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Standard approach @multi-loop level

Draw all Feynman diagrams

Generate integrands

Use Integration-By-Parts 

identities

Profit of DimReg

Evaluate integrals

Numerically

Analytically
Diff. Eqs. 

Sector Decomposition

[Hann]

[Nogueira]

[Chetyrkin, Tchakov]

[Laporta]

[Heinrich et al]

[Smirnov]

[Kotikov]

[Remiddi, Gehrmann]

[Henn]

LTD approach
[Rodrigo, W.J.T. et al]


[Capatti et al]

[Runkel et al]

Tropical geometry [Borinsky]

[Arkani-Hamed et al]

…
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Anatomy

Real-Real contribution 
Tree-level (n+2)-particles

Real-Virtual Contribution 
one-loop (n+1)-particles

Virtual-Virtual Contribution 
two-loop n-particles

�̂NNLO ⇠
Z

d�m+2

d�̂RR

NNLO
+

Z

d�m+1

d�̂RV

NNLO
+

Z

d�m

d�̂V V

NNLO

+ Subtractions & MC integrations

+

[McMule framework]

[OpenLoops framework]

[Mandal, Mastrolia, Ronca, WJT et al (2021)]

eµ-scattering @ NNLO

µ+(p1) + e�(p2) ! µ+(p3) + e�(p4)
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Outline

Feynman integrals


electron-muon scattering w/ 


Perspectives on electron-muon scattering w/ 


Summary & Future directions

m2
e = 0

m2
e ≠ 0
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Multi-loop Feynman integrals

J(L),D
N (1,…, n; n + 1,…, m) = ∫

L

∏
i=1

dDℓi

ı πD/2
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…
Dk+1

Dk�1
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…

In loop calculations, one finds

Complexity easily increases:

m2 = 0

Di = q2
i − m2

i + ı0

m2 ≠ 0 m2 ≠ 0

known at all orders elliptic integralssquare roots

DEQ :: Feynman integrals are not independent (IBP relations)

∂x
⃗J (x) = Ai(x, ϵ) ⃗J (x) Several methods (and tools) 

to analytically or numerically 
integrate them 



William J. Torres Bobadilla

A (↵) = 4⇡↵


A

(0) +
⇣↵
⇡

⌘
A

(1) +
⇣↵
⇡

⌘2
A

(2) +O
�
↵3

��
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  &     at two loops e+e− → μ+μ− qq̄ → tt̄

M(2) (eµ ! eµ) =
X

k

ck
�
s, t,m2, ✏

�
I(2)k

�
s, t,m2, ✏

�

O(10000) monomials
O(100) MIs

Integrand/integral reductions

M(2)
�
e+e� ! µ+µ�� = 1

4

X

spins

2Re
⇣
A(0)⇤A(2)

⌘

<latexit sha1_base64="0qVo2XmoayPusV6eMBf/FvSY26k="></latexit>

[Mandal, Mastrolia, Ronca, WJT et al (2021)]

[Mandal, Mastrolia, Ronca, WJT (2022)]

7

Analytic evaluations

s = (p1 + p2)
2 , t = (p2 � p3)

2 ,

u = (p1 � p3)
2 , s+ t+ u = 2M2 .

<latexit sha1_base64="qnOnTAt5IjWP/REWTrmDBo1jhx8="></latexit>

In the massless electron limit ( ) 
4-point process depending on 3 scales

m2
e = 0
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electron-muon scattering w/ m2
e ≠ 0

2

37

4

~51

4

~95

[Heller 2021]

#MIs 

#MIs  
top sector

Integration-by-parts identities
FiniteFlow

Kira & FireFly

[Peraro]

[Klappert, Lange, Maierhöfer, Usovitsch]

All IBP reductions easily handed by reconstruction over finite fields

What is new & problematic?Follow diagrammatic approach
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Numerical evaluation of Feynman integrals

We are used to 
— Sector Decomposition —> PySecDec, Fiesta 
— Auxiliary Mass Flow :: DEQ in  
— Series expansions :: solve DEQ along path —> DiffExp, SeaSyde

x ∼ ı0

Insights from tropical geometry —> FeynTrop

e+

e−

μ+

μ−

m2
e

m2
μ ?
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Numerical evaluation of Feynman integrals

We are used to 
— Sector Decomposition —> PySecDec, Fiesta 
— Auxiliary Mass Flow :: DEQ in  
— Series expansions :: solve DEQ along path —> DiffExp, SeaSyde

x ∼ ı0

Insights from tropical geometry —> FeynTrop

e+

e−

μ+

μ−

m2
e

m2
μ
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Recap

Straightforward generation of integrand from Feynman diagrams

Integration-by-parts identities :: out of the box

Explore use of new tools to evaluate Feynman integrals

FiniteFlow

Kira & FireFly

Aida

FeynTrop?
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Open questions/directions

Provide me with loop integrands to play around 

Keep in mind e+e- —> y* y*

+ non-planar

Result for massless electrons [Henn, Melnikov, Smirnov (2014)]

[Caola, Henn, Melnikov, Smirnov (2014)]

Numerically or analytically?


