimated, e.g., in Refs. [6, 7].
I now consider the first derivative with respect to

Q
2 at the origin. Using the charge radius defined as

R
2
Ch = �6F 0

C(0), the sum rule for the nuclear magnetic
polarizability is obtained,

�
nucl
M =

2↵em

M

Z ⌫max

⌫thr

d⌫

⌫

d

dQ2
F1(⌫, Q

2)
��
Q2=0

� Z
2
↵em

(Z +N)M

R
2
Ch

3
, (8)

where I neglected e↵ects of nuclear and nucleon recoil
that enter the Q

2-dependence of the integration limits
(above taken at Q

2 = 0), e↵ects of nucleon polarizabili-
ties and nucleon charge radii.
This sum rule is useful since for most nuclei the

magnetic polarizability is not known, unlike the sum
↵
nucl
E + �

nucl
M that is fixed by Baldin sum rule [18],

↵
nucl
E + �

nucl
M =

2↵em

MT

Z 1

⌫min

d⌫

⌫3
F1(⌫, 0), (9)

and can be directly extracted from the experimental data.
To my knowledge, deuteron is the only nucleus for

which theoretical predictions of �
nucl
M exist, calculated

in EFT [19] and potential model [20] approaches, sum-
marized as �d

M = 0.072(5) fm3. One can now check, how
important the neglected terms are numerically. Using the
value of the proton charge radius from recent µH mea-
surements [21, 22], and the neutron charge radius along

Duality in nuclei: 

Strength of photoabsorption in nuclear range 
Is fixed by number, charge and mass of 
elementary scatterers - nucleons 

Advantage over FESR on nucleons:  
Presence of an hierarchy of scales  

 gap in betweenνNucl ∼ 10 MeV, νhadr ∼ 300 MeV

In the nuclear range nucleons are unresolved and elementary 
In the hadronic range nucleon structure is fully resolved  
In the gap: ~no photoabsorption —> scattering on nucleons with internal structure  
(size, polarizabilities) 

 is known and given by the LEX of the nucleon Compton amplitude!C∞
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FIG. 1: (Color online) Total photoabsorption cross section on
lead in µbarn as function of energy. Data in the nuclear range
(blue crosses) extend up to ⌫max ⇡ 30 MeV are from Ref.
[11]. Data above the pion production threshold ⌫⇡ (red open
circles) are from [12–15]. The vertical dashed lines display
⌫max, ⌫1, and ⌫⇡, see text for further details.
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2
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⇡ and take respective
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1F1(⌫, Q2)
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(4)

For compactness, I suppressed the Q
2-dependence of

the integration limits. The integral between ⌫max and ⌫⇡
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the scale ⌫1 was chosen such that the bulk of nuclear
excitations lies significantly below it. Then, photons will
scatter o↵ essentially unbound nucleons; the energy is
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D denotes the proton (neutron) Dirac form fac-

tor, and �
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M (Q2) stand for the proton (neutron) mag-

netic polarizability, respectively, extended to finite Q
2.

A subtracted dispersion relation analogous to that of Eq.

(2) is imposed on the single nucleon amplitudes, with
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1 free nucleon structure functions. Now, Eqs. (3,4,5)

can be combined together, and the coe�cients at di↵er-
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i.e. integrated strength of nuclear excitations is fixed by
the number of nucleons within the nucleus. Levinger-
Bethe sum rule of Eq. (7) is obeyed for a wide range of
nuclei, typically better than 10% [16]. As an example,
the parametrization of the deuteron photodesintegration
cross section in Ref. [17] leads to the value of the right
hand side 1.007, in excellent agreement with the sum
rule, NZ = 1. Deviations due to non-vanishing of the
principal value integral and e↵ects of nuclear binding and
shadowing in Eq. (6) were estimated, e.g., in Refs. [6, 7].
I now consider the first derivative with respect to
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where I neglected e↵ects of nuclear and nucleon recoil
that enter the Q

2-dependence of the integration limits
(above taken at Q

2 = 0), e↵ects of nucleon polarizabili-
ties and nucleon charge radii.
This sum rule is useful since for most nuclei the
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and can be directly extracted from the experimental data.
To my knowledge, deuteron is the only nucleus for

which theoretical predictions of �
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M exist, calculated

in EFT [19] and potential model [20] approaches, sum-
marized as �d

M = 0.072(5) fm3. One can now check, how
important the neglected terms are numerically. Using the
value of the proton charge radius from recent µH mea-
surements [21, 22], and the neutron charge radius along
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FIG. 1: (Color online) Total photoabsorption cross section on
lead in µbarn as function of energy. Data in the nuclear range
(blue crosses) extend up to ⌫max ⇡ 30 MeV are from Ref.
[11]. Data above the pion production threshold ⌫⇡ (red open
circles) are from [12–15]. The vertical dashed lines display
⌫max, ⌫1, and ⌫⇡, see text for further details.
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i.e. integrated strength of nuclear excitations is fixed by
the number of nucleons within the nucleus. Levinger-
Bethe sum rule of Eq. (7) is obeyed for a wide range of
nuclei, typically better than 10% [16]. As an example,
the parametrization of the deuteron photodesintegration
cross section in Ref. [17] leads to the value of the right
hand side 1.007, in excellent agreement with the sum
rule, NZ = 1. Deviations due to non-vanishing of the
principal value integral and e↵ects of nuclear binding and
shadowing in Eq. (6) were estimated, e.g., in Refs. [6, 7].
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where I neglected e↵ects of nuclear and nucleon recoil
that enter the Q

2-dependence of the integration limits
(above taken at Q

2 = 0), e↵ects of nucleon polarizabili-
ties and nucleon charge radii.
This sum rule is useful since for most nuclei the
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value of the proton charge radius from recent µH mea-
surements [21, 22], and the neutron charge radius along

2

0.001 0.01 0.1 1 10
! (GeV)

100

1000

σ(
!) 

(µ
b)

!π!max

!∞

FIG. 1: (Color online) Total photoabsorption cross section on
lead in µbarn as function of energy. Data in the nuclear range
(blue crosses) extend up to ⌫max ⇡ 30 MeV are from Ref.
[11]. Data above the pion production threshold ⌫⇡ (red open
circles) are from [12–15]. The vertical dashed lines display
⌫max, ⌫1, and ⌫⇡, see text for further details.
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i.e. integrated strength of nuclear excitations is fixed by
the number of nucleons within the nucleus. Levinger-
Bethe sum rule of Eq. (7) is obeyed for a wide range of
nuclei, typically better than 10% [16]. As an example,
the parametrization of the deuteron photodesintegration
cross section in Ref. [17] leads to the value of the right
hand side 1.007, in excellent agreement with the sum
rule, NZ = 1. Deviations due to non-vanishing of the
principal value integral and e↵ects of nuclear binding and
shadowing in Eq. (6) were estimated, e.g., in Refs. [6, 7].
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where I neglected e↵ects of nuclear and nucleon recoil
that enter the Q

2-dependence of the integration limits
(above taken at Q
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Scattering of light o↵ a composite object has long been
used to study its structure. At low frequencies, elec-
tromagnetic waves scatter without absorption and solely
probe its mass and electric charge, the classical Thomson
result. With the photon energy raising above the absorp-
tion threshold internal structure is revealed. Kramers
and Kronig related the photoabsorption spectrum of a
material to its index of refraction by means of a disper-
sion relation [1, 2] based on the probability conservation
and causality. Dispersion relations and sum rules have
been among the main tools for studying the electromag-
netic interactions in atomic, nuclear and hadronic physics
domains. These domains roughly correspond to keV,
MeV and GeV photon energies, respectively, and this
scale hierarchy indicates that dynamics in each domain
can be clearly identified. Thomas-Reiche-Kuhn sum rule
equated the sum of oscillator strengths in an atom to the
number of electrons [3–5]. For nuclei, Levinger-Bethe [6]
and Gell-Mann, Goldberger and Thirring [7] related the
integrated photoabsorption cross section to the number
of elementary scatterers, protons and neutrons in a nu-
cleus. For GeV energy photons that resolve the nucleon
structure, Gorchtein, Hobbs, Londergan and Szczepaniak
[8] observed that the integrated strength of the nucleon
resonances may be explained by counting the constituent
quarks. These sum rules are an economic, albeit approx-
imate way to express duality, the transcendence of higher
energy degrees of freedom in the low-energy phenomena
[9]. In this letter I extend the Thomas-Reiche-Kuhn-
Levinger-Bethe sum rule to the case of virtual photons,
obtain a sum rule for the nuclear magnetic polarizability,
and discuss further applications.

The spin-averaged, forward Compton tensor Tµ⌫ is ex-
pressed in terms of two scalar amplitudes T1,2(⌫, Q2),

T
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with the invariants defined in terms of the nucleus and

photon four-momenta p, q as ⌫ = (p · q)/MT , Q
2 =

�q
µ
qµ = �q

2 � 0, and p
2 = M

2
T , with MT the target nu-

cleus mass. In this letter I concentrate on the transverse
amplitude T1. Its imaginary parts is related to the unpo-
larized structure function F1 as ImT1 = (⇡↵em/MT )F1,
with ↵em ⇡ 1/137 the fine structure constant. T1 satis-
fies a once subtracted dispersion relation (DR),
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where the integral is understood in terms of its princi-
pal value. I remove the pole contribution that is due to
an absorption of a virtual photon by an on-shell ground
state (this separation is well-defined, see, e.g., discus-
sion in [10]). Upon this removal, the subtraction con-
stant Tnp

1 (0, Q2) is defined in terms of the nuclear charge
form factor FC normalized to unity at Q

2 = 0, and the
nuclear magnetic polarizability �

nucl
M (Q2) generalized to

finite Q
2,

T
np
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with Z(N) the number of protons (neutrons) in the nu-
cleus, ↵em ⇡ 1/137 the fine structure constant, M ⇡
Mp ⇡ Mn the nucleon mass, such that MT ⇡ (Z+N)M .
Real photoabsorption on lead, shown in Fig. 1, il-

lustrates several general features common to all nuclei:
i) the strength of nuclear excitations is concentrated in
the region between the breakup threshold ⌫min(Q2) =
B + Q

2
/(2MT ), with B the nucleon removal threshold

for the nucleus, and ⌫max(Q2) ⇡ B + Q
2
/(2M) + 30

MeV; ii) nuclear cross sections stay small above that en-
ergy and below the threshold for the nucleon breakup
⌫⇡(Q2) = Q

2
/(2M) +m⇡ +m

2
⇡/(2M), with m⇡ the pion

mass; iii) above this threshold, an incoherent absorption
by Z protons and N neutrons that make up a nucleus is a
good overall representation of the cross section (modulo
nuclear e↵ects). I exploit the observed gap between ⌫max

and ⌫⇡ by evaluating the DR for T1 at an intermediate
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FIG. 1: (Color online) Total photoabsorption cross section on
lead in µbarn as function of energy. Data in the nuclear range
(blue crosses) extend up to ⌫max ⇡ 30 MeV are from Ref.
[11]. Data above the pion production threshold ⌫⇡ (red open
circles) are from [12–15]. The vertical dashed lines display
⌫max, ⌫1, and ⌫⇡, see text for further details.

energy ⌫1(Q2) ⇡ B + Q
2
/(2M) + 70 MeV, impose the

hierarchy of scales, ⌫2max ⌧ ⌫
2
1 ⌧ ⌫

2
⇡ and take respective

limits,

ReTnp
1 (⌫1, Q

2) = T
np
1 (0, Q2)� 2↵em

MT

⌫maxZ

⌫min

d⌫

⌫
F1(⌫, Q

2)

+
2↵em⌫

2
1

MT

1Z

⌫⇡

d⌫

⌫3
F1(⌫, Q

2) +
↵em

MT
P

⌫⇡Z

⌫max

d⌫
2
⌫
2
1F1(⌫, Q2)

⌫2(⌫2 � ⌫21)
.

(4)

For compactness, I suppressed the Q
2-dependence of

the integration limits. The integral between ⌫max and ⌫⇡

is understood in the sense of its principal value. Next,
the scale hierarchy is used to calculate ReTnp
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the scale ⌫1 was chosen such that the bulk of nuclear
excitations lies significantly below it. Then, photons will
scatter o↵ essentially unbound nucleons; the energy is
significantly lower than the pion production threshold,
so the nucleon structure is not resolved at that energy,
and it is legitimate to approximate its value by a low-
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D denotes the proton (neutron) Dirac form fac-
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M (Q2) stand for the proton (neutron) mag-

netic polarizability, respectively, extended to finite Q
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A subtracted dispersion relation analogous to that of Eq.

(2) is imposed on the single nucleon amplitudes, with
F
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1 free nucleon structure functions. Now, Eqs. (3,4,5)

can be combined together, and the coe�cients at di↵er-
ent powers of ⌫1 equated. If nuclear and hadronic scales
are indeed well-separated, above ⌫max(Q2) nucleons are
unbound, and the coe�cient at ⌫21 should vanish,
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Turning to the terms independent of ⌫21, and setting
Q

2 = 0 Levinger and Bethe [6] obtained,
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i.e. integrated strength of nuclear excitations is fixed by
the number of nucleons within the nucleus. Levinger-
Bethe sum rule of Eq. (7) is obeyed for a wide range of
nuclei, typically better than 10% [16]. As an example,
the parametrization of the deuteron photodesintegration
cross section in Ref. [17] leads to the value of the right
hand side 1.007, in excellent agreement with the sum
rule, NZ = 1. Deviations due to non-vanishing of the
principal value integral and e↵ects of nuclear binding and
shadowing in Eq. (6) were estimated, e.g., in Refs. [6, 7].
I now consider the first derivative with respect to
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where I neglected e↵ects of nuclear and nucleon recoil
that enter the Q

2-dependence of the integration limits
(above taken at Q

2 = 0), e↵ects of nucleon polarizabili-
ties and nucleon charge radii.
This sum rule is useful since for most nuclei the
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and can be directly extracted from the experimental data.
To my knowledge, deuteron is the only nucleus for

which theoretical predictions of �
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M exist, calculated

in EFT [19] and potential model [20] approaches, sum-
marized as �d

M = 0.072(5) fm3. One can now check, how
important the neglected terms are numerically. Using the
value of the proton charge radius from recent µH mea-
surements [21, 22], and the neutron charge radius along
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FIG. 1: (Color online) Total photoabsorption cross section on
lead in µbarn as function of energy. Data in the nuclear range
(blue crosses) extend up to ⌫max ⇡ 30 MeV are from Ref.
[11]. Data above the pion production threshold ⌫⇡ (red open
circles) are from [12–15]. The vertical dashed lines display
⌫max, ⌫1, and ⌫⇡, see text for further details.
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Bethe sum rule of Eq. (7) is obeyed for a wide range of
nuclei, typically better than 10% [16]. As an example,
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where I neglected e↵ects of nuclear and nucleon recoil
that enter the Q

2-dependence of the integration limits
(above taken at Q
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lead in µbarn as function of energy. Data in the nuclear range
(blue crosses) extend up to ⌫max ⇡ 30 MeV are from Ref.
[11]. Data above the pion production threshold ⌫⇡ (red open
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⌫max, ⌫1, and ⌫⇡, see text for further details.

energy ⌫1(Q2) ⇡ B + Q
2
/(2M) + 70 MeV, impose the

hierarchy of scales, ⌫2max ⌧ ⌫
2
1 ⌧ ⌫

2
⇡ and take respective

limits,

ReTnp
1 (⌫1, Q

2) = T
np
1 (0, Q2)� 2↵em

MT

⌫maxZ

⌫min

d⌫

⌫
F1(⌫, Q

2)

+
2↵em⌫

2
1

MT

1Z

⌫⇡

d⌫

⌫3
F1(⌫, Q

2) +
↵em

MT
P

⌫⇡Z

⌫max

d⌫
2
⌫
2
1F1(⌫, Q2)

⌫2(⌫2 � ⌫21)
.

(4)

For compactness, I suppressed the Q
2-dependence of

the integration limits. The integral between ⌫max and ⌫⇡

is understood in the sense of its principal value. Next,
the scale hierarchy is used to calculate ReTnp

1 (⌫1, Q
2):

the scale ⌫1 was chosen such that the bulk of nuclear
excitations lies significantly below it. Then, photons will
scatter o↵ essentially unbound nucleons; the energy is
significantly lower than the pion production threshold,
so the nucleon structure is not resolved at that energy,
and it is legitimate to approximate its value by a low-
energy expansion up to order ⌫21,

ReTnp
1 (⌫1, Q

2) = �Z
↵em

M
F

p 2
D (Q2)�N

↵em

M
F

n 2
D (Q2)

+ZQ
2
�
p
M (Q2) +NQ

2
�
n
M (Q2)

+
2↵em⌫

2
1

M

Z 1

⌫⇡

d⌫

⌫3

⇥
ZF

p
1 (⌫, Q

2) +NF
n
1 (⌫, Q

2)
⇤
, (5)

where F p(n)
D denotes the proton (neutron) Dirac form fac-

tor, and �
p(n)
M (Q2) stand for the proton (neutron) mag-

netic polarizability, respectively, extended to finite Q
2.

A subtracted dispersion relation analogous to that of Eq.

(2) is imposed on the single nucleon amplitudes, with
F

p,n
1 free nucleon structure functions. Now, Eqs. (3,4,5)

can be combined together, and the coe�cients at di↵er-
ent powers of ⌫1 equated. If nuclear and hadronic scales
are indeed well-separated, above ⌫max(Q2) nucleons are
unbound, and the coe�cient at ⌫21 should vanish,

Z 1

⌫⇡

d⌫

⌫3


M

MT
F1(⌫, Q

2)� ZF
p
1 (⌫, Q

2)�NF
n
1 (⌫, Q

2)

�

+
M

MT
P
Z ⌫⇡

⌫max

d⌫F1(⌫, Q2)

⌫(⌫2 � ⌫21)
= 0. (6)

Turning to the terms independent of ⌫21, and setting
Q

2 = 0 Levinger and Bethe [6] obtained,

ZN = 2

Z ⌫max

⌫min

d⌫

⌫
F1(⌫, 0), (7)

i.e. integrated strength of nuclear excitations is fixed by
the number of nucleons within the nucleus. Levinger-
Bethe sum rule of Eq. (7) is obeyed for a wide range of
nuclei, typically better than 10% [16]. As an example,
the parametrization of the deuteron photodesintegration
cross section in Ref. [17] leads to the value of the right
hand side 1.007, in excellent agreement with the sum
rule, NZ = 1. Deviations due to non-vanishing of the
principal value integral and e↵ects of nuclear binding and
shadowing in Eq. (6) were estimated, e.g., in Refs. [6, 7].
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where I neglected e↵ects of nuclear and nucleon recoil
that enter the Q

2-dependence of the integration limits
(above taken at Q

2 = 0), e↵ects of nucleon polarizabili-
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M = 0.072(5) fm3. One can now check, how
important the neglected terms are numerically. Using the
value of the proton charge radius from recent µH mea-
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FIG. 1: (Color online) Total photoabsorption cross section on
lead in µbarn as function of energy. Data in the nuclear range
(blue crosses) extend up to ⌫max ⇡ 30 MeV are from Ref.
[11]. Data above the pion production threshold ⌫⇡ (red open
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⌫max, ⌫1, and ⌫⇡, see text for further details.
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Bethe sum rule of Eq. (7) is obeyed for a wide range of
nuclei, typically better than 10% [16]. As an example,
the parametrization of the deuteron photodesintegration
cross section in Ref. [17] leads to the value of the right
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that enter the Q
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value of the proton charge radius from recent µH mea-
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FIG. 1: (Color online) Total photoabsorption cross section on
lead in µbarn as function of energy. Data in the nuclear range
(blue crosses) extend up to ⌫max ⇡ 30 MeV are from Ref.
[11]. Data above the pion production threshold ⌫⇡ (red open
circles) are from [12–15]. The vertical dashed lines display
⌫max, ⌫1, and ⌫⇡, see text for further details.
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FIG. 1: (Color online) Total photoabsorption cross section on
lead in µbarn as function of energy. Data in the nuclear range
(blue crosses) extend up to ⌫max ⇡ 30 MeV are from Ref.
[11]. Data above the pion production threshold ⌫⇡ (red open
circles) are from [12–15]. The vertical dashed lines display
⌫max, ⌫1, and ⌫⇡, see text for further details.
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For compactness, I suppressed the Q
2-dependence of

the integration limits. The integral between ⌫max and ⌫⇡

is understood in the sense of its principal value. Next,
the scale hierarchy is used to calculate ReTnp

1 (⌫1, Q
2):

the scale ⌫1 was chosen such that the bulk of nuclear
excitations lies significantly below it. Then, photons will
scatter o↵ essentially unbound nucleons; the energy is
significantly lower than the pion production threshold,
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and it is legitimate to approximate its value by a low-
energy expansion up to order ⌫21,

ReTnp
1 (⌫1, Q

2) = �Z
↵em

M
F

p 2
D (Q2)�N

↵em

M
F

n 2
D (Q2)

+ZQ
2
�
p
M (Q2) +NQ

2
�
n
M (Q2)

+
2↵em⌫

2
1

M

Z 1

⌫⇡

d⌫

⌫3

⇥
ZF

p
1 (⌫, Q

2) +NF
n
1 (⌫, Q

2)
⇤
, (5)

where F p(n)
D denotes the proton (neutron) Dirac form fac-

tor, and �
p(n)
M (Q2) stand for the proton (neutron) mag-

netic polarizability, respectively, extended to finite Q
2.

A subtracted dispersion relation analogous to that of Eq.

(2) is imposed on the single nucleon amplitudes, with
F

p,n
1 free nucleon structure functions. Now, Eqs. (3,4,5)

can be combined together, and the coe�cients at di↵er-
ent powers of ⌫1 equated. If nuclear and hadronic scales
are indeed well-separated, above ⌫max(Q2) nucleons are
unbound, and the coe�cient at ⌫21 should vanish,
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Turning to the terms independent of ⌫21, and setting
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i.e. integrated strength of nuclear excitations is fixed by
the number of nucleons within the nucleus. Levinger-
Bethe sum rule of Eq. (7) is obeyed for a wide range of
nuclei, typically better than 10% [16]. As an example,
the parametrization of the deuteron photodesintegration
cross section in Ref. [17] leads to the value of the right
hand side 1.007, in excellent agreement with the sum
rule, NZ = 1. Deviations due to non-vanishing of the
principal value integral and e↵ects of nuclear binding and
shadowing in Eq. (6) were estimated, e.g., in Refs. [6, 7].
I now consider the first derivative with respect to
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2 at the origin. Using the charge radius defined as
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where I neglected e↵ects of nuclear and nucleon recoil
that enter the Q

2-dependence of the integration limits
(above taken at Q

2 = 0), e↵ects of nucleon polarizabili-
ties and nucleon charge radii.
This sum rule is useful since for most nuclei the
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and can be directly extracted from the experimental data.
To my knowledge, deuteron is the only nucleus for

which theoretical predictions of �
nucl
M exist, calculated

in EFT [19] and potential model [20] approaches, sum-
marized as �d

M = 0.072(5) fm3. One can now check, how
important the neglected terms are numerically. Using the
value of the proton charge radius from recent µH mea-
surements [21, 22], and the neutron charge radius along

Integrated strength of nuclear photoabsorption is fixed by the number of nucleons 
Recall: Thomas-Reiche-Kühn sum rule in QM (integrated strength = number of oscillators)
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FIG. 1: (Color online) Total photoabsorption cross section on
lead in µbarn as function of energy. Data in the nuclear range
(blue crosses) extend up to ⌫max ⇡ 30 MeV are from Ref.
[11]. Data above the pion production threshold ⌫⇡ (red open
circles) are from [12–15]. The vertical dashed lines display
⌫max, ⌫1, and ⌫⇡, see text for further details.
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Bethe sum rule of Eq. (7) is obeyed for a wide range of
nuclei, typically better than 10% [16]. As an example,
the parametrization of the deuteron photodesintegration
cross section in Ref. [17] leads to the value of the right
hand side 1.007, in excellent agreement with the sum
rule, NZ = 1. Deviations due to non-vanishing of the
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where I neglected e↵ects of nuclear and nucleon recoil
that enter the Q

2-dependence of the integration limits
(above taken at Q

2 = 0), e↵ects of nucleon polarizabili-
ties and nucleon charge radii.
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and can be directly extracted from the experimental data.
To my knowledge, deuteron is the only nucleus for

which theoretical predictions of �
nucl
M exist, calculated

in EFT [19] and potential model [20] approaches, sum-
marized as �d

M = 0.072(5) fm3. One can now check, how
important the neglected terms are numerically. Using the
value of the proton charge radius from recent µH mea-
surements [21, 22], and the neutron charge radius along

overall representation of the cross section (modulo nuclear
effects). I exploit the observed gap between νmax and νπ by
evaluating the DR for T1 at an intermediate energy
ν∞ðQ2Þ ≈ BþQ2=ð2MÞ þ 70 MeV, impose the hierarchy
of scales, ν2max ≪ ν2∞ ≪ ν2π , and take respective limits
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For compactness, I suppressed the Q2 dependence of the
integration limits. The integral between νmax and νπ is
understood in the sense of its principal value. Next, the scale
hierarchy is used to calculate ReTnp

1 ðν∞; Q2Þ: the scale ν∞
was chosen such that the bulk of nuclear excitations lies
significantly below it. Then, photons will scatter off essen-
tially unbound nucleons; the energy is significantly lower
than the pion production threshold, so the nucleon structure is
not resolved at that energy, and it is legitimate to approximate
its value by a low-energy expansion up to order ν2∞
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where FpðnÞ
D denotes the proton (neutron) Dirac form factor,

and βpðnÞM ðQ2Þ stand for the proton (neutron) magnetic

polarizability, respectively, extended to finite Q2. A sub-
tracted dispersion relation analogous to that of Eq. (2) is
imposed on the single nucleon amplitudes, with Fp;n

1 free-
nucleon structure functions. Now, Eqs. (3), (4), (5) can be
combined together, and the coefficients at different powers of
ν∞ equated. If nuclear and hadronic scales are, indeed, well
separated, above νmaxðQ2Þ nucleons are unbound, and the
coefficient at ν2∞ should vanish
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Turning to the terms independent of ν2∞, and settingQ2 ¼ 0,
Levinger and Bethe [6] obtained
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i.e., the integrated strength of nuclear excitations is fixed by
the number of nucleons within the nucleus. The Levinger-
Bethe sum rule of Eq. (7) is obeyed for awide range of nuclei,
typically better than 10% [16]. As an example, the para-
metrization of the deuteron photodisintegration cross section
in Ref. [17] leads to the value of the right hand side 1.007, in
excellent agreement with the sum rule, NZ ¼ 1. Deviations
due to the nonvanishing of the principal value integral and
effects of nuclear binding and shadowing in Eq. (6) were
estimated, e.g., in Refs. [6,7].
I now consider the first derivative with respect to Q2 at

the origin. Using the charge radius defined as
R2
ch ¼ −6F0

Cð0Þ, the sum rule for the nuclear magnetic
polarizability is obtained
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where I neglected effects of nuclear and nucleon recoil that
enter the Q2 dependence of the integration limits (above,
taken at Q2 ¼ 0), effects of nucleon polarizabilities and
nucleon charge radii.
This sum rule is useful since, for most nuclei, the

magnetic polarizability is not known, unlike the sum
αnuclE þ βnuclM that is fixed by the Baldin sum rule [18]

αnuclE þ βnuclM ¼ 2αem
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and can be directly extracted from the experimental data.
To my knowledge, the deuteron is the only nucleus for

which theoretical predictions of βnuclM exist, calculated in
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FIG. 1 (color online). Total photoabsorption cross section on
lead in μbarn as a function of energy. Data in the nuclear range
(blue crosses) extend up to νmax ≈ 30 MeV and are from
Ref. [11]. Data above the pion production threshold νπ (red
open circles) are from [12–15]. The vertical dashed lines display
νmax, ν∞, and νπ , see text for further details.
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Deuteron: βM known theoretically

EFT (lowest order): βMd = 0.068 fm3     Chen et al., 2002 
Potential models (LO): βMd = 0.068 fm3   Friar 1997, Khriplovich 1979, … 
Potential models (NLO): βMd = 0.078 fm3          Friar 1997

Fit to virtual photoabsorption on the deuteron Carlson, MG, Vanderhaeghen, Phys Rev A89 (2014)
CARLSON, GORCHTEIN, AND VANDERHAEGHEN PHYSICAL REVIEW A 89, 022504 (2014)
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FIG. 5. (Color online) Same as in Fig. 4 vs data from Ref. [36].

thus leading to the shift of an S level,
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The result of the numerical evaluation is listed in Table I.

IV. DISCUSSION OF RESULTS AND IMPACT OF
FURTHER SCATTERING EXPERIMENTS

The total result for the 2P − 2S Lamb shift obtained from
the sum of all terms O(α5) due to two-photon exchange
amounts to

!E2P−2S = 2.01(74) meV. (34)

The uncertainty of our result comes from three sources:
elastic deuteron form factors, inelastic hadronic excitations,
and nuclear (quasielastic) contributions. The deuteron elastic
form factors have been measured over a wide Q2 range
with good precision, and the error associated with different
parametrizations of these data amounts to 2 µeV or relative
2% uncertainty. The hadronic part contribution is constrained
to a relative 7%, however fortunately the contribution itself
is rather small, so this somewhat large relative uncertainty
translates in 2 µeV absolute uncertainty.
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At the moment, for the calculation of the subtraction
contribution we rely on the Q2 dependence for the magnetic
polarizability obtained from a model. A direct calculation of
T̄1(0,Q2), for instance in chiral EFT would help reducing the
corresponding uncertainty.

The largest contribution and the source of the largest
uncertainty is the quasielastic piece, in particular the Q2

dependence of the inelastic structure function F2(ν,Q2) in the
range ν ! 10 MeV, Q2 ! 0.01 GeV2 from which the dominant
contribution to the Lamb shift stems. A dedicated measurement
at Mainz with the existing A1 apparatus at E0 = 180 MeV and
angles θlab " 15◦ is planned [47], and it would help somewhat
to constrain the uncertainty with Q2 # 2.2 × 10−3 GeV2.
Going to lower energies will be possible with the new linear
accelerator machine MESA at Mainz, and we include a few
plots demonstrating the sensitivity to the parameter a1 in
several representative kinematics in Fig. 11.

To bring the discussion to a more quantitative level, we
list the projected impact of a d(e,e′)pn measurement in
several kinematics of A1 and MESA for the uncertainty of
the dispersion calculation of the Lamb shift in Table III. For
this analysis, we assumed for simplicity that the uncertainty
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and nuclear (quasielastic) contributions. The deuteron elastic
form factors have been measured over a wide Q2 range
with good precision, and the error associated with different
parametrizations of these data amounts to 2 µeV or relative
2% uncertainty. The hadronic part contribution is constrained
to a relative 7%, however fortunately the contribution itself
is rather small, so this somewhat large relative uncertainty
translates in 2 µeV absolute uncertainty.
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At the moment, for the calculation of the subtraction
contribution we rely on the Q2 dependence for the magnetic
polarizability obtained from a model. A direct calculation of
T̄1(0,Q2), for instance in chiral EFT would help reducing the
corresponding uncertainty.

The largest contribution and the source of the largest
uncertainty is the quasielastic piece, in particular the Q2

dependence of the inelastic structure function F2(ν,Q2) in the
range ν ! 10 MeV, Q2 ! 0.01 GeV2 from which the dominant
contribution to the Lamb shift stems. A dedicated measurement
at Mainz with the existing A1 apparatus at E0 = 180 MeV and
angles θlab " 15◦ is planned [47], and it would help somewhat
to constrain the uncertainty with Q2 # 2.2 × 10−3 GeV2.
Going to lower energies will be possible with the new linear
accelerator machine MESA at Mainz, and we include a few
plots demonstrating the sensitivity to the parameter a1 in
several representative kinematics in Fig. 11.

To bring the discussion to a more quantitative level, we
list the projected impact of a d(e,e′)pn measurement in
several kinematics of A1 and MESA for the uncertainty of
the dispersion calculation of the Lamb shift in Table III. For
this analysis, we assumed for simplicity that the uncertainty
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FIG. 9. (Color online) Same as in Fig. 4 vs data from Ref. [40]
as function of excitation energy Ex .

of the fit will be equal to the precision of the data.1 For
the kinematics Elab = 80 MeV, θ = 16◦, the uncertainty
of the quasielastic contribution is reduced by a factor of 15
and the theory uncertainty starts being dominated by that due
to the subtraction constant (estimated to be 40 µeV). It can
be seen that already the next MAMI A1 runs at the lowest
energy of 180 MeV and the most forward angle of 16◦ with
a 2% precision have the potential to reduce the uncertainty
of our dispersion calculation by at least a factor of 4. The
sensitivity to the value of the parameter a1 is further enhanced
at a lower energy as can be seen in the lower panel of Fig. 11.
Future measurements will allow us to test other theoretical
frameworks, such as potential models and EFT, as well.

Our result should be compared to those obtained by
other groups [19–21,23,24,48–50]. Note that [48–50] did
not perform a complete calculation and take, for instance,
the nuclear polarizability correction from other works. To

1If the experimental uncertainty is dominated by the systematics
this will be a correct estimate. In the opposite case the fit to 2% data
will typically return an uncertainty of at most 1%.
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FIG. 10. (Color online) Same as in Fig. 4 vs deuteron total
photoabsorption data from Refs. [41,42]. Older data compilation can
be found in Ref. [43].
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range [180, 250] is shown by the dashed and solid lines, respectively,
in the kinematics relevant for the MAMI A1 apparatus [47] (three
upper panels), and for MESA at 80 MeV (lower panel).
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FIG. 5. (Color online) Same as in Fig. 4 vs data from Ref. [36].

thus leading to the shift of an S level,

!ET h
n0 = 2α2

Md

φ2
n0(0)

∫ ∞

0
dQ2 γ1(τl)√

Q2

1 − G2
C(Q2)

Q2
. (33)

The result of the numerical evaluation is listed in Table I.

IV. DISCUSSION OF RESULTS AND IMPACT OF
FURTHER SCATTERING EXPERIMENTS

The total result for the 2P − 2S Lamb shift obtained from
the sum of all terms O(α5) due to two-photon exchange
amounts to

!E2P−2S = 2.01(74) meV. (34)

The uncertainty of our result comes from three sources:
elastic deuteron form factors, inelastic hadronic excitations,
and nuclear (quasielastic) contributions. The deuteron elastic
form factors have been measured over a wide Q2 range
with good precision, and the error associated with different
parametrizations of these data amounts to 2 µeV or relative
2% uncertainty. The hadronic part contribution is constrained
to a relative 7%, however fortunately the contribution itself
is rather small, so this somewhat large relative uncertainty
translates in 2 µeV absolute uncertainty.
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FIG. 6. (Color online) Same as in Fig. 4 vs data from Ref. [37].

4 6 8 10 12 14 16 18 20
 (MeV)

0

5

10

15

20

25

d
/d

dE
' (

nb
/M

eV
 s

r)

Patterson, Barber E=41.5 MeV, 
a =0.995
a =0.995±0.005
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At the moment, for the calculation of the subtraction
contribution we rely on the Q2 dependence for the magnetic
polarizability obtained from a model. A direct calculation of
T̄1(0,Q2), for instance in chiral EFT would help reducing the
corresponding uncertainty.

The largest contribution and the source of the largest
uncertainty is the quasielastic piece, in particular the Q2

dependence of the inelastic structure function F2(ν,Q2) in the
range ν ! 10 MeV, Q2 ! 0.01 GeV2 from which the dominant
contribution to the Lamb shift stems. A dedicated measurement
at Mainz with the existing A1 apparatus at E0 = 180 MeV and
angles θlab " 15◦ is planned [47], and it would help somewhat
to constrain the uncertainty with Q2 # 2.2 × 10−3 GeV2.
Going to lower energies will be possible with the new linear
accelerator machine MESA at Mainz, and we include a few
plots demonstrating the sensitivity to the parameter a1 in
several representative kinematics in Fig. 11.

To bring the discussion to a more quantitative level, we
list the projected impact of a d(e,e′)pn measurement in
several kinematics of A1 and MESA for the uncertainty of
the dispersion calculation of the Lamb shift in Table III. For
this analysis, we assumed for simplicity that the uncertainty
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FIG. 8. (Color online) Same as in Fig. 4 vs data from Ref. [39].
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effective field theory [19] and potential model [20]
approaches, summarized as βdM ¼ 0.072ð5Þ fm3. One can
now check how important the neglected terms are numeri-
cally. Using the value of the proton charge radius from
recent μH measurements [21,22], and the neutron charge
radius along with the nucleon magnetic polarizabilities
from Ref. [23] gives ∼1.6 × 10−3 fm3, 2 orders of magni-
tude below βdM. The effect of the deuteron charge radius
taken from [24] is of a similar order, ∼ − 1.5 × 10−3 fm3,
and is also negligible. However, for heavy nuclei, these two
contributions can have very different sizes, e.g., for lead,
the two terms give ∼0.08 fm3 and ∼ − 0.5 fm3, respec-
tively, which explains the choice of keeping the nuclear
radius effect but neglecting the nucleonic contributions.
The value of βM for lead is unknown, but αE þ βM ≈
14.5 fm3 [16] gives a rough idea, even though it can be
expected that βM ≲ 0.1αE for that nucleus.
Using a recently proposed detailed parametrization of

deuteron breakup data [17] that covers Q2 in the range
[0.005 GeV2; 3 GeV2] and energy between the deuteron
breakup threshold and well into the hadronic range, a
numerical evaluation of the right hand side of Eq. (8) can be
done. It leads to βdM ¼ 0.096ð15Þ fm3, close to the model-
based expectation, βdM ¼ 0.072ð5Þ fm3. Note that even
raising νmax to 140 MeV would increase the integral by
mere 1%, so the result is very robust. To enforce the
agreement, one needs to modify the parametrization of
Ref. [17] [Eq. (27) and Table II of that Ref.] via

fFSIT ðQ2Þ ¼ 2.15ð35Þ × 104 GeV−3Q2

½1þ 52ð8Þ GeV−2Q2&2
; ð10Þ

to

~fFSIT ðQ2Þ ¼ 1.61ð11Þ × 104 GeV−3Q2

½1þ 35ð6Þ GeV−2Q2&2.2
: ð11Þ

The error in the numerator is fixed by that in the value of
βdM, and the error (and a different power) in the numerator is
obtained by a new fit to the quasielastic (QE) data, as
described in Ref. [17]. The two fit functions are shown in
Fig. 2. With this exercise, I demonstrate that the existing
deuteron quasielastic data are consistent with the proposed
sum rule. The original parametrization in Ref. [17] led to a
1.5σ disagreement because the slope parameter was
obtained by an extrapolation beyond the kinematical range
covered by the data without using the value of βdM as a
constraint.
Another sum rule involving the Q2 slope of the inte-

grated structure functions was proposed by Bernabeu and
Jarlskog [25]. They assumed that the longitudinal ampli-
tude obtained as a linear combination of T1 and T2 obeys an
unsubtracted dispersion relation, and argued that the
longitudinal structure function has to vanish identically
at the real photon point independently of the energy to

ensure gauge invariance, hence, the integral becomes
convergent. In this way, they arrived at a sum rule for
the electric polarizability αE alone, which is, however,
incompatible with the βM sum rule proposed here. I believe
that the reason for the disagreement lies in their use of an
unsubtracted dispersion relation. Since it is the Q2 slope
that gives the sum rule, one, in reality, explicitly departs
from the real photon point; then, the argument of vanishing
of the longitudinal structure function at infinity is no longer
valid, and one is left with a divergent integral, so that the
limit Q2 → 0 does not exist.
The parametrization of deuteron quasielastic data was

used in Ref. [17] to estimate the two-photon exchange
(TPE) correction to the 2P-2S Lamb shift in the muonic
deuterium atom. A modification of the data parametrization
proposed above, based on the new sum rule, will lead to a
different prediction for that correction. Moreover, the
photonuclear sum rule discussed above can be further
extended beyond its value and slope at Q2 ¼ 0 (TRKLB
and the βnuclM sum rule, respectively) to predict the full Q2

dependence of the subtraction function via

Tnp
1 ð0; Q2Þ − Tnp

1 ð0; 0Þ

¼ 2αem
MT

Z
νmaxðQ2Þ

νminðQ2Þ

dν
ν
½F1ðν; Q2Þ − F1ðν; 0Þ&; ð12Þ

which contributes to the shift of the 2S state through
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FIG. 2 (color online). The comparison of the old fit without the
use of the sum rule, fFSIT (blue dashed curve) and the new fit using
the sum rule, ~fFSIT (red solid curve), with the uncertainty of each
fit indicated by the band of the respective color. The sum rule is
indicated by the star. The shaded band shows the kinematical
range that is covered by the existingDðe; e0Þpn data. The inset in
the upper right corner magnifies the small values of Q2 where the
slope of the new fit function is fixed to reproduce the value of βdM.
Data points correspond to experimental data sets analyzed in
Ref. [17] (Refs. [35–42] of that article).
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effective field theory [19] and potential model [20]
approaches, summarized as βdM ¼ 0.072ð5Þ fm3. One can
now check how important the neglected terms are numeri-
cally. Using the value of the proton charge radius from
recent μH measurements [21,22], and the neutron charge
radius along with the nucleon magnetic polarizabilities
from Ref. [23] gives ∼1.6 × 10−3 fm3, 2 orders of magni-
tude below βdM. The effect of the deuteron charge radius
taken from [24] is of a similar order, ∼ − 1.5 × 10−3 fm3,
and is also negligible. However, for heavy nuclei, these two
contributions can have very different sizes, e.g., for lead,
the two terms give ∼0.08 fm3 and ∼ − 0.5 fm3, respec-
tively, which explains the choice of keeping the nuclear
radius effect but neglecting the nucleonic contributions.
The value of βM for lead is unknown, but αE þ βM ≈
14.5 fm3 [16] gives a rough idea, even though it can be
expected that βM ≲ 0.1αE for that nucleus.
Using a recently proposed detailed parametrization of

deuteron breakup data [17] that covers Q2 in the range
[0.005 GeV2; 3 GeV2] and energy between the deuteron
breakup threshold and well into the hadronic range, a
numerical evaluation of the right hand side of Eq. (8) can be
done. It leads to βdM ¼ 0.096ð15Þ fm3, close to the model-
based expectation, βdM ¼ 0.072ð5Þ fm3. Note that even
raising νmax to 140 MeV would increase the integral by
mere 1%, so the result is very robust. To enforce the
agreement, one needs to modify the parametrization of
Ref. [17] [Eq. (27) and Table II of that Ref.] via

fFSIT ðQ2Þ ¼ 2.15ð35Þ × 104 GeV−3Q2

½1þ 52ð8Þ GeV−2Q2&2
; ð10Þ

to

~fFSIT ðQ2Þ ¼ 1.61ð11Þ × 104 GeV−3Q2

½1þ 35ð6Þ GeV−2Q2&2.2
: ð11Þ

The error in the numerator is fixed by that in the value of
βdM, and the error (and a different power) in the numerator is
obtained by a new fit to the quasielastic (QE) data, as
described in Ref. [17]. The two fit functions are shown in
Fig. 2. With this exercise, I demonstrate that the existing
deuteron quasielastic data are consistent with the proposed
sum rule. The original parametrization in Ref. [17] led to a
1.5σ disagreement because the slope parameter was
obtained by an extrapolation beyond the kinematical range
covered by the data without using the value of βdM as a
constraint.
Another sum rule involving the Q2 slope of the inte-

grated structure functions was proposed by Bernabeu and
Jarlskog [25]. They assumed that the longitudinal ampli-
tude obtained as a linear combination of T1 and T2 obeys an
unsubtracted dispersion relation, and argued that the
longitudinal structure function has to vanish identically
at the real photon point independently of the energy to

ensure gauge invariance, hence, the integral becomes
convergent. In this way, they arrived at a sum rule for
the electric polarizability αE alone, which is, however,
incompatible with the βM sum rule proposed here. I believe
that the reason for the disagreement lies in their use of an
unsubtracted dispersion relation. Since it is the Q2 slope
that gives the sum rule, one, in reality, explicitly departs
from the real photon point; then, the argument of vanishing
of the longitudinal structure function at infinity is no longer
valid, and one is left with a divergent integral, so that the
limit Q2 → 0 does not exist.
The parametrization of deuteron quasielastic data was

used in Ref. [17] to estimate the two-photon exchange
(TPE) correction to the 2P-2S Lamb shift in the muonic
deuterium atom. A modification of the data parametrization
proposed above, based on the new sum rule, will lead to a
different prediction for that correction. Moreover, the
photonuclear sum rule discussed above can be further
extended beyond its value and slope at Q2 ¼ 0 (TRKLB
and the βnuclM sum rule, respectively) to predict the full Q2

dependence of the subtraction function via

Tnp
1 ð0; Q2Þ − Tnp
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which contributes to the shift of the 2S state through
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FIG. 2 (color online). The comparison of the old fit without the
use of the sum rule, fFSIT (blue dashed curve) and the new fit using
the sum rule, ~fFSIT (red solid curve), with the uncertainty of each
fit indicated by the band of the respective color. The sum rule is
indicated by the star. The shaded band shows the kinematical
range that is covered by the existingDðe; e0Þpn data. The inset in
the upper right corner magnifies the small values of Q2 where the
slope of the new fit function is fixed to reproduce the value of βdM.
Data points correspond to experimental data sets analyzed in
Ref. [17] (Refs. [35–42] of that article).
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With FESR can go beyond just : reconstruct full -dependence of subtraction functionβM Q2

Sum rule with and without FESR for 2S-2P splitting in -Dμ

ΔEsubt
2S ¼ 4αemϕ2

2Sð0Þ
Z

∞

0
dQγ1ðτlÞ

Tnp
1 ð0;Q2Þ−Tnp

1 ð0;0Þ
Q2

;

ð13Þ

with γ1ðxÞ ¼ ð1 − 2xÞ
ffiffiffiffiffiffiffiffiffiffiffi
1þ x

p
þ 2x3=2, τl ¼ Q2=ð4m2

l Þ, ml
the lepton mass, and ϕ2

nSð0Þ ¼ ðZαemmrÞ3=πn3 the squared
atomic wave function at origin with the reduced mass
mr ¼ MTml=ðMT þmlÞ. The value of T1ð0; 0Þ is sub-
tracted to account for its inclusion in the lowest order
atomic calculation. A similar approach based on the finite
energy sum rule obtained upon removing the Regge-
behaved part of the hadronic photoabsorption was applied
to the muonic hydrogen Lamb shift [26].
Table I displays the numerical result for the shift of the 2S

state in muonic deuterium based on the new sum rule in
comparison with the previous evaluation not based on
the sum rule [17] and potential models of Refs. [27–30].
The three values agree within the error that is dominated
by the uncertainty of the dispersion relation-based evalua-
tions (the columns “this work” and “Ref. [17]” in Table I)
due to the low-2S behavior of the quasielastic cross sections.
The systematical uncertainty in the second bracket is due to
the use of the sum rule for the subtraction term, and was
estimated by varying the value of νmax between 30 MeV
above the quasielastic peak, and the pion production thresh-
old. An additional 0.01 meV uncertainty due to βp;nM was
added in quadrature. It amounts in ≈8% uncertainty and
can be compared to 1% in the sum rule for βdM. The reason
for the larger uncertainty is mostly in a steep rise withQ2 of
the QE peak that resides at higher energy than the threshold
peak that completely dominates at Q2 ¼ 0.
The large uncertainty of the DR result at present prevents

one from talking of a disagreement between the new
prediction and other models; nevertheless, when new
deuteron quasielastic data at lower Q2 will become avail-
able [31], the uncertainty may be sizably reduced [17]. In

that case, the shift of −0.195 meV will result in a different
value of the deuteron charge radius extracted from
the μD Lamb shift measurement. Using ΔERd

2S ¼
6.1103ð3ÞðRd=fmÞ2 meV [27], the extracted value of Rd
would be larger by δRd ¼ 0.007 fm. It is smaller than the
uncertainty of the radius extraction from scattering data
Re-D
d ¼ 2.128ð11Þ fm but considerably larger than that

using the isotope shiftmeasurements [32,33] and themuonic
hydrogen Lamb shift [21,22], as well as the expected
uncertainty of the muonic deuterium data. The method
based on the new sum rule provides a different basis for
estimating the subtraction function, as compared to the
minimalist assumption used in Ref. [17] that the Q2

dependence of the deuteron magnetic polarizability resem-
bles that of the charge form factor βdMðQ2Þ ∼ βdMF

d
CðQ2Þ.

The sum-rule-based calculation can be seen as a valuable
systematic study of DR calculations. A direct calculation of
βdMðQ2Þ, e.g., in an EFT approach, would help further in
assessing this systematics.
The method proposed here can be used for calculating

the subtraction function contribution to the Lamb shift in
other light muonic atoms with the new experiments under-
way [34]. For nuclei beyond deuteron, a reliable estimate of
βnuclM in potential models and in effective theories might be
considerably more complicated. The proposed sum rule
may serve a model-independent tool to extract βnuclM from
data, e.g., interpret measurements of M1 strength in heavy
nuclei [35,36].
Currently, models of a strongly bound composite

dark matter (DM) [37] have received much attention.
Such DM particles would have electromagnetic polariz-
abilities and could interact with ordinary matter by means
of the two-photon exchange [38]. At present, estimates
of the nuclear part of the interaction have a modest %
order of magnitude accuracy [38]. For more quantitative
calculations based on dispersion relations the new sum rule
will help constraining the subtraction function contribution.
In summary, I proposed a new sum rule that generalizes

the Levinger-Bethe sum rule to the case of virtual photons.
Its slope at zero photon virtuality relates the nuclear
magnetic polarizability to the slope of the transverse
photoabsorption cross section integrated over the nuclear
energy range. I showed that the quasielastic data on the
deuteron are compatible with the sum rule, and applied its
full version to the calculation of the Lamb shift in muonic
deuterium. I discussed applications to light muonic atoms
and direct DM detection.
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TABLE I. TPE contributions to the shift of the 2S state in
muonic deuterium in units of meV. The inelastic contribution is a
sum of PWIA, FSI, ⊥, and hadr contributions listed in Table I of
[17]. The numbers in the first and second column in this row
correspond to the use of ~fFSIT and fFSIT , respectively. The
subtraction contribution is calculated with the sum rule in this
work, while the number in the second column is a sum of the Th.
and β terms in Table I of [17]. The total contribution is obtained
by adding the upper two numbers with the elastic term obtained in
[17], and the asterisk indicates the inclusion of the internal
Coulomb correction of 0.261 meV [27]. The total contribution
summarizing potential models calculations [27] is listed in the
rightmost column.

ΔEi
2S This work Ref. [17] Refs. [27–30]

ΔEinel
2S −2.294ð740Þ −2.357ð740Þ & & &

ΔEsubt
2S 0.505(35)(40) 0.763(40) & & &

ΔEtot
2S −1.945ð740Þ* −1.750ð740Þ* −1.709ð15Þ
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Subtraction function contribution to the 2S level energy

The use of FESR does matter: significant shift! 
But the overall DR uncertainty is ~ 50 times larger that that of nuclear models! 
The subtraction is under control, but the sum rule part is not!
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atomic wave function at origin with the reduced mass
mr ¼ MTml=ðMT þmlÞ. The value of T1ð0; 0Þ is sub-
tracted to account for its inclusion in the lowest order
atomic calculation. A similar approach based on the finite
energy sum rule obtained upon removing the Regge-
behaved part of the hadronic photoabsorption was applied
to the muonic hydrogen Lamb shift [26].
Table I displays the numerical result for the shift of the 2S

state in muonic deuterium based on the new sum rule in
comparison with the previous evaluation not based on
the sum rule [17] and potential models of Refs. [27–30].
The three values agree within the error that is dominated
by the uncertainty of the dispersion relation-based evalua-
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due to the low-2S behavior of the quasielastic cross sections.
The systematical uncertainty in the second bracket is due to
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peak that completely dominates at Q2 ¼ 0.
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assessing this systematics.
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way [34]. For nuclei beyond deuteron, a reliable estimate of
βnuclM in potential models and in effective theories might be
considerably more complicated. The proposed sum rule
may serve a model-independent tool to extract βnuclM from
data, e.g., interpret measurements of M1 strength in heavy
nuclei [35,36].
Currently, models of a strongly bound composite

dark matter (DM) [37] have received much attention.
Such DM particles would have electromagnetic polariz-
abilities and could interact with ordinary matter by means
of the two-photon exchange [38]. At present, estimates
of the nuclear part of the interaction have a modest %
order of magnitude accuracy [38]. For more quantitative
calculations based on dispersion relations the new sum rule
will help constraining the subtraction function contribution.
In summary, I proposed a new sum rule that generalizes

the Levinger-Bethe sum rule to the case of virtual photons.
Its slope at zero photon virtuality relates the nuclear
magnetic polarizability to the slope of the transverse
photoabsorption cross section integrated over the nuclear
energy range. I showed that the quasielastic data on the
deuteron are compatible with the sum rule, and applied its
full version to the calculation of the Lamb shift in muonic
deuterium. I discussed applications to light muonic atoms
and direct DM detection.
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TABLE I. TPE contributions to the shift of the 2S state in
muonic deuterium in units of meV. The inelastic contribution is a
sum of PWIA, FSI, ⊥, and hadr contributions listed in Table I of
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deuteron’s electromagnetic vertex

〈d(p′)|Jµ(q)|d(p)〉
= G2(Q2)[ξ ′∗µ(ξq) − ξµ(ξ ′∗q)]

−
[
G1(Q2)(ξ ′∗ξ ) − G3(Q2)

(ξ ′∗q)(ξq)
2M2

d

]
(p + p′)µ, (9)

where ξµ(ξ ′∗µ) denote the polarization vector of the initial
(final) deuteron with momenta p(p′), respectively, and Q2 =
−q2 stands for the four-momentum transfer. The form factors
G1,2,3 are related to the charge, magnetic, and quadrupole
deuteron form factors as

GM = G2,

GC = G1 + 2
3τdGQ, (10)

GQ = G1 − G2 + (1 + τd )G3,

and τd = Q2/(4M2
d ). The elastic contribution to the structure

functions reads

Fel
1 = 1

3 (1 + τd )G2
Mδ(1 − xd ),

(11)
Fel

2 =
[
G2

C + 2
3τdG

2
M + 8

9τ 2
d G2

Q

]
δ(1 − xd ),

with the Bjorken variable xd = Q2/(2Mdν).
Correspondingly, we distinguish three contributions,

%En0 = %Esubt
n0 + %Eel

n0 + %Einel
n0 where

%Esubt
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(13)
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νthr
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×
[
γ̃1(τ,τl)F1(ν,Q2) + Mdν

Q2
γ̃2(τ,τl)F2(ν,Q2)

]
.

(14)

Above, we denote τ = ν2/Q2, τl = Q2/(4m2), and the auxil-
iary functions are given by

γ1(τ ) = (1 − 2τ )
√

1 + τ + 2τ 3/2,

γ2(τ ) = (1 + τ )3/2 − τ 3/2 − 3
2

√
τ ,

(15)

γ̃1(τ,τl) =
√

τγ1(τ ) −
√

τ lγ1(τl)
τ − τl

,

γ̃2(τ,τl) = 1
τ − τl

[
γ2(τl)√

τ l

− γ2(τ )√
τ

]
.

III. EVALUATION AND DATA FITS

A. Elastic contribution

We start with the elastic contribution. It can be noted that the
integral in Eq. (13) is IR divergent due to an exchange of soft
Coulomb photons. Such contributions, however, were already
taken into account within the nonrelativistic calculations on
a pointlike deuteron. Furthermore, the finite-size effects were
accounted for, as well, and have to be subtracted from the full
result of Eq. (13) to avoid double counting. This subtraction
leads to

%Ēel
n0 = mα2
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d − m2
)φ2

n0(0)
∫ ∞

0
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{
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τ d

− γ2(τl)√
τ l

)[
G2

C − 1
τd

+ 2
3
G2

M + 8
9
τdG

2
Q

]

+ 16M2
d

Md − m

Q
G′

C(0)
}
.

(16)

We evaluate Eq. (16) with the most recent deuteron form
factors’ parametrization from [32]. We use the parametrization
I and II of [32] to estimate the uncertainty, and list the result
with the uncertainty in Table I.

The inelastic contributions contain two parts,

%Einel
n0 = %E

QE
n0 + %Ehadr

n0 , (17)

the quasielastic nucleon knock-out (QE) and hadronic excita-
tion spectrum (hadr) that we will treat separately.

B. Hadronic contribution

The part of the deuteron excitation spectrum above the pion
production threshold can be dealt with very similarly as was
done in Ref. [27] for the proton case. We use the modern
deuteron virtual photoabsorption data that were parametrized
in terms of resonances plus nonresonant background by Bosted
and Christy in [30,31]. Since the integration over the energy
extends beyond the validity of the fit of Ref. [30,31], we
supplement the correct high-energy behavior by adopting a
Regge-behaved background. The Regge fit to world data on
the deuteron total photoabsorption cross section was done in
[29]. We extend this description to virtual photoabsorption by
supplementing a Q2 dependence from generalized VDM, e.g.,
[33], that provides good description of virtual photoabsorption
data at Q2 ! 3 GeV2. The result for %Ehadr is reported in
Table I.

C. Quasielastic contribution

In the literature, there exist nonrelativistic calculations of the
Lamb shift in muonic deuterium with potential models or
in zero-range approximations [19–24]. In this work we opt
for a phenomenological, data-driven approach in the spirit of
Ref. [27] where real and virtual photoabsorption data on the
proton were utilized to constrain the Lamb shift in the muonic
hydrogen. For this purpose we need to fit the quasielastic data
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We evaluate Eq. (16) with the most recent deuteron form
factors’ parametrization from [32]. We use the parametrization
I and II of [32] to estimate the uncertainty, and list the result
with the uncertainty in Table I.

The inelastic contributions contain two parts,
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n0 + %Ehadr

n0 , (17)

the quasielastic nucleon knock-out (QE) and hadronic excita-
tion spectrum (hadr) that we will treat separately.

B. Hadronic contribution

The part of the deuteron excitation spectrum above the pion
production threshold can be dealt with very similarly as was
done in Ref. [27] for the proton case. We use the modern
deuteron virtual photoabsorption data that were parametrized
in terms of resonances plus nonresonant background by Bosted
and Christy in [30,31]. Since the integration over the energy
extends beyond the validity of the fit of Ref. [30,31], we
supplement the correct high-energy behavior by adopting a
Regge-behaved background. The Regge fit to world data on
the deuteron total photoabsorption cross section was done in
[29]. We extend this description to virtual photoabsorption by
supplementing a Q2 dependence from generalized VDM, e.g.,
[33], that provides good description of virtual photoabsorption
data at Q2 ! 3 GeV2. The result for %Ehadr is reported in
Table I.

C. Quasielastic contribution

In the literature, there exist nonrelativistic calculations of the
Lamb shift in muonic deuterium with potential models or
in zero-range approximations [19–24]. In this work we opt
for a phenomenological, data-driven approach in the spirit of
Ref. [27] where real and virtual photoabsorption data on the
proton were utilized to constrain the Lamb shift in the muonic
hydrogen. For this purpose we need to fit the quasielastic data
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integral in Eq. (13) is IR divergent due to an exchange of soft
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We evaluate Eq. (16) with the most recent deuteron form
factors’ parametrization from [32]. We use the parametrization
I and II of [32] to estimate the uncertainty, and list the result
with the uncertainty in Table I.

The inelastic contributions contain two parts,
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n0 , (17)

the quasielastic nucleon knock-out (QE) and hadronic excita-
tion spectrum (hadr) that we will treat separately.

B. Hadronic contribution

The part of the deuteron excitation spectrum above the pion
production threshold can be dealt with very similarly as was
done in Ref. [27] for the proton case. We use the modern
deuteron virtual photoabsorption data that were parametrized
in terms of resonances plus nonresonant background by Bosted
and Christy in [30,31]. Since the integration over the energy
extends beyond the validity of the fit of Ref. [30,31], we
supplement the correct high-energy behavior by adopting a
Regge-behaved background. The Regge fit to world data on
the deuteron total photoabsorption cross section was done in
[29]. We extend this description to virtual photoabsorption by
supplementing a Q2 dependence from generalized VDM, e.g.,
[33], that provides good description of virtual photoabsorption
data at Q2 ! 3 GeV2. The result for %Ehadr is reported in
Table I.

C. Quasielastic contribution

In the literature, there exist nonrelativistic calculations of the
Lamb shift in muonic deuterium with potential models or
in zero-range approximations [19–24]. In this work we opt
for a phenomenological, data-driven approach in the spirit of
Ref. [27] where real and virtual photoabsorption data on the
proton were utilized to constrain the Lamb shift in the muonic
hydrogen. For this purpose we need to fit the quasielastic data
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Lamb shift in muonic deuterium with potential models or
in zero-range approximations [19–24]. In this work we opt
for a phenomenological, data-driven approach in the spirit of
Ref. [27] where real and virtual photoabsorption data on the
proton were utilized to constrain the Lamb shift in the muonic
hydrogen. For this purpose we need to fit the quasielastic data
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deuteron’s electromagnetic vertex

〈d(p′)|Jµ(q)|d(p)〉
= G2(Q2)[ξ ′∗µ(ξq) − ξµ(ξ ′∗q)]

−
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G1(Q2)(ξ ′∗ξ ) − G3(Q2)

(ξ ′∗q)(ξq)
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]
(p + p′)µ, (9)

where ξµ(ξ ′∗µ) denote the polarization vector of the initial
(final) deuteron with momenta p(p′), respectively, and Q2 =
−q2 stands for the four-momentum transfer. The form factors
G1,2,3 are related to the charge, magnetic, and quadrupole
deuteron form factors as

GM = G2,

GC = G1 + 2
3τdGQ, (10)

GQ = G1 − G2 + (1 + τd )G3,

and τd = Q2/(4M2
d ). The elastic contribution to the structure

functions reads
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with the Bjorken variable xd = Q2/(2Mdν).
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Above, we denote τ = ν2/Q2, τl = Q2/(4m2), and the auxil-
iary functions are given by
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III. EVALUATION AND DATA FITS

A. Elastic contribution

We start with the elastic contribution. It can be noted that the
integral in Eq. (13) is IR divergent due to an exchange of soft
Coulomb photons. Such contributions, however, were already
taken into account within the nonrelativistic calculations on
a pointlike deuteron. Furthermore, the finite-size effects were
accounted for, as well, and have to be subtracted from the full
result of Eq. (13) to avoid double counting. This subtraction
leads to

%Ēel
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We evaluate Eq. (16) with the most recent deuteron form
factors’ parametrization from [32]. We use the parametrization
I and II of [32] to estimate the uncertainty, and list the result
with the uncertainty in Table I.

The inelastic contributions contain two parts,

%Einel
n0 = %E

QE
n0 + %Ehadr

n0 , (17)

the quasielastic nucleon knock-out (QE) and hadronic excita-
tion spectrum (hadr) that we will treat separately.

B. Hadronic contribution

The part of the deuteron excitation spectrum above the pion
production threshold can be dealt with very similarly as was
done in Ref. [27] for the proton case. We use the modern
deuteron virtual photoabsorption data that were parametrized
in terms of resonances plus nonresonant background by Bosted
and Christy in [30,31]. Since the integration over the energy
extends beyond the validity of the fit of Ref. [30,31], we
supplement the correct high-energy behavior by adopting a
Regge-behaved background. The Regge fit to world data on
the deuteron total photoabsorption cross section was done in
[29]. We extend this description to virtual photoabsorption by
supplementing a Q2 dependence from generalized VDM, e.g.,
[33], that provides good description of virtual photoabsorption
data at Q2 ! 3 GeV2. The result for %Ehadr is reported in
Table I.

C. Quasielastic contribution

In the literature, there exist nonrelativistic calculations of the
Lamb shift in muonic deuterium with potential models or
in zero-range approximations [19–24]. In this work we opt
for a phenomenological, data-driven approach in the spirit of
Ref. [27] where real and virtual photoabsorption data on the
proton were utilized to constrain the Lamb shift in the muonic
hydrogen. For this purpose we need to fit the quasielastic data
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deuteron’s electromagnetic vertex

〈d(p′)|Jµ(q)|d(p)〉
= G2(Q2)[ξ ′∗µ(ξq) − ξµ(ξ ′∗q)]

−
[
G1(Q2)(ξ ′∗ξ ) − G3(Q2)

(ξ ′∗q)(ξq)
2M2

d

]
(p + p′)µ, (9)

where ξµ(ξ ′∗µ) denote the polarization vector of the initial
(final) deuteron with momenta p(p′), respectively, and Q2 =
−q2 stands for the four-momentum transfer. The form factors
G1,2,3 are related to the charge, magnetic, and quadrupole
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III. EVALUATION AND DATA FITS

A. Elastic contribution

We start with the elastic contribution. It can be noted that the
integral in Eq. (13) is IR divergent due to an exchange of soft
Coulomb photons. Such contributions, however, were already
taken into account within the nonrelativistic calculations on
a pointlike deuteron. Furthermore, the finite-size effects were
accounted for, as well, and have to be subtracted from the full
result of Eq. (13) to avoid double counting. This subtraction
leads to
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(16)

We evaluate Eq. (16) with the most recent deuteron form
factors’ parametrization from [32]. We use the parametrization
I and II of [32] to estimate the uncertainty, and list the result
with the uncertainty in Table I.

The inelastic contributions contain two parts,

%Einel
n0 = %E

QE
n0 + %Ehadr

n0 , (17)

the quasielastic nucleon knock-out (QE) and hadronic excita-
tion spectrum (hadr) that we will treat separately.

B. Hadronic contribution

The part of the deuteron excitation spectrum above the pion
production threshold can be dealt with very similarly as was
done in Ref. [27] for the proton case. We use the modern
deuteron virtual photoabsorption data that were parametrized
in terms of resonances plus nonresonant background by Bosted
and Christy in [30,31]. Since the integration over the energy
extends beyond the validity of the fit of Ref. [30,31], we
supplement the correct high-energy behavior by adopting a
Regge-behaved background. The Regge fit to world data on
the deuteron total photoabsorption cross section was done in
[29]. We extend this description to virtual photoabsorption by
supplementing a Q2 dependence from generalized VDM, e.g.,
[33], that provides good description of virtual photoabsorption
data at Q2 ! 3 GeV2. The result for %Ehadr is reported in
Table I.

C. Quasielastic contribution

In the literature, there exist nonrelativistic calculations of the
Lamb shift in muonic deuterium with potential models or
in zero-range approximations [19–24]. In this work we opt
for a phenomenological, data-driven approach in the spirit of
Ref. [27] where real and virtual photoabsorption data on the
proton were utilized to constrain the Lamb shift in the muonic
hydrogen. For this purpose we need to fit the quasielastic data
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where ξµ(ξ ′∗µ) denote the polarization vector of the initial
(final) deuteron with momenta p(p′), respectively, and Q2 =
−q2 stands for the four-momentum transfer. The form factors
G1,2,3 are related to the charge, magnetic, and quadrupole
deuteron form factors as

GM = G2,

GC = G1 + 2
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A. Elastic contribution

We start with the elastic contribution. It can be noted that the
integral in Eq. (13) is IR divergent due to an exchange of soft
Coulomb photons. Such contributions, however, were already
taken into account within the nonrelativistic calculations on
a pointlike deuteron. Furthermore, the finite-size effects were
accounted for, as well, and have to be subtracted from the full
result of Eq. (13) to avoid double counting. This subtraction
leads to
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We evaluate Eq. (16) with the most recent deuteron form
factors’ parametrization from [32]. We use the parametrization
I and II of [32] to estimate the uncertainty, and list the result
with the uncertainty in Table I.

The inelastic contributions contain two parts,
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n0 + %Ehadr

n0 , (17)

the quasielastic nucleon knock-out (QE) and hadronic excita-
tion spectrum (hadr) that we will treat separately.

B. Hadronic contribution

The part of the deuteron excitation spectrum above the pion
production threshold can be dealt with very similarly as was
done in Ref. [27] for the proton case. We use the modern
deuteron virtual photoabsorption data that were parametrized
in terms of resonances plus nonresonant background by Bosted
and Christy in [30,31]. Since the integration over the energy
extends beyond the validity of the fit of Ref. [30,31], we
supplement the correct high-energy behavior by adopting a
Regge-behaved background. The Regge fit to world data on
the deuteron total photoabsorption cross section was done in
[29]. We extend this description to virtual photoabsorption by
supplementing a Q2 dependence from generalized VDM, e.g.,
[33], that provides good description of virtual photoabsorption
data at Q2 ! 3 GeV2. The result for %Ehadr is reported in
Table I.

C. Quasielastic contribution

In the literature, there exist nonrelativistic calculations of the
Lamb shift in muonic deuterium with potential models or
in zero-range approximations [19–24]. In this work we opt
for a phenomenological, data-driven approach in the spirit of
Ref. [27] where real and virtual photoabsorption data on the
proton were utilized to constrain the Lamb shift in the muonic
hydrogen. For this purpose we need to fit the quasielastic data
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(final) deuteron with momenta p(p′), respectively, and Q2 =
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A. Elastic contribution

We start with the elastic contribution. It can be noted that the
integral in Eq. (13) is IR divergent due to an exchange of soft
Coulomb photons. Such contributions, however, were already
taken into account within the nonrelativistic calculations on
a pointlike deuteron. Furthermore, the finite-size effects were
accounted for, as well, and have to be subtracted from the full
result of Eq. (13) to avoid double counting. This subtraction
leads to
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We evaluate Eq. (16) with the most recent deuteron form
factors’ parametrization from [32]. We use the parametrization
I and II of [32] to estimate the uncertainty, and list the result
with the uncertainty in Table I.

The inelastic contributions contain two parts,
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the quasielastic nucleon knock-out (QE) and hadronic excita-
tion spectrum (hadr) that we will treat separately.

B. Hadronic contribution

The part of the deuteron excitation spectrum above the pion
production threshold can be dealt with very similarly as was
done in Ref. [27] for the proton case. We use the modern
deuteron virtual photoabsorption data that were parametrized
in terms of resonances plus nonresonant background by Bosted
and Christy in [30,31]. Since the integration over the energy
extends beyond the validity of the fit of Ref. [30,31], we
supplement the correct high-energy behavior by adopting a
Regge-behaved background. The Regge fit to world data on
the deuteron total photoabsorption cross section was done in
[29]. We extend this description to virtual photoabsorption by
supplementing a Q2 dependence from generalized VDM, e.g.,
[33], that provides good description of virtual photoabsorption
data at Q2 ! 3 GeV2. The result for %Ehadr is reported in
Table I.

C. Quasielastic contribution

In the literature, there exist nonrelativistic calculations of the
Lamb shift in muonic deuterium with potential models or
in zero-range approximations [19–24]. In this work we opt
for a phenomenological, data-driven approach in the spirit of
Ref. [27] where real and virtual photoabsorption data on the
proton were utilized to constrain the Lamb shift in the muonic
hydrogen. For this purpose we need to fit the quasielastic data
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FIG. 9. (Color online) Same as in Fig. 4 vs data from Ref. [40]
as function of excitation energy Ex .

of the fit will be equal to the precision of the data.1 For
the kinematics Elab = 80 MeV, θ = 16◦, the uncertainty
of the quasielastic contribution is reduced by a factor of 15
and the theory uncertainty starts being dominated by that due
to the subtraction constant (estimated to be 40 µeV). It can
be seen that already the next MAMI A1 runs at the lowest
energy of 180 MeV and the most forward angle of 16◦ with
a 2% precision have the potential to reduce the uncertainty
of our dispersion calculation by at least a factor of 4. The
sensitivity to the value of the parameter a1 is further enhanced
at a lower energy as can be seen in the lower panel of Fig. 11.
Future measurements will allow us to test other theoretical
frameworks, such as potential models and EFT, as well.

Our result should be compared to those obtained by
other groups [19–21,23,24,48–50]. Note that [48–50] did
not perform a complete calculation and take, for instance,
the nuclear polarizability correction from other works. To

1If the experimental uncertainty is dominated by the systematics
this will be a correct estimate. In the opposite case the fit to 2% data
will typically return an uncertainty of at most 1%.
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in the kinematics relevant for the MAMI A1 apparatus [47] (three
upper panels), and for MESA at 80 MeV (lower panel).
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TABLE III. Impact of future measurements of the deuteron
electrodesintegration at MAMI A1 and MESA (kinematics in the
first column and experimental precision in the second column) on
the theoretical uncertainty of the TPE contribution to the Lamb shift
in muonic deuterium (third column) and the (1S − 2S) splitting in
electronic deuterium (fourth column).

δ
(
"E

µD
2S−2P

)
δ
(
"EeD

1S−2S

)

Elab, θlab Expt. precision in µeV in kHz

180 MeV, 30◦ 2% 740 12
1% 370 6

180 MeV, 22◦ 2% 390 6.32
1% 195 3.16

180 MeV, 16◦ 2% 211 3.36
1% 110 1.68

80 MeV, 16◦ 2% 67 1.08
1% 48 0.78

facilitate the comparison, we list our results along with those
obtained by other groups in Table IV. To make a sensible
comparison possible we reorganized the various contributions
listed in Table I as follows: “Elastic” denotes "Ēel + "ET h,
and “Nuclear” is sum of all nuclear contributions, "EPWBA +
"EFSI + "E⊥ + "Eβ .

Reference [20] quotes 1.500 meV 2P − 2S correction
due to the deuteron nuclear electric dipole polarizability; in
Ref. [19] a result of 1.680(16) meV is obtained by considering
the electric polarizability (and various corrections thereto),
elastic and hadronic contributions, and magnetic polarizability.
Reference [19] furthermore obtains the sum of the proton
and neutron intrinsic polarizabilities to the Lamb shift in
muonic deuterium by rescaling the total Lamb shift for muonic
hydrogen, "EµH = 36.9 µeV obtained in Ref. [27] with the
ratio (µD

r /µH
r )3 with the result "Ehadr.

µD = 43(3) µeV. This
estimate is not correct because the main contribution to "EµH

is due to the elastic contribution, and only about a third
of it, 13.5 µeV comes from polarizabilities. Since proton
and neutron electric polarizabilities are very close, αp ≈ αn,
one should expect that the result for the deuteron should
be roughly equal to their sum, "Ehadr

µD ∼ 2"EµH = 27 µeV.
Indeed, our result (third entry in Table I) is consistent with
this simple estimate, "Ehadr

µD = 28(2) µeV. This suggests that
after correction the full result of Ref. [19] should be 1.665(16)
meV. On the other hand, Ref. [23] estimates the Lamb shift in
the zero-range approximation to be 1.912 meV (1.942 with

TABLE IV. Nuclear and nucleon structure-dependent O(α5)
contributions to the 2P − 2S Lamb shift in muonic deuterium
as calculated by different groups, in units of meV. In case of
Refs. [19,23.24] the separation of the result into “elastic” and
“nuclear” contributions is not possible, and the sum of the two is
quoted.

Contribution This work [19] [23] [24] [20] [49]

Elastic 0.394(2) 0.37
Hadronic 0.028(2) 0.043
Nuclear 1.589(740) 1.637(16) 1.5

Total 2.011(740) 1.680(16) 1.942 1.698

further corrections), and quotes the result of Ref. [19] in
that approximation as 1.899 meV. These numbers are close
to each other, nevertheless, we point out that the differences
are not small, especially compared to the uncertainty of
16 µeV claimed in Ref. [19]. As mentioned above, the correct
account of the nucleon polarizability corrections alone shifts
the result of Ref. [19] by 15 µeV that exhausts the claimed
precision of the calculation. In Ref. [24] the calculation of
the polarizability correction is reexamined and higher-order
relativistic corrections from longitudinal and transverse two-
photon exchanges were included, leading to an additional
contribution of 18 µeV.

V. ELECTRONIC HYDROGEN

To complete the discussion, we assess the nuclear polar-
izability correction for the nS levels in the usual (electronic)
deuterium, too. In particular, the isotopic shift measurement of
1S − 2S splitting of Ref. [15] relies on the theoretical estimate
according to Ref. [22],

"Ee−D
2S−1S = 19.04(7) kHz, (35)

where the polarizability correction of 18.58(7) kHz and
the elastic contribution of 0.46 kHz were added together.
Reference [51] gives a somewhat different result,

"Ee−D
2S−1S = 19.25 kHz, (36)

with the Coulomb contribution 17.24 kHz, the magnetic con-
tribution 2.28 kHz, and the magnetic polarizability correction
−0.27 kHz.

Our evaluation for the 1S − 2S splitting in deuterium is

"Ee−D
2S−1S = 28.8 ± 12.0 kHz, (37)

that is the sum of the elastic [0.53(1) kHz], inelastic [33.4(12.0)
kHz], and subtraction [−4.60(3) kHz] contributions. The un-
certainty is about half of the full result. Since for the electronic
deuterium the integrals over structure functions are even more
strongly weighted at low values of Q2 where no experimental
information is available, the large uncertainty does not come
unexpectedly. We show in Table III (fourth column) how
future electron-deuteron scattering measurements can help to
improve on this estimate.

Note that this uncertainty estimate exceeds the one in
Eq. (34) by two orders of magnitude. However, the main
uncertainty in the isotope shift given in [15] is actually due
to uncertainties in other theoretical corrections, largely caused
by uncertainties in parameters such as particle masses. The
total radius-related energy uncertainty in [15] is 0.89 kHz.
The uncertainty from the dispersive polarizability calculation
is still an order of magnitude larger; using it would change the
radius difference result to

r2
E(d) − r2

E(p) = 3.8274(88) fm2, (38)

increasing the uncertainty by a factor of ∼10 as compared to
Eq. (1). Using the CODATA value for the proton charge radius
rE(p) = 0.8775(51) fm leads us to a new extracted value of
the deuteron radius,

rE(d) = 2.1442(29) fm, (39)

that should be compared to the previous extraction [3],
rE(d) = 2.1424(21) fm. Thus, in the electron case the increase
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FIG. 4. Electrodissociation cross section of the
deuteron in kinematic regions where no data are
available: comparison of the �EFT calculation (blue
band) with the results in Ref. [14] with two di↵er-
ent sets of fit parameters (hatched red band) at (a)
✏ = 80 MeV, ✓ = 16� and (b) ✏ = 180 MeV, ✓ = 30�.

reflect in a reduced uncertainty in the TPE cal-
culation provided by our hybrid method.

At this point, by feeding the response func-
tions computed within �EFT to the DR method
we are ready to compute the various terms in
Eqs. (44), (45) and (46) and analyze the various
sources of uncertainties.

First, we analyze the uncertainty coming
from the di↵erent parametrizations of the single-
nucleon form factor. On one hand, we use the
dipole model in which the electric form factors
of the proton and the neutron are respectively
given by

G
p
E(Q

2) =
1

⇣
1 + Q2

⇤2
D

⌘2 , (55)

and

G
n
E(Q

2) = �µn
Q

2

4(m2
n +Q2)

1
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1 + Q2

⇤2
D

⌘2 , (56)

with the value ⇤D = 833 MeV determined from
fits to elastic electron scattering o↵ the pro-
ton and deuteron [43], µn = �1.913 µN [24]
is the neutron magnetic moment and mn is
the neutron mass. The magnetic form fac-
tors are given by G

p
M = µp/

�
1 +Q

2
/⇤2

D

�2
and

G
n
M = µn/

�
1 +Q

2
/⇤2

D

�2
. This parametrization

is common in the nuclear physics literature and
will facilitate comparison with Refs. [11–13]. On
the other hand, we perform a model-independent
expansion of the form factors up to terms linear
in Q

2,

G
p,n
E,M (Q2) = G

p,n
E,M (0)


1� hr

p,n
E,M

2
i
Q

2

6

�

+O(Q4) , (57)

where G
p,n
E,M (0) and hr

p,n
E,M

2
i are, respectively,

the charge/magnetic moments and mean-square
charge/magnetization radii. Finally, we also im-
plement the realistic form factor from Refs. [44]
and the z-expansion-based form factors from
Ref. [22].

Table I shows the di↵erent contributions to
the energy shift of the 2S state in the impulse ap-
proximation, i.e., with only 1B currents, for sev-
eral nucleon form factor parametrizations. Com-
pared to the point particle limit, the magni-
tude of the total nuclear structure correction
decreases by about 2% when we use nucleon
form factors. We use two variants of the lin-
ear form factors of Eq. (57). The “PDG 2020”
results use the most recent recommendations for
charge and magnetization radii from the Parti-
cle Data Group [24], including the muonic hy-
drogen radius for the proton. We also present
the “CODATA 2014” results, which use linear
form factors with CODATA 2014 averages [36]
because the dipole form factors are also fit to
older ep measurements [43] which are inconsis-
tent with the PDG 2020 value for the proton
charge radius. We see in Table I, however, that
the di↵erences among the two linear form fac-
tors, as well as the di↵erences among the Kelly,
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FIG. 2. Electrodissociation cross section of the
deuteron with data from (a) Ref. [33] at ✏ =
292.8 MeV, ✓ = 60�, (b) Ref. [34] at ✏ =
175 MeV, |q| = 206 MeV, and (c) Ref. [35] at
✏ = 146.9 MeV, ✓ = 135�.

prediction for �M1 is in agreement with this, al-
beit with a significantly smaller uncertainty es-
timate.

We now turn our attention to the electrodis-
sociation cross section of the deuteron calculated
using Eq. (2). Figure 2 shows this cross section

at various kinematics, along with experimental
data from Refs. [33–35]. An excellent agreement
is obtained for both the final-state interaction
e↵ects near threshold and the quasielastic peak,
with the theoretical precision surpassing the ex-
perimental uncertainty.

In Fig. 3, we show the electrodissociation
cross section calculated at kinematics that cor-
respond to low values of the excitation energy
Ex = ⌫ � q2

/(2Md). In these kinematics, the
data su↵er from detector resolution issues as ev-
ident from the leakage of data into the kine-
matically forbidden values, Ex < Bd, where
Bd = 2.22446 MeV is the binding energy of the
deuteron [36]. A closer comparison between the-
ory and experiment would therefore require con-
volving the theoretical curves with the detector
resolution, which has not been performed here.
However, we do note the excellent agreement be-
tween our �EFT results and the theoretical cal-
culation from Ref. [37] performed with AV18 in-
teractions and phenomenological one- and two-
body currents.

FIG. 3. �EFT results (blue band) for the electrodis-
sociation cross section of the deuteron along with the-
oretical calculation of Ref. [37] (yellow line) and data
from Ref. [38] at ✏ = 222.6 MeV, ✓ = 157�.

IV. DISPERSION THEORY FORMALISM

We briefly review the relativistic DR formal-
ism used in the evaluation of the nuclear struc-
ture contribution to the TPE corrections (see
Refs. [14, 29, 39] for details). Our strategy is
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IV. DISPERSION THEORY FORMALISM

We briefly review the relativistic DR formal-
ism used in the evaluation of the nuclear struc-
ture contribution to the TPE corrections (see
Refs. [14, 29, 39] for details). Our strategy is

Great description of the available data

Significant improvement  
on the extrapolation
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AV
18

16

�E
TPE
2S [meV]

This work

— 1B+2B -1.695(13)

— Siegert -1.703(15)

Ref. [8] -1.680(16)

Ref. [9] -1.717(20)

Ref. [11] -1.690(20)

Ref. [12] -1.712(21)

Ref. [13] -1.703

Ref. [14] -2.011(740)

TABLE IV. Comparison of our dispersive �EFT re-
sult for the two-photon exchange corrections to the
µD Lamb shift with prior calculations. For compari-
son with Ref. [12], we use the value obtained with the
same �EFT interactions. Their full result, obtained
by averaging the values given by di↵erent �EFT in-
teractions, is �1.715+22

�24 meV. For consistent com-
parison with Ref. [13], we have applied the hadronic
correction of Eq. (61) to their “⌘-less” result.

approach of Ref. [14] which used extrapolants
fitted to electron-scattering data to inform their
dispersion relations. This was possible because
�EFT, which is based on symmetries of quantum
chromodynamics and is constrained by ⇡N and
NN data, allows us to obtain accurate and pre-
cise electromagnetic response functions even in

kinematics not explored so far by electrodissocia-
tion experiments. While �EFT served as a good
proxy for electron-scattering experiments here,
even at low beam energies (. 200 MeV) and for-
ward angles (. 30�), future measurements of the
deuteron electrodisintegration at the MAMI A1
and MESA facilities will enable a more compre-
hensive comparison of the �EFT cross sections
with experiments and allow us to fully exploit
the merits of the dispersive approach.
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EFTχ
Rosenfelder

DR

EFT+DRχ

New EFT + DR formalism incorporates the advantages of both methods: 

EFT informed on NR dynamics even where no data exist; 

DR naturally connects different energy scales, is fully relativistic, obeys all symmetries

χ

χ
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DR as Unifying Framework for Precision Tests of SM 
With Input from Nuclear Theory, Lattice QCD, pQCD, …

DR + other inputs — relevant in several other precision tests of the SM  
where EW boxes play a central role in defining the uncertainty! 

-box correction to Fermi part of -decay 
           Free neutron decay: combine pQCD + lattice QCD in the DR formalism  

           Unified formalism for hadronic and nuclear corrections! 

           Nuclear -decays: incorporate EFT input in DR integrals  

-box correction to Gamow-Teller strength ( ):  
           Analogous expression as HFS (but very different weighting due to heavy boson) 
           Free nucleon result exists  
            
           Future applications to nuclear mirror decays 

-box contribution to nuclear weak charges and anapole moments  
-box contribution to weak charges and strange FF in PV electron scattering

γW β

β χ

γW gA

γZ
γZ

MG, Seng, JHEP 10 (2021)

Collaborations with  
S. Pastore (GFMC) P. Navratil (NCSM)

Feng, MG, Jin, Ma, Seng, PRL124 (2020) 
Seng, Feng, MG, Jin, PR D104 (2020)

MG, Seng et al., PRD 101 (2019); PRL 123 (2019)



Summary

Dispersion relations: well-established framework 

Obeys all symmetries and limiting cases dictated by theory 

Allows to incorporate input from data, nuclear theory, lattice, pQCD… 

Ensures correct matching of different regimes 

Contributed to the definition of low-energy precision tests: 
  
Proton Radius Puzzle, CKM unitarity, weak mixing angle …
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