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of Particle Physics

Building blocks of the universe

See lectures in this school: 
[R. Gonzalez Suarez; Wed.,Fri.] 
[P. F. Monni; Mon.,Wed.] 

[Planck CMB Data (2013 and 2015)]

visible matter

dark matter

dark energy

[V. Cirigliano; Tue.,Thurs.] 
[A. Soter; Mon.,Tue.] 
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The strong interaction

• Commonly accepted theory of strong interaction is Quantum Chromodynamics (QCD)

• Fundamental parameters of QCD:

➡ gauge coupling:  

➡ quark masses:  

• Two exciting properties of QCD: 

➡ color confinement   

➡ asymptotic freedom  

• Strong coupling “constant”: 

mu,md,ms, . . .
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The strong interaction

• Commonly accepted theory of strong interaction is Quantum Chromodynamics (QCD)

• Fundamental parameters of QCD:

➡ gauge coupling:  

➡ quark masses:  

• Two exciting properties of QCD: 

➡ color confinement   

➡ asymptotic freedom  

• Strong coupling “constant”: 

mu,md,ms, . . .
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36 9. Quantum Chromodynamics

world average, we first combine six pre-averages, excluding the lattice result, using a ‰
2 averaging

method. This gives
–s(M2

Z) = 0.1176 ± 0.0011 , (without lattice) . (9.24)

This result is fully compatible with the lattice pre-average Eq. (9.23) and has a comparable error.
In order to be conservative, we combine these two numbers using an unweighted average and take
as an uncertainty the average between these two uncertainties. This gives our final world average
value

–s(M2
Z) = 0.1179 ± 0.0010 . (9.25)

αs(MZ
2) = 0.1179 ± 0.0010
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Figure 9.5: Summary of measurements of –s as a function of the energy scale Q. The respective
degree of QCD perturbation theory used in the extraction of –s is indicated in brackets (NLO:
next-to-leading order; NNLO: next-to-next-to-leading order; NNLO+res.: NNLO matched to a
resummed calculation; N3LO: next-to-NNLO).

This world average value is in very good agreement with the last version of this Review, which
was –s(M2

Z
) = 0.1181 ± 0.0011, with only a slightly lower central value and decreased overall
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(3) Lattice regularization 
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Z =

Z
Dx e�

1
~SE [x]

SE [x] =

Z
dt

⇥m
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2 + V (x)
⇤
= lim
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a
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⇤

Z
Dx = lim

a!0

r
m
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N Z
dx1

Z
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Z
dxN

<latexit sha1_base64="XSQ1QkGb6ige84T1tNlyQW5tGUs="></latexit><latexit sha1_base64="XSQ1QkGb6ige84T1tNlyQW5tGUs="></latexit><latexit sha1_base64="XSQ1QkGb6ige84T1tNlyQW5tGUs="></latexit><latexit sha1_base64="hP+6LrUf2d3tZaldqaQQvEKMXyw=">AAAB2XicbZDNSgMxFIXv1L86Vq1rN8EiuCozbnQpuHFZwbZCO5RM5k4bmskMyR2hDH0BF25EfC93vo3pz0JbDwQ+zknIvSculLQUBN9ebWd3b/+gfugfNfzjk9Nmo2fz0gjsilzl5jnmFpXU2CVJCp8LgzyLFfbj6f0i77+gsTLXTzQrMMr4WMtUCk7O6oyaraAdLMW2IVxDC9YaNb+GSS7KDDUJxa0dhEFBUcUNSaFw7g9LiwUXUz7GgUPNM7RRtRxzzi6dk7A0N+5oYkv394uKZ9bOstjdzDhN7Ga2MP/LBiWlt1EldVESarH6KC0Vo5wtdmaJNChIzRxwYaSblYkJN1yQa8Z3HYSbG29D77odBu3wMYA6nMMFXEEIN3AHD9CBLghI4BXevYn35n2suqp569LO4I+8zx84xIo4</latexit><latexit sha1_base64="54TUsBRre1qbsz2X9z2OA6+9QFA="></latexit><latexit sha1_base64="54TUsBRre1qbsz2X9z2OA6+9QFA="></latexit><latexit sha1_base64="lrpP3+lXXeptAYh1yhw3BHynXuk="></latexit><latexit sha1_base64="XSQ1QkGb6ige84T1tNlyQW5tGUs="></latexit><latexit sha1_base64="XSQ1QkGb6ige84T1tNlyQW5tGUs="></latexit><latexit sha1_base64="XSQ1QkGb6ige84T1tNlyQW5tGUs="></latexit><latexit sha1_base64="XSQ1QkGb6ige84T1tNlyQW5tGUs="></latexit><latexit sha1_base64="XSQ1QkGb6ige84T1tNlyQW5tGUs="></latexit><latexit sha1_base64="XSQ1QkGb6ige84T1tNlyQW5tGUs="></latexit>

x
<latexit sha1_base64="f2yzimwbR/Dgjzp6tZ360fHRqNI=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cW7Ae0oWy2k3btZhN2N2IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3H1FpHst7M0nQj+hQ8pAzaqzUeOqXK27VnYOsEi8nFchR75e/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasJrP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSuqh6btVrXFZqN3kcRTiBUzgHD66gBndQhyYwQHiGV3hzHpwX5935WLQWnHzmGP7A+fwB5jmM/A==</latexit><latexit sha1_base64="f2yzimwbR/Dgjzp6tZ360fHRqNI=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cW7Ae0oWy2k3btZhN2N2IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3H1FpHst7M0nQj+hQ8pAzaqzUeOqXK27VnYOsEi8nFchR75e/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasJrP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSuqh6btVrXFZqN3kcRTiBUzgHD66gBndQhyYwQHiGV3hzHpwX5935WLQWnHzmGP7A+fwB5jmM/A==</latexit><latexit sha1_base64="f2yzimwbR/Dgjzp6tZ360fHRqNI=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cW7Ae0oWy2k3btZhN2N2IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3H1FpHst7M0nQj+hQ8pAzaqzUeOqXK27VnYOsEi8nFchR75e/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasJrP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSuqh6btVrXFZqN3kcRTiBUzgHD66gBndQhyYwQHiGV3hzHpwX5935WLQWnHzmGP7A+fwB5jmM/A==</latexit><latexit sha1_base64="f2yzimwbR/Dgjzp6tZ360fHRqNI=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cW7Ae0oWy2k3btZhN2N2IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3H1FpHst7M0nQj+hQ8pAzaqzUeOqXK27VnYOsEi8nFchR75e/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasJrP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSuqh6btVrXFZqN3kcRTiBUzgHD66gBndQhyYwQHiGV3hzHpwX5935WLQWnHzmGP7A+fwB5jmM/A==</latexit>

x0
<latexit sha1_base64="/J7wdTLRRdTvqpShvWZ6V9mt6r4=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbRU0lE0GPRi8cq9gPaUDbbSbt0swm7G7GE/gMvHhTx6j/y5r9x2+agrQ8GHu/NMDMvSATXxnW/ncLK6tr6RnGztLW9s7tX3j9o6jhVDBssFrFqB1Sj4BIbhhuB7UQhjQKBrWB0M/Vbj6g0j+WDGSfoR3QgecgZNVa6fzrtlStu1Z2BLBMvJxXIUe+Vv7r9mKURSsME1brjuYnxM6oMZwInpW6qMaFsRAfYsVTSCLWfzS6dkBOr9EkYK1vSkJn6eyKjkdbjKLCdETVDvehNxf+8TmrCKz/jMkkNSjZfFKaCmJhM3yZ9rpAZMbaEMsXtrYQNqaLM2HBKNgRv8eVl0jyvem7Vu7uo1K7zOIpwBMdwBh5cQg1uoQ4NYBDCM7zCmzNyXpx352PeWnDymUP4A+fzB0bAjS0=</latexit><latexit sha1_base64="/J7wdTLRRdTvqpShvWZ6V9mt6r4=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbRU0lE0GPRi8cq9gPaUDbbSbt0swm7G7GE/gMvHhTx6j/y5r9x2+agrQ8GHu/NMDMvSATXxnW/ncLK6tr6RnGztLW9s7tX3j9o6jhVDBssFrFqB1Sj4BIbhhuB7UQhjQKBrWB0M/Vbj6g0j+WDGSfoR3QgecgZNVa6fzrtlStu1Z2BLBMvJxXIUe+Vv7r9mKURSsME1brjuYnxM6oMZwInpW6qMaFsRAfYsVTSCLWfzS6dkBOr9EkYK1vSkJn6eyKjkdbjKLCdETVDvehNxf+8TmrCKz/jMkkNSjZfFKaCmJhM3yZ9rpAZMbaEMsXtrYQNqaLM2HBKNgRv8eVl0jyvem7Vu7uo1K7zOIpwBMdwBh5cQg1uoQ4NYBDCM7zCmzNyXpx352PeWnDymUP4A+fzB0bAjS0=</latexit><latexit sha1_base64="/J7wdTLRRdTvqpShvWZ6V9mt6r4=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbRU0lE0GPRi8cq9gPaUDbbSbt0swm7G7GE/gMvHhTx6j/y5r9x2+agrQ8GHu/NMDMvSATXxnW/ncLK6tr6RnGztLW9s7tX3j9o6jhVDBssFrFqB1Sj4BIbhhuB7UQhjQKBrWB0M/Vbj6g0j+WDGSfoR3QgecgZNVa6fzrtlStu1Z2BLBMvJxXIUe+Vv7r9mKURSsME1brjuYnxM6oMZwInpW6qMaFsRAfYsVTSCLWfzS6dkBOr9EkYK1vSkJn6eyKjkdbjKLCdETVDvehNxf+8TmrCKz/jMkkNSjZfFKaCmJhM3yZ9rpAZMbaEMsXtrYQNqaLM2HBKNgRv8eVl0jyvem7Vu7uo1K7zOIpwBMdwBh5cQg1uoQ4NYBDCM7zCmzNyXpx352PeWnDymUP4A+fzB0bAjS0=</latexit><latexit sha1_base64="/J7wdTLRRdTvqpShvWZ6V9mt6r4=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbRU0lE0GPRi8cq9gPaUDbbSbt0swm7G7GE/gMvHhTx6j/y5r9x2+agrQ8GHu/NMDMvSATXxnW/ncLK6tr6RnGztLW9s7tX3j9o6jhVDBssFrFqB1Sj4BIbhhuB7UQhjQKBrWB0M/Vbj6g0j+WDGSfoR3QgecgZNVa6fzrtlStu1Z2BLBMvJxXIUe+Vv7r9mKURSsME1brjuYnxM6oMZwInpW6qMaFsRAfYsVTSCLWfzS6dkBOr9EkYK1vSkJn6eyKjkdbjKLCdETVDvehNxf+8TmrCKz/jMkkNSjZfFKaCmJhM3yZ9rpAZMbaEMsXtrYQNqaLM2HBKNgRv8eVl0jyvem7Vu7uo1K7zOIpwBMdwBh5cQg1uoQ4NYBDCM7zCmzNyXpx352PeWnDymUP4A+fzB0bAjS0=</latexit>

t0
<latexit sha1_base64="Rt4qVo3vX7Y0Mcr3E5hIWUikGSk=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbRU0mkoMeiF49V7Ae0oWy2m3bpZhN2J0IJ/QdePCji1X/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6xEnC/YgOlQgFo2ilBzzvlytu1Z2DrBIvJxXI0eiXv3qDmKURV8gkNabruQn6GdUomOTTUi81PKFsTIe8a6miETd+Nr90Ss6sMiBhrG0pJHP190RGI2MmUWA7I4ojs+zNxP+8borhtZ8JlaTIFVssClNJMCazt8lAaM5QTiyhTAt7K2EjqilDG07JhuAtv7xKWpdVz61697VK/SaPowgncAoX4MEV1OEOGtAEBiE8wyu8OWPnxXl3PhatBSefOYY/cD5/AECsjSk=</latexit><latexit sha1_base64="Rt4qVo3vX7Y0Mcr3E5hIWUikGSk=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbRU0mkoMeiF49V7Ae0oWy2m3bpZhN2J0IJ/QdePCji1X/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6xEnC/YgOlQgFo2ilBzzvlytu1Z2DrBIvJxXI0eiXv3qDmKURV8gkNabruQn6GdUomOTTUi81PKFsTIe8a6miETd+Nr90Ss6sMiBhrG0pJHP190RGI2MmUWA7I4ojs+zNxP+8borhtZ8JlaTIFVssClNJMCazt8lAaM5QTiyhTAt7K2EjqilDG07JhuAtv7xKWpdVz61697VK/SaPowgncAoX4MEV1OEOGtAEBiE8wyu8OWPnxXl3PhatBSefOYY/cD5/AECsjSk=</latexit><latexit sha1_base64="Rt4qVo3vX7Y0Mcr3E5hIWUikGSk=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbRU0mkoMeiF49V7Ae0oWy2m3bpZhN2J0IJ/QdePCji1X/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6xEnC/YgOlQgFo2ilBzzvlytu1Z2DrBIvJxXI0eiXv3qDmKURV8gkNabruQn6GdUomOTTUi81PKFsTIe8a6miETd+Nr90Ss6sMiBhrG0pJHP190RGI2MmUWA7I4ojs+zNxP+8borhtZ8JlaTIFVssClNJMCazt8lAaM5QTiyhTAt7K2EjqilDG07JhuAtv7xKWpdVz61697VK/SaPowgncAoX4MEV1OEOGtAEBiE8wyu8OWPnxXl3PhatBSefOYY/cD5/AECsjSk=</latexit><latexit sha1_base64="Rt4qVo3vX7Y0Mcr3E5hIWUikGSk=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbRU0mkoMeiF49V7Ae0oWy2m3bpZhN2J0IJ/QdePCji1X/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6xEnC/YgOlQgFo2ilBzzvlytu1Z2DrBIvJxXI0eiXv3qDmKURV8gkNabruQn6GdUomOTTUi81PKFsTIe8a6miETd+Nr90Ss6sMiBhrG0pJHP190RGI2MmUWA7I4ojs+zNxP+8borhtZ8JlaTIFVssClNJMCazt8lAaM5QTiyhTAt7K2EjqilDG07JhuAtv7xKWpdVz61697VK/SaPowgncAoX4MEV1OEOGtAEBiE8wyu8OWPnxXl3PhatBSefOYY/cD5/AECsjSk=</latexit>

t
<latexit sha1_base64="fInOqGTCCrWkRGJFOZWK1l6FLBY=">AAAB6HicbVBNS8NAEJ34WetX1aOXYBE8lUQEPRa9eGzBfkAbymY7adduNmF3IpTSX+DFgyJe/Une/Ddu2xy09cHA470ZZuaFqRSGPO/bWVvf2NzaLuwUd/f2Dw5LR8dNk2SaY4MnMtHtkBmUQmGDBElspxpZHEpshaO7md96Qm1Eoh5onGIQs4ESkeCMrFSnXqnsVbw53FXi56QMOWq90le3n/AsRkVcMmM6vpdSMGGaBJc4LXYzgynjIzbAjqWKxWiCyfzQqXtulb4bJdqWIneu/p6YsNiYcRzazpjR0Cx7M/E/r5NRdBNMhEozQsUXi6JMupS4s6/dvtDISY4tYVwLe6vLh0wzTjabog3BX355lTQvK75X8etX5eptHkcBTuEMLsCHa6jCPdSgARwQnuEV3pxH58V5dz4WrWtOPnMCf+B8/gDgKYz4</latexit><latexit sha1_base64="fInOqGTCCrWkRGJFOZWK1l6FLBY=">AAAB6HicbVBNS8NAEJ34WetX1aOXYBE8lUQEPRa9eGzBfkAbymY7adduNmF3IpTSX+DFgyJe/Une/Ddu2xy09cHA470ZZuaFqRSGPO/bWVvf2NzaLuwUd/f2Dw5LR8dNk2SaY4MnMtHtkBmUQmGDBElspxpZHEpshaO7md96Qm1Eoh5onGIQs4ESkeCMrFSnXqnsVbw53FXi56QMOWq90le3n/AsRkVcMmM6vpdSMGGaBJc4LXYzgynjIzbAjqWKxWiCyfzQqXtulb4bJdqWIneu/p6YsNiYcRzazpjR0Cx7M/E/r5NRdBNMhEozQsUXi6JMupS4s6/dvtDISY4tYVwLe6vLh0wzTjabog3BX355lTQvK75X8etX5eptHkcBTuEMLsCHa6jCPdSgARwQnuEV3pxH58V5dz4WrWtOPnMCf+B8/gDgKYz4</latexit><latexit sha1_base64="fInOqGTCCrWkRGJFOZWK1l6FLBY=">AAAB6HicbVBNS8NAEJ34WetX1aOXYBE8lUQEPRa9eGzBfkAbymY7adduNmF3IpTSX+DFgyJe/Une/Ddu2xy09cHA470ZZuaFqRSGPO/bWVvf2NzaLuwUd/f2Dw5LR8dNk2SaY4MnMtHtkBmUQmGDBElspxpZHEpshaO7md96Qm1Eoh5onGIQs4ESkeCMrFSnXqnsVbw53FXi56QMOWq90le3n/AsRkVcMmM6vpdSMGGaBJc4LXYzgynjIzbAjqWKxWiCyfzQqXtulb4bJdqWIneu/p6YsNiYcRzazpjR0Cx7M/E/r5NRdBNMhEozQsUXi6JMupS4s6/dvtDISY4tYVwLe6vLh0wzTjabog3BX355lTQvK75X8etX5eptHkcBTuEMLsCHa6jCPdSgARwQnuEV3pxH58V5dz4WrWtOPnMCf+B8/gDgKYz4</latexit><latexit sha1_base64="fInOqGTCCrWkRGJFOZWK1l6FLBY=">AAAB6HicbVBNS8NAEJ34WetX1aOXYBE8lUQEPRa9eGzBfkAbymY7adduNmF3IpTSX+DFgyJe/Une/Ddu2xy09cHA470ZZuaFqRSGPO/bWVvf2NzaLuwUd/f2Dw5LR8dNk2SaY4MnMtHtkBmUQmGDBElspxpZHEpshaO7md96Qm1Eoh5onGIQs4ESkeCMrFSnXqnsVbw53FXi56QMOWq90le3n/AsRkVcMmM6vpdSMGGaBJc4LXYzgynjIzbAjqWKxWiCyfzQqXtulb4bJdqWIneu/p6YsNiYcRzazpjR0Cx7M/E/r5NRdBNMhEozQsUXi6JMupS4s6/dvtDISY4tYVwLe6vLh0wzTjabog3BX355lTQvK75X8etX5eptHkcBTuEMLsCHa6jCPdSgARwQnuEV3pxH58V5dz4WrWtOPnMCf+B8/gDgKYz4</latexit>

✏ �! �i a
<latexit sha1_base64="cFPxyNm8LhusWDg1JhTY7A9+rv4=">AAACCXicbVDLSgMxFM3UV62vqks3wSK4scyIoLgqunFZwT6gM5RMmpmGZpIhuaOUoVs3/oobF4q49Q/c+Temj4W2HriXwzn3ktwTpoIbcN1vp7C0vLK6VlwvbWxube+Ud/eaRmWasgZVQul2SAwTXLIGcBCsnWpGklCwVji4Hvute6YNV/IOhikLEhJLHnFKwErdMvZZarhQEvu2xZrHfSBaqweMTzD3L0m3XHGr7gR4kXgzUkEz1LvlL7+naJYwCVQQYzqem0KQEw2cCjYq+ZlhKaEDErOOpZIkzAT55JIRPrJKD0dK25KAJ+rvjZwkxgyT0E4mBPpm3huL/3mdDKKLIOcyzYBJOn0oygQGhcex4B7XjIIYWkKo5vavmPaJJhRseCUbgjd/8iJpnlY9t+rdnlVqV7M4iugAHaJj5KFzVEM3qI4aiKJH9Ixe0Zvz5Lw4787HdLTgzHb20R84nz+rLpmj</latexit><latexit sha1_base64="cFPxyNm8LhusWDg1JhTY7A9+rv4=">AAACCXicbVDLSgMxFM3UV62vqks3wSK4scyIoLgqunFZwT6gM5RMmpmGZpIhuaOUoVs3/oobF4q49Q/c+Temj4W2HriXwzn3ktwTpoIbcN1vp7C0vLK6VlwvbWxube+Ud/eaRmWasgZVQul2SAwTXLIGcBCsnWpGklCwVji4Hvute6YNV/IOhikLEhJLHnFKwErdMvZZarhQEvu2xZrHfSBaqweMTzD3L0m3XHGr7gR4kXgzUkEz1LvlL7+naJYwCVQQYzqem0KQEw2cCjYq+ZlhKaEDErOOpZIkzAT55JIRPrJKD0dK25KAJ+rvjZwkxgyT0E4mBPpm3huL/3mdDKKLIOcyzYBJOn0oygQGhcex4B7XjIIYWkKo5vavmPaJJhRseCUbgjd/8iJpnlY9t+rdnlVqV7M4iugAHaJj5KFzVEM3qI4aiKJH9Ixe0Zvz5Lw4787HdLTgzHb20R84nz+rLpmj</latexit><latexit sha1_base64="cFPxyNm8LhusWDg1JhTY7A9+rv4=">AAACCXicbVDLSgMxFM3UV62vqks3wSK4scyIoLgqunFZwT6gM5RMmpmGZpIhuaOUoVs3/oobF4q49Q/c+Temj4W2HriXwzn3ktwTpoIbcN1vp7C0vLK6VlwvbWxube+Ud/eaRmWasgZVQul2SAwTXLIGcBCsnWpGklCwVji4Hvute6YNV/IOhikLEhJLHnFKwErdMvZZarhQEvu2xZrHfSBaqweMTzD3L0m3XHGr7gR4kXgzUkEz1LvlL7+naJYwCVQQYzqem0KQEw2cCjYq+ZlhKaEDErOOpZIkzAT55JIRPrJKD0dK25KAJ+rvjZwkxgyT0E4mBPpm3huL/3mdDKKLIOcyzYBJOn0oygQGhcex4B7XjIIYWkKo5vavmPaJJhRseCUbgjd/8iJpnlY9t+rdnlVqV7M4iugAHaJj5KFzVEM3qI4aiKJH9Ixe0Zvz5Lw4787HdLTgzHb20R84nz+rLpmj</latexit><latexit sha1_base64="cFPxyNm8LhusWDg1JhTY7A9+rv4=">AAACCXicbVDLSgMxFM3UV62vqks3wSK4scyIoLgqunFZwT6gM5RMmpmGZpIhuaOUoVs3/oobF4q49Q/c+Temj4W2HriXwzn3ktwTpoIbcN1vp7C0vLK6VlwvbWxube+Ud/eaRmWasgZVQul2SAwTXLIGcBCsnWpGklCwVji4Hvute6YNV/IOhikLEhJLHnFKwErdMvZZarhQEvu2xZrHfSBaqweMTzD3L0m3XHGr7gR4kXgzUkEz1LvlL7+naJYwCVQQYzqem0KQEw2cCjYq+ZlhKaEDErOOpZIkzAT55JIRPrJKD0dK25KAJ+rvjZwkxgyT0E4mBPpm3huL/3mdDKKLIOcyzYBJOn0oygQGhcex4B7XjIIYWkKo5vavmPaJJhRseCUbgjd/8iJpnlY9t+rdnlVqV7M4iugAHaJj5KFzVEM3qI4aiKJH9Ixe0Zvz5Lw4787HdLTgzHb20R84nz+rLpmj</latexit>
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Non-perturbative treatment of QCD

(1) Path Integral quantization 

(2) Continuation to Euclidean time 

(3) Lattice regularization 

Quarks

a {
Gluon

[K. Wilson, "Confinement of quarks” 
Phys. Rev.D. 10 (8): 2445–245 (1974)]
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Non-perturbative treatment of QCD

(1) Path Integral quantization 

(2) Continuation to Euclidean time 

(3) Lattice regularization 

SE
QCD =

Z
d4x LE

QCD
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[K. Wilson, "Confinement of quarks” 
Phys. Rev.D. 10 (8): 2445–245 (1974)]
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Non-perturbative treatment of QCD

[K. Wilson, "Confinement of quarks” 
Phys. Rev.D. 10 (8): 2445–245 (1974)]

Quarks

a {
Gluon

CLASSICAL STATISTICAL MECHANICS
(1) Path Integral quantization 

(2) Continuation to Euclidean time 

(3) Lattice regularization 
Z =

Z
DU D D e�SE

QCD
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Uµ(x) = eiagAµ(x)
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µe ! µe scattering in fixed target experiment

? The setup is designed to measure e and µ angles with the highest accuracy
• Modular apparatus: each module has ' 1 cm Beryllium target and 3/4 Silicon

strips (state-of-art) detectors (hit resolution ' 10 µm)
• ' 60 modules (distributed target)
• acceptance: ✓e  45 mrad (i.e. Ee � 0.5 GeV), ✓µ  5 mrad.

Expected angular resolution 0.02 mrad

//
μ μ

e

ECAL
Be

Si Si Si

C.M. Carloni Calame (INFN, Pavia) MUonE 8 / 26

C⇤ b.c.s via orbifolding
Carmona, D’Elia, Di Giacomo, Lucini, Int. J. Mod. Phys. C 11, 637 (2000)
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MachinesComputational Methods

Physics
(Theory&Experiment)

MUonE: Theory Update

Massimo Passera 
INFN Padova

MUonE meeting 
Pisa 

29-30 January 2018

Hadronic corrections to the muon g�2 from lattice QCD T. Blum

Table 1: Standard Model contributions to the muon anomaly. The QED contribution is through a5, EW
a2, and QCD a3. The two QED values correspond to different values of a , and QCD to lowest order (LO)
contributions from the hadronic vacuum polarization (HVP) using e+e� ! hadrons and t ! hadrons, higher
order (HO) from HVP and an additional photon, and hadronic light-by-light (HLbL) scattering.

QED 11658471.8845(9)(19)(7)(30)⇥10�10 [2]
11658471.8951(9)(19)(7)(77)⇥10�10 [2]

EW 15.4(2)⇥10�10 [5]
QCD LO (e+e�) 692.3(4.2)⇥10�10, 694.91(3.72)(2.10)⇥10�10 [3, 4]

LO (t) 701.5(4.7)⇥10�10 [3]
HO HVP �9.79(9)⇥10�10 [6]
HLbL 10.5(2.6)⇥10�10 [9]

The HVP contribution to the muon anomaly has been computed using the experimentally
measured cross-section for the reaction e+e� ! hadrons and a dispersion relation to relate the real
and imaginary parts of P(Q2). The current quoted precision on such calculations is a bit more than
one-half of one percent [3, 4]. The HVP contributions can also be calculated from first principles
in lattice QCD [8]. While the current precision is significantly higher for the dispersive method,
lattice calculations are poised to reduce errors significantly in next one or two years. These will
provide important checks of the dispersive method before the new Fermilab experiment. Unlike
the case for aµ(HVP), aµ(HLbL) can not be computed from experimental data and a dispersion
relation (there are many off-shell form factors that enter which can not be measured). While model
calculations exist (see [9] for a summary), they are not systematically improvable. A determination
using lattice QCD where all errors are controlled is therefore desirable.

In Sec. 2 we review the status of lattice calculations of aµ(HVP). Section 3 is a presentation
of our results for aµ(HLbL) computed in the framework of lattice QCD+QED. Section 4 gives our
conclusions and outlook for future calculations.

Z

W

Z
...

Figure 1: Representative diagrams, up to order a3, in the Standard Model that contribute to the muon
anomaly. The rows, from to top to bottom, correspond to QED, EW, and QCD. Horizontal solid lines
represent the muon, wiggly lines denote photons unless otherwise labeled, other solid lines are leptons,
filled loops denote quarks (hadrons), and the dashed line represents the higgs boson.

3
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Development of Lattice QCD

Four decades of Lattice QCD  

1990 2000 1980 1995 2005 1985 1975 

Lattice size L 
0.8fm 

1st spec calculation 1981 
Hamber-Parisi 
Weingarten 

1.6fm 2.4fm 3.0fm 

6.0fm 

Nf =#sea 
quarks 

Nf=0 quenched  

Nf=2 u,d  
Nf=2+1 u,d,s  

43x8 163x32 243x48 643x118 

643x128 

2010 

2nd generation 
10Gflops Machines 

3rd generation 
1Tfops 

4th generation 
10Tfops 

QCDPAX 

APE100 

CP-PACS 

QCDSP 
QCDOC BlueGene/Q 

Physics 

Algorithms 

1973 QCD 
1974 lattice QCD 

1st generation 
1Gflops 

APE1 

PACS-CS 

2020 

5th generation 
10Pfops 

K comouter 

[Credit: A. Ukawa, HPC Summer School (2013)

1 

Quantum Chromodynamics  
on a space-time lattice 

 

Akira Ukawa 
Center for Computational Science, 

University of Tsukuba & RIKEN AICS�

25  June, 2013  
HPC Summer School 

New York, USA�

– Building up the Femto Universe of�hadrons 
and nuclei on a computer –  
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• physical lattice size: ~6fm, spacing 0.05-0.1fm 

• 643 x 128 lattice —> 34 x 106 points 

• Operator dimensions: 107 x 107 matrices 

• Advanced computational methods are needed 

• Large computer resources: multiple TFlop years!

Quarks

a {
Gluon

Typical Lattice QCD Computation

https://www.cscs.ch/publications/photo-gallery/]

Wilson Cluster at Mainz U.

Altamira@IFCA, Santander

https://www.cscs.ch/publications/photo-gallery/
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Backstage of LGT Calculations

[bbc tyne in pictures backstage at theatre royal; image by www.bbc.co.uk]
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๏ Lecture 1:     Path Integral Quantization and scalar fields on the lattice; 
Why do we need to consider discrete space/time?

๏ Lecture 2:     QCD and QED on the lattice; Computational methods for 
lattice field theories; Why is LQCD so comp. expensive? What are the 
limitations? Where can we move the needle with Lattice QCD+QED?

Plan of the Lectures:
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Part 1: 
Path Integral Quantization and 
scalar fields on the lattice
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๏ Point Mechanics vs. Classical Field Theory

๏ Path Integral in Quantum Mechanics (real and Euclidean time)

๏ Scalar Field Theory on the lattice

๏ Analogy with Statistical Mechanics and continuum limit 

๏ Spectrum of the Scalar Theory on the lattice

Outline
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๏ Point Mechanics — 2nd Newton’s law:

        — mass of the classical non-relativistic point particle

 — external potential 

๏ The principle of least action: 

๏ Lagrange function:

๏ Euler-Lagrange equation:

V(x)

Classical Point Mechanics

S[x] =

Z
dt L(x, @tx)
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L(x, @tx) =
m

2
(@tx)

2 � V (x)
<latexit sha1_base64="Ct+YsVNuaXCR1LEvQKoF6IqtMnw="></latexit><latexit sha1_base64="Ct+YsVNuaXCR1LEvQKoF6IqtMnw="></latexit><latexit sha1_base64="Ct+YsVNuaXCR1LEvQKoF6IqtMnw="></latexit><latexit sha1_base64="Ct+YsVNuaXCR1LEvQKoF6IqtMnw="></latexit>

m
d2x

dt2
= m @2

t x = F (x) = �dV (x)

dx
<latexit sha1_base64="iSFzwe8cN0pi832eoetIv5A1/TE="></latexit><latexit sha1_base64="iSFzwe8cN0pi832eoetIv5A1/TE="></latexit><latexit sha1_base64="iSFzwe8cN0pi832eoetIv5A1/TE="></latexit><latexit sha1_base64="iSFzwe8cN0pi832eoetIv5A1/TE="></latexit>

@t
�L

�(@tx)
� �L

�x
= 0

<latexit sha1_base64="jP+Q2BwCD/GJLmI/NIidvwNmgjo=">AAACUHichVFNSwMxEJ2t3+tX1aOXYBH0YNkVQS+C6MWDBwWrQreU2TRbg9kPklmxLPsTvXjzd3jxoGi2VvALfBDyePOGmbyEmZKGPO/RqY2NT0xOTc+4s3PzC4v1peULk+aaixZPVaqvQjRCyUS0SJISV5kWGIdKXIY3R1X98lZoI9PknAaZ6MTYT2QkOZKVuvV+kKEmiapLLIg08iLoCUXIghjpmqMq2ElZfoobX9x3m6W79X/LXcn2mce69YbX9IZgv4k/Ig0Y4bRbfwh6Kc9jkRBXaEzb9zLqFNV4rkTpBrkRGfIb7Iu2pQnGwnSKYSAlW7dKj0WptichNlS/dhQYGzOIQ+usdjY/a5X4V62dU7TXKWSS5SQS/jEoyhWjlFXpsp7UgpMaWIJcS7sr49doMyL7B64Nwf/55N/kYrvpe03/bKdxcDiKYxpWYQ02wIddOIBjOIUWcLiHJ3iBV+fBeXbeas6H9fOGFfiGmvsOkv20jA==</latexit><latexit sha1_base64="jP+Q2BwCD/GJLmI/NIidvwNmgjo=">AAACUHichVFNSwMxEJ2t3+tX1aOXYBH0YNkVQS+C6MWDBwWrQreU2TRbg9kPklmxLPsTvXjzd3jxoGi2VvALfBDyePOGmbyEmZKGPO/RqY2NT0xOTc+4s3PzC4v1peULk+aaixZPVaqvQjRCyUS0SJISV5kWGIdKXIY3R1X98lZoI9PknAaZ6MTYT2QkOZKVuvV+kKEmiapLLIg08iLoCUXIghjpmqMq2ElZfoobX9x3m6W79X/LXcn2mce69YbX9IZgv4k/Ig0Y4bRbfwh6Kc9jkRBXaEzb9zLqFNV4rkTpBrkRGfIb7Iu2pQnGwnSKYSAlW7dKj0WptichNlS/dhQYGzOIQ+usdjY/a5X4V62dU7TXKWSS5SQS/jEoyhWjlFXpsp7UgpMaWIJcS7sr49doMyL7B64Nwf/55N/kYrvpe03/bKdxcDiKYxpWYQ02wIddOIBjOIUWcLiHJ3iBV+fBeXbeas6H9fOGFfiGmvsOkv20jA==</latexit><latexit sha1_base64="jP+Q2BwCD/GJLmI/NIidvwNmgjo=">AAACUHichVFNSwMxEJ2t3+tX1aOXYBH0YNkVQS+C6MWDBwWrQreU2TRbg9kPklmxLPsTvXjzd3jxoGi2VvALfBDyePOGmbyEmZKGPO/RqY2NT0xOTc+4s3PzC4v1peULk+aaixZPVaqvQjRCyUS0SJISV5kWGIdKXIY3R1X98lZoI9PknAaZ6MTYT2QkOZKVuvV+kKEmiapLLIg08iLoCUXIghjpmqMq2ElZfoobX9x3m6W79X/LXcn2mce69YbX9IZgv4k/Ig0Y4bRbfwh6Kc9jkRBXaEzb9zLqFNV4rkTpBrkRGfIb7Iu2pQnGwnSKYSAlW7dKj0WptichNlS/dhQYGzOIQ+usdjY/a5X4V62dU7TXKWSS5SQS/jEoyhWjlFXpsp7UgpMaWIJcS7sr49doMyL7B64Nwf/55N/kYrvpe03/bKdxcDiKYxpWYQ02wIddOIBjOIUWcLiHJ3iBV+fBeXbeas6H9fOGFfiGmvsOkv20jA==</latexit><latexit sha1_base64="jP+Q2BwCD/GJLmI/NIidvwNmgjo=">AAACUHichVFNSwMxEJ2t3+tX1aOXYBH0YNkVQS+C6MWDBwWrQreU2TRbg9kPklmxLPsTvXjzd3jxoGi2VvALfBDyePOGmbyEmZKGPO/RqY2NT0xOTc+4s3PzC4v1peULk+aaixZPVaqvQjRCyUS0SJISV5kWGIdKXIY3R1X98lZoI9PknAaZ6MTYT2QkOZKVuvV+kKEmiapLLIg08iLoCUXIghjpmqMq2ElZfoobX9x3m6W79X/LXcn2mce69YbX9IZgv4k/Ig0Y4bRbfwh6Kc9jkRBXaEzb9zLqFNV4rkTpBrkRGfIb7Iu2pQnGwnSKYSAlW7dKj0WptichNlS/dhQYGzOIQ+usdjY/a5X4V62dU7TXKWSS5SQS/jEoyhWjlFXpsp7UgpMaWIJcS7sr49doMyL7B64Nwf/55N/kYrvpe03/bKdxcDiKYxpWYQ02wIddOIBjOIUWcLiHJ3iBV+fBeXbeas6H9fOGFfiGmvsOkv20jA==</latexit>

m
<latexit sha1_base64="uIbhaxHObW9k+KtpSlNLCo0J2X4=">AAAB6HicbVDLSgNBEOz1GeMr6tHLYBA8hV0R9Bj04jEB84BkCbOT3mTMzOwyMyuEkC/w4kERr36SN//GSbIHTSxoKKq66e6KUsGN9f1vb219Y3Nru7BT3N3bPzgsHR03TZJphg2WiES3I2pQcIUNy63AdqqRykhgKxrdzfzWE2rDE/VgxymGkg4Ujzmj1kl12SuV/Yo/B1klQU7KkKPWK311+wnLJCrLBDWmE/ipDSdUW84ETovdzGBK2YgOsOOoohJNOJkfOiXnTumTONGulCVz9ffEhEpjxjJynZLaoVn2ZuJ/Xiez8U044SrNLCq2WBRngtiEzL4mfa6RWTF2hDLN3a2EDammzLpsii6EYPnlVdK8rAR+Jahflau3eRwFOIUzuIAArqEK91CDBjBAeIZXePMevRfv3ftYtK55+cwJ/IH3+QPVjYzx</latexit><latexit sha1_base64="uIbhaxHObW9k+KtpSlNLCo0J2X4=">AAAB6HicbVDLSgNBEOz1GeMr6tHLYBA8hV0R9Bj04jEB84BkCbOT3mTMzOwyMyuEkC/w4kERr36SN//GSbIHTSxoKKq66e6KUsGN9f1vb219Y3Nru7BT3N3bPzgsHR03TZJphg2WiES3I2pQcIUNy63AdqqRykhgKxrdzfzWE2rDE/VgxymGkg4Ujzmj1kl12SuV/Yo/B1klQU7KkKPWK311+wnLJCrLBDWmE/ipDSdUW84ETovdzGBK2YgOsOOoohJNOJkfOiXnTumTONGulCVz9ffEhEpjxjJynZLaoVn2ZuJ/Xiez8U044SrNLCq2WBRngtiEzL4mfa6RWTF2hDLN3a2EDammzLpsii6EYPnlVdK8rAR+Jahflau3eRwFOIUzuIAArqEK91CDBjBAeIZXePMevRfv3ftYtK55+cwJ/IH3+QPVjYzx</latexit><latexit sha1_base64="uIbhaxHObW9k+KtpSlNLCo0J2X4=">AAAB6HicbVDLSgNBEOz1GeMr6tHLYBA8hV0R9Bj04jEB84BkCbOT3mTMzOwyMyuEkC/w4kERr36SN//GSbIHTSxoKKq66e6KUsGN9f1vb219Y3Nru7BT3N3bPzgsHR03TZJphg2WiES3I2pQcIUNy63AdqqRykhgKxrdzfzWE2rDE/VgxymGkg4Ujzmj1kl12SuV/Yo/B1klQU7KkKPWK311+wnLJCrLBDWmE/ipDSdUW84ETovdzGBK2YgOsOOoohJNOJkfOiXnTumTONGulCVz9ffEhEpjxjJynZLaoVn2ZuJ/Xiez8U044SrNLCq2WBRngtiEzL4mfa6RWTF2hDLN3a2EDammzLpsii6EYPnlVdK8rAR+Jahflau3eRwFOIUzuIAArqEK91CDBjBAeIZXePMevRfv3ftYtK55+cwJ/IH3+QPVjYzx</latexit><latexit sha1_base64="uIbhaxHObW9k+KtpSlNLCo0J2X4=">AAAB6HicbVDLSgNBEOz1GeMr6tHLYBA8hV0R9Bj04jEB84BkCbOT3mTMzOwyMyuEkC/w4kERr36SN//GSbIHTSxoKKq66e6KUsGN9f1vb219Y3Nru7BT3N3bPzgsHR03TZJphg2WiES3I2pQcIUNy63AdqqRykhgKxrdzfzWE2rDE/VgxymGkg4Ujzmj1kl12SuV/Yo/B1klQU7KkKPWK311+wnLJCrLBDWmE/ipDSdUW84ETovdzGBK2YgOsOOoohJNOJkfOiXnTumTONGulCVz9ffEhEpjxjJynZLaoVn2ZuJ/Xiez8U044SrNLCq2WBRngtiEzL4mfa6RWTF2hDLN3a2EDammzLpsii6EYPnlVdK8rAR+Jahflau3eRwFOIUzuIAArqEK91CDBjBAeIZXePMevRfv3ftYtK55+cwJ/IH3+QPVjYzx</latexit>
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S[x] =

Z
dt L(x, @tx)

<latexit sha1_base64="T0x1iBuNnyePo8Ensd4jZJcsQDo=">AAACEnicbVC7SgNBFJ31GeNr1dJmMAgJSNgVQRshaGNhEdE8ILsss5NJMmT2wcxdSVjiL9j4KzYWitha2fk3ziYpNPHAwOHcx5x7/FhwBZb1bSwsLi2vrObW8usbm1vb5s5uXUWJpKxGIxHJpk8UEzxkNeAgWDOWjAS+YA2/f5nVG/dMKh6FdzCMmRuQbsg7nBLQkmeWblsD99zhIeA24AcnINCjRKTXo+LgyImJBE6EB3hQ8syCVbbGwPPEnpICmqLqmV9OO6JJwEKggijVsq0Y3DRbSQUb5Z1EsZjQPumylqYhCZhy0/FJI3yolTbuRFI/7W2s/p5ISaDUMPB1Z2ZZzdYy8b9aK4HOmZvyME6AhXTyUScRGCKc5YPbXDIKYqgJoZJrr5j2iCQUdIp5HYI9e/I8qR+Xbats35wUKhfTOHJoHx2gIrLRKaqgK1RFNUTRI3pGr+jNeDJejHfjY9K6YExn9tAfGJ8/kr2dZQ==</latexit><latexit sha1_base64="T0x1iBuNnyePo8Ensd4jZJcsQDo=">AAACEnicbVC7SgNBFJ31GeNr1dJmMAgJSNgVQRshaGNhEdE8ILsss5NJMmT2wcxdSVjiL9j4KzYWitha2fk3ziYpNPHAwOHcx5x7/FhwBZb1bSwsLi2vrObW8usbm1vb5s5uXUWJpKxGIxHJpk8UEzxkNeAgWDOWjAS+YA2/f5nVG/dMKh6FdzCMmRuQbsg7nBLQkmeWblsD99zhIeA24AcnINCjRKTXo+LgyImJBE6EB3hQ8syCVbbGwPPEnpICmqLqmV9OO6JJwEKggijVsq0Y3DRbSQUb5Z1EsZjQPumylqYhCZhy0/FJI3yolTbuRFI/7W2s/p5ISaDUMPB1Z2ZZzdYy8b9aK4HOmZvyME6AhXTyUScRGCKc5YPbXDIKYqgJoZJrr5j2iCQUdIp5HYI9e/I8qR+Xbats35wUKhfTOHJoHx2gIrLRKaqgK1RFNUTRI3pGr+jNeDJejHfjY9K6YExn9tAfGJ8/kr2dZQ==</latexit><latexit sha1_base64="T0x1iBuNnyePo8Ensd4jZJcsQDo=">AAACEnicbVC7SgNBFJ31GeNr1dJmMAgJSNgVQRshaGNhEdE8ILsss5NJMmT2wcxdSVjiL9j4KzYWitha2fk3ziYpNPHAwOHcx5x7/FhwBZb1bSwsLi2vrObW8usbm1vb5s5uXUWJpKxGIxHJpk8UEzxkNeAgWDOWjAS+YA2/f5nVG/dMKh6FdzCMmRuQbsg7nBLQkmeWblsD99zhIeA24AcnINCjRKTXo+LgyImJBE6EB3hQ8syCVbbGwPPEnpICmqLqmV9OO6JJwEKggijVsq0Y3DRbSQUb5Z1EsZjQPumylqYhCZhy0/FJI3yolTbuRFI/7W2s/p5ISaDUMPB1Z2ZZzdYy8b9aK4HOmZvyME6AhXTyUScRGCKc5YPbXDIKYqgJoZJrr5j2iCQUdIp5HYI9e/I8qR+Xbats35wUKhfTOHJoHx2gIrLRKaqgK1RFNUTRI3pGr+jNeDJejHfjY9K6YExn9tAfGJ8/kr2dZQ==</latexit><latexit sha1_base64="T0x1iBuNnyePo8Ensd4jZJcsQDo=">AAACEnicbVC7SgNBFJ31GeNr1dJmMAgJSNgVQRshaGNhEdE8ILsss5NJMmT2wcxdSVjiL9j4KzYWitha2fk3ziYpNPHAwOHcx5x7/FhwBZb1bSwsLi2vrObW8usbm1vb5s5uXUWJpKxGIxHJpk8UEzxkNeAgWDOWjAS+YA2/f5nVG/dMKh6FdzCMmRuQbsg7nBLQkmeWblsD99zhIeA24AcnINCjRKTXo+LgyImJBE6EB3hQ8syCVbbGwPPEnpICmqLqmV9OO6JJwEKggijVsq0Y3DRbSQUb5Z1EsZjQPumylqYhCZhy0/FJI3yolTbuRFI/7W2s/p5ISaDUMPB1Z2ZZzdYy8b9aK4HOmZvyME6AhXTyUScRGCKc5YPbXDIKYqgJoZJrr5j2iCQUdIp5HYI9e/I8qR+Xbats35wUKhfTOHJoHx2gIrLRKaqgK1RFNUTRI3pGr+jNeDJejHfjY9K6YExn9tAfGJ8/kr2dZQ==</latexit>

L(x, @tx) =
m

2
(@tx)

2 � V (x)
<latexit sha1_base64="Ct+YsVNuaXCR1LEvQKoF6IqtMnw="></latexit><latexit sha1_base64="Ct+YsVNuaXCR1LEvQKoF6IqtMnw="></latexit><latexit sha1_base64="Ct+YsVNuaXCR1LEvQKoF6IqtMnw="></latexit><latexit sha1_base64="Ct+YsVNuaXCR1LEvQKoF6IqtMnw="></latexit>

m
d2x

dt2
= m @2

t x = F (x) = �dV (x)

dx
<latexit sha1_base64="iSFzwe8cN0pi832eoetIv5A1/TE="></latexit><latexit sha1_base64="iSFzwe8cN0pi832eoetIv5A1/TE="></latexit><latexit sha1_base64="iSFzwe8cN0pi832eoetIv5A1/TE="></latexit><latexit sha1_base64="iSFzwe8cN0pi832eoetIv5A1/TE="></latexit>

@t
�L

�(@tx)
� �L

�x
= 0

<latexit sha1_base64="jP+Q2BwCD/GJLmI/NIidvwNmgjo=">AAACUHichVFNSwMxEJ2t3+tX1aOXYBH0YNkVQS+C6MWDBwWrQreU2TRbg9kPklmxLPsTvXjzd3jxoGi2VvALfBDyePOGmbyEmZKGPO/RqY2NT0xOTc+4s3PzC4v1peULk+aaixZPVaqvQjRCyUS0SJISV5kWGIdKXIY3R1X98lZoI9PknAaZ6MTYT2QkOZKVuvV+kKEmiapLLIg08iLoCUXIghjpmqMq2ElZfoobX9x3m6W79X/LXcn2mce69YbX9IZgv4k/Ig0Y4bRbfwh6Kc9jkRBXaEzb9zLqFNV4rkTpBrkRGfIb7Iu2pQnGwnSKYSAlW7dKj0WptichNlS/dhQYGzOIQ+usdjY/a5X4V62dU7TXKWSS5SQS/jEoyhWjlFXpsp7UgpMaWIJcS7sr49doMyL7B64Nwf/55N/kYrvpe03/bKdxcDiKYxpWYQ02wIddOIBjOIUWcLiHJ3iBV+fBeXbeas6H9fOGFfiGmvsOkv20jA==</latexit><latexit sha1_base64="jP+Q2BwCD/GJLmI/NIidvwNmgjo=">AAACUHichVFNSwMxEJ2t3+tX1aOXYBH0YNkVQS+C6MWDBwWrQreU2TRbg9kPklmxLPsTvXjzd3jxoGi2VvALfBDyePOGmbyEmZKGPO/RqY2NT0xOTc+4s3PzC4v1peULk+aaixZPVaqvQjRCyUS0SJISV5kWGIdKXIY3R1X98lZoI9PknAaZ6MTYT2QkOZKVuvV+kKEmiapLLIg08iLoCUXIghjpmqMq2ElZfoobX9x3m6W79X/LXcn2mce69YbX9IZgv4k/Ig0Y4bRbfwh6Kc9jkRBXaEzb9zLqFNV4rkTpBrkRGfIb7Iu2pQnGwnSKYSAlW7dKj0WptichNlS/dhQYGzOIQ+usdjY/a5X4V62dU7TXKWSS5SQS/jEoyhWjlFXpsp7UgpMaWIJcS7sr49doMyL7B64Nwf/55N/kYrvpe03/bKdxcDiKYxpWYQ02wIddOIBjOIUWcLiHJ3iBV+fBeXbeas6H9fOGFfiGmvsOkv20jA==</latexit><latexit sha1_base64="jP+Q2BwCD/GJLmI/NIidvwNmgjo=">AAACUHichVFNSwMxEJ2t3+tX1aOXYBH0YNkVQS+C6MWDBwWrQreU2TRbg9kPklmxLPsTvXjzd3jxoGi2VvALfBDyePOGmbyEmZKGPO/RqY2NT0xOTc+4s3PzC4v1peULk+aaixZPVaqvQjRCyUS0SJISV5kWGIdKXIY3R1X98lZoI9PknAaZ6MTYT2QkOZKVuvV+kKEmiapLLIg08iLoCUXIghjpmqMq2ElZfoobX9x3m6W79X/LXcn2mce69YbX9IZgv4k/Ig0Y4bRbfwh6Kc9jkRBXaEzb9zLqFNV4rkTpBrkRGfIb7Iu2pQnGwnSKYSAlW7dKj0WptichNlS/dhQYGzOIQ+usdjY/a5X4V62dU7TXKWSS5SQS/jEoyhWjlFXpsp7UgpMaWIJcS7sr49doMyL7B64Nwf/55N/kYrvpe03/bKdxcDiKYxpWYQ02wIddOIBjOIUWcLiHJ3iBV+fBeXbeas6H9fOGFfiGmvsOkv20jA==</latexit><latexit sha1_base64="jP+Q2BwCD/GJLmI/NIidvwNmgjo=">AAACUHichVFNSwMxEJ2t3+tX1aOXYBH0YNkVQS+C6MWDBwWrQreU2TRbg9kPklmxLPsTvXjzd3jxoGi2VvALfBDyePOGmbyEmZKGPO/RqY2NT0xOTc+4s3PzC4v1peULk+aaixZPVaqvQjRCyUS0SJISV5kWGIdKXIY3R1X98lZoI9PknAaZ6MTYT2QkOZKVuvV+kKEmiapLLIg08iLoCUXIghjpmqMq2ElZfoobX9x3m6W79X/LXcn2mce69YbX9IZgv4k/Ig0Y4bRbfwh6Kc9jkRBXaEzb9zLqFNV4rkTpBrkRGfIb7Iu2pQnGwnSKYSAlW7dKj0WptichNlS/dhQYGzOIQ+usdjY/a5X4V62dU7TXKWSS5SQS/jEoyhWjlFXpsp7UgpMaWIJcS7sr49doMyL7B64Nwf/55N/kYrvpe03/bKdxcDiKYxpWYQ02wIddOIBjOIUWcLiHJ3iBV+fBeXbeas6H9fOGFfiGmvsOkv20jA==</latexit>

Classical Point Mechanics

m
<latexit sha1_base64="uIbhaxHObW9k+KtpSlNLCo0J2X4=">AAAB6HicbVDLSgNBEOz1GeMr6tHLYBA8hV0R9Bj04jEB84BkCbOT3mTMzOwyMyuEkC/w4kERr36SN//GSbIHTSxoKKq66e6KUsGN9f1vb219Y3Nru7BT3N3bPzgsHR03TZJphg2WiES3I2pQcIUNy63AdqqRykhgKxrdzfzWE2rDE/VgxymGkg4Ujzmj1kl12SuV/Yo/B1klQU7KkKPWK311+wnLJCrLBDWmE/ipDSdUW84ETovdzGBK2YgOsOOoohJNOJkfOiXnTumTONGulCVz9ffEhEpjxjJynZLaoVn2ZuJ/Xiez8U044SrNLCq2WBRngtiEzL4mfa6RWTF2hDLN3a2EDammzLpsii6EYPnlVdK8rAR+Jahflau3eRwFOIUzuIAArqEK91CDBjBAeIZXePMevRfv3ftYtK55+cwJ/IH3+QPVjYzx</latexit><latexit sha1_base64="uIbhaxHObW9k+KtpSlNLCo0J2X4=">AAAB6HicbVDLSgNBEOz1GeMr6tHLYBA8hV0R9Bj04jEB84BkCbOT3mTMzOwyMyuEkC/w4kERr36SN//GSbIHTSxoKKq66e6KUsGN9f1vb219Y3Nru7BT3N3bPzgsHR03TZJphg2WiES3I2pQcIUNy63AdqqRykhgKxrdzfzWE2rDE/VgxymGkg4Ujzmj1kl12SuV/Yo/B1klQU7KkKPWK311+wnLJCrLBDWmE/ipDSdUW84ETovdzGBK2YgOsOOoohJNOJkfOiXnTumTONGulCVz9ffEhEpjxjJynZLaoVn2ZuJ/Xiez8U044SrNLCq2WBRngtiEzL4mfa6RWTF2hDLN3a2EDammzLpsii6EYPnlVdK8rAR+Jahflau3eRwFOIUzuIAArqEK91CDBjBAeIZXePMevRfv3ftYtK55+cwJ/IH3+QPVjYzx</latexit><latexit sha1_base64="uIbhaxHObW9k+KtpSlNLCo0J2X4=">AAAB6HicbVDLSgNBEOz1GeMr6tHLYBA8hV0R9Bj04jEB84BkCbOT3mTMzOwyMyuEkC/w4kERr36SN//GSbIHTSxoKKq66e6KUsGN9f1vb219Y3Nru7BT3N3bPzgsHR03TZJphg2WiES3I2pQcIUNy63AdqqRykhgKxrdzfzWE2rDE/VgxymGkg4Ujzmj1kl12SuV/Yo/B1klQU7KkKPWK311+wnLJCrLBDWmE/ipDSdUW84ETovdzGBK2YgOsOOoohJNOJkfOiXnTumTONGulCVz9ffEhEpjxjJynZLaoVn2ZuJ/Xiez8U044SrNLCq2WBRngtiEzL4mfa6RWTF2hDLN3a2EDammzLpsii6EYPnlVdK8rAR+Jahflau3eRwFOIUzuIAArqEK91CDBjBAeIZXePMevRfv3ftYtK55+cwJ/IH3+QPVjYzx</latexit><latexit sha1_base64="uIbhaxHObW9k+KtpSlNLCo0J2X4=">AAAB6HicbVDLSgNBEOz1GeMr6tHLYBA8hV0R9Bj04jEB84BkCbOT3mTMzOwyMyuEkC/w4kERr36SN//GSbIHTSxoKKq66e6KUsGN9f1vb219Y3Nru7BT3N3bPzgsHR03TZJphg2WiES3I2pQcIUNy63AdqqRykhgKxrdzfzWE2rDE/VgxymGkg4Ujzmj1kl12SuV/Yo/B1klQU7KkKPWK311+wnLJCrLBDWmE/ipDSdUW84ETovdzGBK2YgOsOOoohJNOJkfOiXnTumTONGulCVz9ffEhEpjxjJynZLaoVn2ZuJ/Xiez8U044SrNLCq2WBRngtiEzL4mfa6RWTF2hDLN3a2EDammzLpsii6EYPnlVdK8rAR+Jahflau3eRwFOIUzuIAArqEK91CDBjBAeIZXePMevRfv3ftYtK55+cwJ/IH3+QPVjYzx</latexit>

๏ Point Mechanics — 2nd Newton’s law:

        — mass of the classical non-relativistic point particle

 — external potential 

๏ The principle of least action: 

๏ Lagrange function:

๏ Euler-Lagrange equation:

V(x)
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๏ Generalization to systems with infinitely many d.o.f. (field values         )

๏ Classical field e. o. m. for neutral scalars — Klein-Gordon eq.:

๏ Again, the classical e. o. m obtained by minimizing the action:

๏ A simple example of interacting scalar field theory ( `     — theory` ) 

      — mass of the scalar field

      — coupling strength of its self-interaction 

Classical Field Theory

S[�] =

Z
d4x L(�, @µ�)

<latexit sha1_base64="iQv3q+dN76ZEKn0gY5cLvpv8J4g="></latexit><latexit sha1_base64="iQv3q+dN76ZEKn0gY5cLvpv8J4g="></latexit><latexit sha1_base64="iQv3q+dN76ZEKn0gY5cLvpv8J4g="></latexit><latexit sha1_base64="iQv3q+dN76ZEKn0gY5cLvpv8J4g="></latexit>

@µ@
µ� = �dV (�)

d�
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V (�) =
m2

2
�2 +

�

4!
�4

<latexit sha1_base64="ST6YvtOcN74sXyLuKItIR+8ZXSQ=">AAACIXicbZDLSsNAFIYn9VbrLerSzWgRKkJJQsFuhKIblxXsBZq0TCaTdujkwsxEKCGv4sZXceNCke7El3HSZqHVAwM/33/OzJzfjRkV0jA+tdLa+sbmVnm7srO7t3+gHx51RZRwTDo4YhHvu0gQRkPSkVQy0o85QYHLSM+d3uZ+75FwQaPwQc5i4gRoHFKfYiQVGunNbs2OJ/Ti2vY5wmkwtLLUymDOhha8hEtsM3Wjh7K0cVp4jZFeNerGouBfYRaiCopqj/S57UU4CUgoMUNCDEwjlk6KuKSYkaxiJ4LECE/RmAyUDFFAhJMuNszguSIe9COuTijhgv6cSFEgxCxwVWeA5ESsejn8zxsk0m86KQ3jRJIQLx/yEwZlBPO4oEc5wZLNlECYU/VXiCdIZSJVqBUVgrm68l/RteqmUTfvG9XWTRFHGZyAM1ADJrgCLXAH2qADMHgCL+ANvGvP2qv2oc2XrSWtmDkGv0r7+gZ0paJ0</latexit><latexit sha1_base64="ST6YvtOcN74sXyLuKItIR+8ZXSQ=">AAACIXicbZDLSsNAFIYn9VbrLerSzWgRKkJJQsFuhKIblxXsBZq0TCaTdujkwsxEKCGv4sZXceNCke7El3HSZqHVAwM/33/OzJzfjRkV0jA+tdLa+sbmVnm7srO7t3+gHx51RZRwTDo4YhHvu0gQRkPSkVQy0o85QYHLSM+d3uZ+75FwQaPwQc5i4gRoHFKfYiQVGunNbs2OJ/Ti2vY5wmkwtLLUymDOhha8hEtsM3Wjh7K0cVp4jZFeNerGouBfYRaiCopqj/S57UU4CUgoMUNCDEwjlk6KuKSYkaxiJ4LECE/RmAyUDFFAhJMuNszguSIe9COuTijhgv6cSFEgxCxwVWeA5ESsejn8zxsk0m86KQ3jRJIQLx/yEwZlBPO4oEc5wZLNlECYU/VXiCdIZSJVqBUVgrm68l/RteqmUTfvG9XWTRFHGZyAM1ADJrgCLXAH2qADMHgCL+ANvGvP2qv2oc2XrSWtmDkGv0r7+gZ0paJ0</latexit><latexit sha1_base64="ST6YvtOcN74sXyLuKItIR+8ZXSQ=">AAACIXicbZDLSsNAFIYn9VbrLerSzWgRKkJJQsFuhKIblxXsBZq0TCaTdujkwsxEKCGv4sZXceNCke7El3HSZqHVAwM/33/OzJzfjRkV0jA+tdLa+sbmVnm7srO7t3+gHx51RZRwTDo4YhHvu0gQRkPSkVQy0o85QYHLSM+d3uZ+75FwQaPwQc5i4gRoHFKfYiQVGunNbs2OJ/Ti2vY5wmkwtLLUymDOhha8hEtsM3Wjh7K0cVp4jZFeNerGouBfYRaiCopqj/S57UU4CUgoMUNCDEwjlk6KuKSYkaxiJ4LECE/RmAyUDFFAhJMuNszguSIe9COuTijhgv6cSFEgxCxwVWeA5ESsejn8zxsk0m86KQ3jRJIQLx/yEwZlBPO4oEc5wZLNlECYU/VXiCdIZSJVqBUVgrm68l/RteqmUTfvG9XWTRFHGZyAM1ADJrgCLXAH2qADMHgCL+ANvGvP2qv2oc2XrSWtmDkGv0r7+gZ0paJ0</latexit><latexit sha1_base64="ST6YvtOcN74sXyLuKItIR+8ZXSQ=">AAACIXicbZDLSsNAFIYn9VbrLerSzWgRKkJJQsFuhKIblxXsBZq0TCaTdujkwsxEKCGv4sZXceNCke7El3HSZqHVAwM/33/OzJzfjRkV0jA+tdLa+sbmVnm7srO7t3+gHx51RZRwTDo4YhHvu0gQRkPSkVQy0o85QYHLSM+d3uZ+75FwQaPwQc5i4gRoHFKfYiQVGunNbs2OJ/Ti2vY5wmkwtLLUymDOhha8hEtsM3Wjh7K0cVp4jZFeNerGouBfYRaiCopqj/S57UU4CUgoMUNCDEwjlk6KuKSYkaxiJ4LECE/RmAyUDFFAhJMuNszguSIe9COuTijhgv6cSFEgxCxwVWeA5ESsejn8zxsk0m86KQ3jRJIQLx/yEwZlBPO4oEc5wZLNlECYU/VXiCdIZSJVqBUVgrm68l/RteqmUTfvG9XWTRFHGZyAM1ADJrgCLXAH2qADMHgCL+ANvGvP2qv2oc2XrSWtmDkGv0r7+gZ0paJ0</latexit>

�4
<latexit sha1_base64="3qy5MeBF4oRVuZrHjgaJNKMdfPg=">AAAB7nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKoMegF48RzAOSNcxOJsmQ2dlhplcISz7CiwdFvPo93vwbJ8keNLGgoajqprsr0lJY9P1vr7C2vrG5Vdwu7ezu7R+UD4+aNkkN4w2WyMS0I2q5FIo3UKDkbW04jSPJW9H4dua3nrixIlEPONE8jOlQiYFgFJ3UIl09Eo+XvXLFr/pzkFUS5KQCOeq98le3n7A05gqZpNZ2Al9jmFGDgkk+LXVTyzVlYzrkHUcVjbkNs/m5U3LmlD4ZJMaVQjJXf09kNLZ2EkeuM6Y4ssveTPzP66Q4uA4zoXSKXLHFokEqCSZk9jvpC8MZyokjlBnhbiVsRA1l6BIquRCC5ZdXSfOiGvjV4P6yUrvJ4yjCCZzCOQRwBTW4gzo0gMEYnuEV3jztvXjv3seiteDlM8fwB97nD5R7jw8=</latexit><latexit sha1_base64="3qy5MeBF4oRVuZrHjgaJNKMdfPg=">AAAB7nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKoMegF48RzAOSNcxOJsmQ2dlhplcISz7CiwdFvPo93vwbJ8keNLGgoajqprsr0lJY9P1vr7C2vrG5Vdwu7ezu7R+UD4+aNkkN4w2WyMS0I2q5FIo3UKDkbW04jSPJW9H4dua3nrixIlEPONE8jOlQiYFgFJ3UIl09Eo+XvXLFr/pzkFUS5KQCOeq98le3n7A05gqZpNZ2Al9jmFGDgkk+LXVTyzVlYzrkHUcVjbkNs/m5U3LmlD4ZJMaVQjJXf09kNLZ2EkeuM6Y4ssveTPzP66Q4uA4zoXSKXLHFokEqCSZk9jvpC8MZyokjlBnhbiVsRA1l6BIquRCC5ZdXSfOiGvjV4P6yUrvJ4yjCCZzCOQRwBTW4gzo0gMEYnuEV3jztvXjv3seiteDlM8fwB97nD5R7jw8=</latexit><latexit sha1_base64="3qy5MeBF4oRVuZrHjgaJNKMdfPg=">AAAB7nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKoMegF48RzAOSNcxOJsmQ2dlhplcISz7CiwdFvPo93vwbJ8keNLGgoajqprsr0lJY9P1vr7C2vrG5Vdwu7ezu7R+UD4+aNkkN4w2WyMS0I2q5FIo3UKDkbW04jSPJW9H4dua3nrixIlEPONE8jOlQiYFgFJ3UIl09Eo+XvXLFr/pzkFUS5KQCOeq98le3n7A05gqZpNZ2Al9jmFGDgkk+LXVTyzVlYzrkHUcVjbkNs/m5U3LmlD4ZJMaVQjJXf09kNLZ2EkeuM6Y4ssveTPzP66Q4uA4zoXSKXLHFokEqCSZk9jvpC8MZyokjlBnhbiVsRA1l6BIquRCC5ZdXSfOiGvjV4P6yUrvJ4yjCCZzCOQRwBTW4gzo0gMEYnuEV3jztvXjv3seiteDlM8fwB97nD5R7jw8=</latexit><latexit sha1_base64="3qy5MeBF4oRVuZrHjgaJNKMdfPg=">AAAB7nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKoMegF48RzAOSNcxOJsmQ2dlhplcISz7CiwdFvPo93vwbJ8keNLGgoajqprsr0lJY9P1vr7C2vrG5Vdwu7ezu7R+UD4+aNkkN4w2WyMS0I2q5FIo3UKDkbW04jSPJW9H4dua3nrixIlEPONE8jOlQiYFgFJ3UIl09Eo+XvXLFr/pzkFUS5KQCOeq98le3n7A05gqZpNZ2Al9jmFGDgkk+LXVTyzVlYzrkHUcVjbkNs/m5U3LmlD4ZJMaVQjJXf09kNLZ2EkeuM6Y4ssveTPzP66Q4uA4zoXSKXLHFokEqCSZk9jvpC8MZyokjlBnhbiVsRA1l6BIquRCC5ZdXSfOiGvjV4P6yUrvJ4yjCCZzCOQRwBTW4gzo0gMEYnuEV3jztvXjv3seiteDlM8fwB97nD5R7jw8=</latexit>
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<latexit sha1_base64="a+NYhApk+GnaU9bbDY8gQbxmlzw="></latexit><latexit sha1_base64="a+NYhApk+GnaU9bbDY8gQbxmlzw="></latexit><latexit sha1_base64="a+NYhApk+GnaU9bbDY8gQbxmlzw="></latexit><latexit sha1_base64="hP+6LrUf2d3tZaldqaQQvEKMXyw=">AAAB2XicbZDNSgMxFIXv1L86Vq1rN8EiuCozbnQpuHFZwbZCO5RM5k4bmskMyR2hDH0BF25EfC93vo3pz0JbDwQ+zknIvSculLQUBN9ebWd3b/+gfugfNfzjk9Nmo2fz0gjsilzl5jnmFpXU2CVJCp8LgzyLFfbj6f0i77+gsTLXTzQrMMr4WMtUCk7O6oyaraAdLMW2IVxDC9YaNb+GSS7KDDUJxa0dhEFBUcUNSaFw7g9LiwUXUz7GgUPNM7RRtRxzzi6dk7A0N+5oYkv394uKZ9bOstjdzDhN7Ga2MP/LBiWlt1EldVESarH6KC0Vo5wtdmaJNChIzRxwYaSblYkJN1yQa8Z3HYSbG29D77odBu3wMYA6nMMFXEEIN3AHD9CBLghI4BXevYn35n2suqp569LO4I+8zx84xIo4</latexit><latexit sha1_base64="RPLbwjbK0A2W6uum+rWKItlgB58=">AAACTXichVFLS8NAGNzE1j6sGr16WSxCPVgSL3oRBC8ePFSwD2hC+LLdtIubB7sbaQn5k4IH/Ste3LQVtBUcWBhm9uObnQ1SzqSy7XfD3KlUd2v1RnOvtX9waB21BjLJBKF9kvBEjAKQlLOY9hVTnI5SQSEKOB0Gz3elP3yhQrIkflKLlHoRTGMWMgJKS76VuCkIxYD7uRtlBXZDASR3J5QrwG4EakaA5/ihKL7FzsbE/LxoXvw/Ni/wDbaxb7Xtrr0E3ibOmrTRGj3fenUnCckiGivCQcqxY6fKy8sIhNOi6WaSpkCeYUrHmsYQUenly2IKfKaVCQ4ToU+s8FL9OZFDJOUiCvTNMrPc9ErxL2+cqfDay1mcZorGZLUozDhWCS5bxhMmKFF8oQkQwXRWTGagO1L6L5q6BGfzydtkcNl17K7zaKM6OkGnqIMcdIVu0T3qoT4i6A19GhWjanyYyKyt6jKNdW/H6BfMxhcYo7Og</latexit><latexit sha1_base64="RPLbwjbK0A2W6uum+rWKItlgB58=">AAACTXichVFLS8NAGNzE1j6sGr16WSxCPVgSL3oRBC8ePFSwD2hC+LLdtIubB7sbaQn5k4IH/Ste3LQVtBUcWBhm9uObnQ1SzqSy7XfD3KlUd2v1RnOvtX9waB21BjLJBKF9kvBEjAKQlLOY9hVTnI5SQSEKOB0Gz3elP3yhQrIkflKLlHoRTGMWMgJKS76VuCkIxYD7uRtlBXZDASR3J5QrwG4EakaA5/ihKL7FzsbE/LxoXvw/Ni/wDbaxb7Xtrr0E3ibOmrTRGj3fenUnCckiGivCQcqxY6fKy8sIhNOi6WaSpkCeYUrHmsYQUenly2IKfKaVCQ4ToU+s8FL9OZFDJOUiCvTNMrPc9ErxL2+cqfDay1mcZorGZLUozDhWCS5bxhMmKFF8oQkQwXRWTGagO1L6L5q6BGfzydtkcNl17K7zaKM6OkGnqIMcdIVu0T3qoT4i6A19GhWjanyYyKyt6jKNdW/H6BfMxhcYo7Og</latexit><latexit sha1_base64="384m1FYZRujTYOhYdxbwrzdqYBE="></latexit><latexit sha1_base64="a+NYhApk+GnaU9bbDY8gQbxmlzw="></latexit><latexit sha1_base64="a+NYhApk+GnaU9bbDY8gQbxmlzw="></latexit><latexit sha1_base64="a+NYhApk+GnaU9bbDY8gQbxmlzw="></latexit><latexit sha1_base64="a+NYhApk+GnaU9bbDY8gQbxmlzw="></latexit><latexit sha1_base64="a+NYhApk+GnaU9bbDY8gQbxmlzw="></latexit><latexit sha1_base64="a+NYhApk+GnaU9bbDY8gQbxmlzw="></latexit>

�
<latexit sha1_base64="/JI5iynvNWOEKZjLq6ujHWhdsHw=">AAAB7nicbVDLSsNAFL2pr1pfVZduBovgqiQi1GXRjcsK9gFtKJPJpB06mYSZG6GEfoQbF4q49Xvc+TdO2yy09cDA4ZxzmXtPkEph0HW/ndLG5tb2Tnm3srd/cHhUPT7pmCTTjLdZIhPdC6jhUijeRoGS91LNaRxI3g0md3O/+8S1EYl6xGnK/ZiOlIgEo2il7kDaaEiH1Zpbdxcg68QrSA0KtIbVr0GYsCzmCpmkxvQ9N0U/pxoFk3xWGWSGp5RN6Ij3LVU05sbPF+vOyIVVQhIl2j6FZKH+nshpbMw0Dmwypjg2q95c/M/rZxjd+LlQaYZcseVHUSYJJmR+OwmF5gzl1BLKtLC7EjammjK0DVVsCd7qyeukc1X33Lr3cF1r3hZ1lOEMzuESPGhAE+6hBW1gMIFneIU3J3VenHfnYxktOcXMKfyB8/kDPMWPfQ==</latexit><latexit sha1_base64="/JI5iynvNWOEKZjLq6ujHWhdsHw=">AAAB7nicbVDLSsNAFL2pr1pfVZduBovgqiQi1GXRjcsK9gFtKJPJpB06mYSZG6GEfoQbF4q49Xvc+TdO2yy09cDA4ZxzmXtPkEph0HW/ndLG5tb2Tnm3srd/cHhUPT7pmCTTjLdZIhPdC6jhUijeRoGS91LNaRxI3g0md3O/+8S1EYl6xGnK/ZiOlIgEo2il7kDaaEiH1Zpbdxcg68QrSA0KtIbVr0GYsCzmCpmkxvQ9N0U/pxoFk3xWGWSGp5RN6Ij3LVU05sbPF+vOyIVVQhIl2j6FZKH+nshpbMw0Dmwypjg2q95c/M/rZxjd+LlQaYZcseVHUSYJJmR+OwmF5gzl1BLKtLC7EjammjK0DVVsCd7qyeukc1X33Lr3cF1r3hZ1lOEMzuESPGhAE+6hBW1gMIFneIU3J3VenHfnYxktOcXMKfyB8/kDPMWPfQ==</latexit><latexit sha1_base64="/JI5iynvNWOEKZjLq6ujHWhdsHw=">AAAB7nicbVDLSsNAFL2pr1pfVZduBovgqiQi1GXRjcsK9gFtKJPJpB06mYSZG6GEfoQbF4q49Xvc+TdO2yy09cDA4ZxzmXtPkEph0HW/ndLG5tb2Tnm3srd/cHhUPT7pmCTTjLdZIhPdC6jhUijeRoGS91LNaRxI3g0md3O/+8S1EYl6xGnK/ZiOlIgEo2il7kDaaEiH1Zpbdxcg68QrSA0KtIbVr0GYsCzmCpmkxvQ9N0U/pxoFk3xWGWSGp5RN6Ij3LVU05sbPF+vOyIVVQhIl2j6FZKH+nshpbMw0Dmwypjg2q95c/M/rZxjd+LlQaYZcseVHUSYJJmR+OwmF5gzl1BLKtLC7EjammjK0DVVsCd7qyeukc1X33Lr3cF1r3hZ1lOEMzuESPGhAE+6hBW1gMIFneIU3J3VenHfnYxktOcXMKfyB8/kDPMWPfQ==</latexit><latexit sha1_base64="/JI5iynvNWOEKZjLq6ujHWhdsHw=">AAAB7nicbVDLSsNAFL2pr1pfVZduBovgqiQi1GXRjcsK9gFtKJPJpB06mYSZG6GEfoQbF4q49Xvc+TdO2yy09cDA4ZxzmXtPkEph0HW/ndLG5tb2Tnm3srd/cHhUPT7pmCTTjLdZIhPdC6jhUijeRoGS91LNaRxI3g0md3O/+8S1EYl6xGnK/ZiOlIgEo2il7kDaaEiH1Zpbdxcg68QrSA0KtIbVr0GYsCzmCpmkxvQ9N0U/pxoFk3xWGWSGp5RN6Ij3LVU05sbPF+vOyIVVQhIl2j6FZKH+nshpbMw0Dmwypjg2q95c/M/rZxjd+LlQaYZcseVHUSYJJmR+OwmF5gzl1BLKtLC7EjammjK0DVVsCd7qyeukc1X33Lr3cF1r3hZ1lOEMzuESPGhAE+6hBW1gMIFneIU3J3VenHfnYxktOcXMKfyB8/kDPMWPfQ==</latexit>

m
<latexit sha1_base64="uIbhaxHObW9k+KtpSlNLCo0J2X4=">AAAB6HicbVDLSgNBEOz1GeMr6tHLYBA8hV0R9Bj04jEB84BkCbOT3mTMzOwyMyuEkC/w4kERr36SN//GSbIHTSxoKKq66e6KUsGN9f1vb219Y3Nru7BT3N3bPzgsHR03TZJphg2WiES3I2pQcIUNy63AdqqRykhgKxrdzfzWE2rDE/VgxymGkg4Ujzmj1kl12SuV/Yo/B1klQU7KkKPWK311+wnLJCrLBDWmE/ipDSdUW84ETovdzGBK2YgOsOOoohJNOJkfOiXnTumTONGulCVz9ffEhEpjxjJynZLaoVn2ZuJ/Xiez8U044SrNLCq2WBRngtiEzL4mfa6RWTF2hDLN3a2EDammzLpsii6EYPnlVdK8rAR+Jahflau3eRwFOIUzuIAArqEK91CDBjBAeIZXePMevRfv3ftYtK55+cwJ/IH3+QPVjYzx</latexit><latexit sha1_base64="uIbhaxHObW9k+KtpSlNLCo0J2X4=">AAAB6HicbVDLSgNBEOz1GeMr6tHLYBA8hV0R9Bj04jEB84BkCbOT3mTMzOwyMyuEkC/w4kERr36SN//GSbIHTSxoKKq66e6KUsGN9f1vb219Y3Nru7BT3N3bPzgsHR03TZJphg2WiES3I2pQcIUNy63AdqqRykhgKxrdzfzWE2rDE/VgxymGkg4Ujzmj1kl12SuV/Yo/B1klQU7KkKPWK311+wnLJCrLBDWmE/ipDSdUW84ETovdzGBK2YgOsOOoohJNOJkfOiXnTumTONGulCVz9ffEhEpjxjJynZLaoVn2ZuJ/Xiez8U044SrNLCq2WBRngtiEzL4mfa6RWTF2hDLN3a2EDammzLpsii6EYPnlVdK8rAR+Jahflau3eRwFOIUzuIAArqEK91CDBjBAeIZXePMevRfv3ftYtK55+cwJ/IH3+QPVjYzx</latexit><latexit sha1_base64="uIbhaxHObW9k+KtpSlNLCo0J2X4=">AAAB6HicbVDLSgNBEOz1GeMr6tHLYBA8hV0R9Bj04jEB84BkCbOT3mTMzOwyMyuEkC/w4kERr36SN//GSbIHTSxoKKq66e6KUsGN9f1vb219Y3Nru7BT3N3bPzgsHR03TZJphg2WiES3I2pQcIUNy63AdqqRykhgKxrdzfzWE2rDE/VgxymGkg4Ujzmj1kl12SuV/Yo/B1klQU7KkKPWK311+wnLJCrLBDWmE/ipDSdUW84ETovdzGBK2YgOsOOoohJNOJkfOiXnTumTONGulCVz9ffEhEpjxjJynZLaoVn2ZuJ/Xiez8U044SrNLCq2WBRngtiEzL4mfa6RWTF2hDLN3a2EDammzLpsii6EYPnlVdK8rAR+Jahflau3eRwFOIUzuIAArqEK91CDBjBAeIZXePMevRfv3ftYtK55+cwJ/IH3+QPVjYzx</latexit><latexit sha1_base64="uIbhaxHObW9k+KtpSlNLCo0J2X4=">AAAB6HicbVDLSgNBEOz1GeMr6tHLYBA8hV0R9Bj04jEB84BkCbOT3mTMzOwyMyuEkC/w4kERr36SN//GSbIHTSxoKKq66e6KUsGN9f1vb219Y3Nru7BT3N3bPzgsHR03TZJphg2WiES3I2pQcIUNy63AdqqRykhgKxrdzfzWE2rDE/VgxymGkg4Ujzmj1kl12SuV/Yo/B1klQU7KkKPWK311+wnLJCrLBDWmE/ipDSdUW84ETovdzGBK2YgOsOOoohJNOJkfOiXnTumTONGulCVz9ffEhEpjxjJynZLaoVn2ZuJ/Xiez8U044SrNLCq2WBRngtiEzL4mfa6RWTF2hDLN3a2EDammzLpsii6EYPnlVdK8rAR+Jahflau3eRwFOIUzuIAArqEK91CDBjBAeIZXePMevRfv3ftYtK55+cwJ/IH3+QPVjYzx</latexit>

�(~x)
<latexit sha1_base64="XjVimhGfzdue35hFwE/y3GDhiGk=">AAAB9HicbVDLSgNBEOyNrxhfUY9eBoMQL2FXBD0GvXiMYB6QXcLspDcZMvtwZjYYlnyHFw+KePVjvPk3TpI9aGJBQ1HVTXeXnwiutG1/W4W19Y3NreJ2aWd3b/+gfHjUUnEqGTZZLGLZ8alCwSNsaq4FdhKJNPQFtv3R7cxvj1EqHkcPepKgF9JBxAPOqDaS5yZDXnXHyLKn6XmvXLFr9hxklTg5qUCORq/85fZjloYYaSaoUl3HTrSXUak5EzgtuanChLIRHWDX0IiGqLxsfvSUnBmlT4JYmoo0mau/JzIaKjUJfdMZUj1Uy95M/M/rpjq49jIeJanGiC0WBakgOiazBEifS2RaTAyhTHJzK2FDKinTJqeSCcFZfnmVtC5qjl1z7i8r9Zs8jiKcwClUwYErqMMdNKAJDB7hGV7hzRpbL9a79bFoLVj5zDH8gfX5A5HAkfQ=</latexit><latexit sha1_base64="XjVimhGfzdue35hFwE/y3GDhiGk=">AAAB9HicbVDLSgNBEOyNrxhfUY9eBoMQL2FXBD0GvXiMYB6QXcLspDcZMvtwZjYYlnyHFw+KePVjvPk3TpI9aGJBQ1HVTXeXnwiutG1/W4W19Y3NreJ2aWd3b/+gfHjUUnEqGTZZLGLZ8alCwSNsaq4FdhKJNPQFtv3R7cxvj1EqHkcPepKgF9JBxAPOqDaS5yZDXnXHyLKn6XmvXLFr9hxklTg5qUCORq/85fZjloYYaSaoUl3HTrSXUak5EzgtuanChLIRHWDX0IiGqLxsfvSUnBmlT4JYmoo0mau/JzIaKjUJfdMZUj1Uy95M/M/rpjq49jIeJanGiC0WBakgOiazBEifS2RaTAyhTHJzK2FDKinTJqeSCcFZfnmVtC5qjl1z7i8r9Zs8jiKcwClUwYErqMMdNKAJDB7hGV7hzRpbL9a79bFoLVj5zDH8gfX5A5HAkfQ=</latexit><latexit sha1_base64="XjVimhGfzdue35hFwE/y3GDhiGk=">AAAB9HicbVDLSgNBEOyNrxhfUY9eBoMQL2FXBD0GvXiMYB6QXcLspDcZMvtwZjYYlnyHFw+KePVjvPk3TpI9aGJBQ1HVTXeXnwiutG1/W4W19Y3NreJ2aWd3b/+gfHjUUnEqGTZZLGLZ8alCwSNsaq4FdhKJNPQFtv3R7cxvj1EqHkcPepKgF9JBxAPOqDaS5yZDXnXHyLKn6XmvXLFr9hxklTg5qUCORq/85fZjloYYaSaoUl3HTrSXUak5EzgtuanChLIRHWDX0IiGqLxsfvSUnBmlT4JYmoo0mau/JzIaKjUJfdMZUj1Uy95M/M/rpjq49jIeJanGiC0WBakgOiazBEifS2RaTAyhTHJzK2FDKinTJqeSCcFZfnmVtC5qjl1z7i8r9Zs8jiKcwClUwYErqMMdNKAJDB7hGV7hzRpbL9a79bFoLVj5zDH8gfX5A5HAkfQ=</latexit><latexit sha1_base64="XjVimhGfzdue35hFwE/y3GDhiGk=">AAAB9HicbVDLSgNBEOyNrxhfUY9eBoMQL2FXBD0GvXiMYB6QXcLspDcZMvtwZjYYlnyHFw+KePVjvPk3TpI9aGJBQ1HVTXeXnwiutG1/W4W19Y3NreJ2aWd3b/+gfHjUUnEqGTZZLGLZ8alCwSNsaq4FdhKJNPQFtv3R7cxvj1EqHkcPepKgF9JBxAPOqDaS5yZDXnXHyLKn6XmvXLFr9hxklTg5qUCORq/85fZjloYYaSaoUl3HTrSXUak5EzgtuanChLIRHWDX0IiGqLxsfvSUnBmlT4JYmoo0mau/JzIaKjUJfdMZUj1Uy95M/M/rpjq49jIeJanGiC0WBakgOiazBEifS2RaTAyhTHJzK2FDKinTJqeSCcFZfnmVtC5qjl1z7i8r9Zs8jiKcwClUwYErqMMdNKAJDB7hGV7hzRpbL9a79bFoLVj5zDH8gfX5A5HAkfQ=</latexit>
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๏ Generalization to systems with infinitely many d.o.f. (field values         )

๏ Classical field e. o. m. for neutral scalars — Klein-Gordon eq.:

๏ Again, the classical e. o. m obtained by minimizing the action:

๏ A simple example of interacting scalar field theory ( `     — theory` ) 

      — mass of the scalar field

      — coupling strength of its self-interaction 

Classical Field Theory

S[�] =

Z
d4x L(�, @µ�)

<latexit sha1_base64="iQv3q+dN76ZEKn0gY5cLvpv8J4g="></latexit><latexit sha1_base64="iQv3q+dN76ZEKn0gY5cLvpv8J4g="></latexit><latexit sha1_base64="iQv3q+dN76ZEKn0gY5cLvpv8J4g="></latexit><latexit sha1_base64="iQv3q+dN76ZEKn0gY5cLvpv8J4g="></latexit>

@µ@
µ� = �dV (�)

d�
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V (�) =
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<latexit sha1_base64="ST6YvtOcN74sXyLuKItIR+8ZXSQ=">AAACIXicbZDLSsNAFIYn9VbrLerSzWgRKkJJQsFuhKIblxXsBZq0TCaTdujkwsxEKCGv4sZXceNCke7El3HSZqHVAwM/33/OzJzfjRkV0jA+tdLa+sbmVnm7srO7t3+gHx51RZRwTDo4YhHvu0gQRkPSkVQy0o85QYHLSM+d3uZ+75FwQaPwQc5i4gRoHFKfYiQVGunNbs2OJ/Ti2vY5wmkwtLLUymDOhha8hEtsM3Wjh7K0cVp4jZFeNerGouBfYRaiCopqj/S57UU4CUgoMUNCDEwjlk6KuKSYkaxiJ4LECE/RmAyUDFFAhJMuNszguSIe9COuTijhgv6cSFEgxCxwVWeA5ESsejn8zxsk0m86KQ3jRJIQLx/yEwZlBPO4oEc5wZLNlECYU/VXiCdIZSJVqBUVgrm68l/RteqmUTfvG9XWTRFHGZyAM1ADJrgCLXAH2qADMHgCL+ANvGvP2qv2oc2XrSWtmDkGv0r7+gZ0paJ0</latexit><latexit sha1_base64="ST6YvtOcN74sXyLuKItIR+8ZXSQ=">AAACIXicbZDLSsNAFIYn9VbrLerSzWgRKkJJQsFuhKIblxXsBZq0TCaTdujkwsxEKCGv4sZXceNCke7El3HSZqHVAwM/33/OzJzfjRkV0jA+tdLa+sbmVnm7srO7t3+gHx51RZRwTDo4YhHvu0gQRkPSkVQy0o85QYHLSM+d3uZ+75FwQaPwQc5i4gRoHFKfYiQVGunNbs2OJ/Ti2vY5wmkwtLLUymDOhha8hEtsM3Wjh7K0cVp4jZFeNerGouBfYRaiCopqj/S57UU4CUgoMUNCDEwjlk6KuKSYkaxiJ4LECE/RmAyUDFFAhJMuNszguSIe9COuTijhgv6cSFEgxCxwVWeA5ESsejn8zxsk0m86KQ3jRJIQLx/yEwZlBPO4oEc5wZLNlECYU/VXiCdIZSJVqBUVgrm68l/RteqmUTfvG9XWTRFHGZyAM1ADJrgCLXAH2qADMHgCL+ANvGvP2qv2oc2XrSWtmDkGv0r7+gZ0paJ0</latexit><latexit sha1_base64="ST6YvtOcN74sXyLuKItIR+8ZXSQ=">AAACIXicbZDLSsNAFIYn9VbrLerSzWgRKkJJQsFuhKIblxXsBZq0TCaTdujkwsxEKCGv4sZXceNCke7El3HSZqHVAwM/33/OzJzfjRkV0jA+tdLa+sbmVnm7srO7t3+gHx51RZRwTDo4YhHvu0gQRkPSkVQy0o85QYHLSM+d3uZ+75FwQaPwQc5i4gRoHFKfYiQVGunNbs2OJ/Ti2vY5wmkwtLLUymDOhha8hEtsM3Wjh7K0cVp4jZFeNerGouBfYRaiCopqj/S57UU4CUgoMUNCDEwjlk6KuKSYkaxiJ4LECE/RmAyUDFFAhJMuNszguSIe9COuTijhgv6cSFEgxCxwVWeA5ESsejn8zxsk0m86KQ3jRJIQLx/yEwZlBPO4oEc5wZLNlECYU/VXiCdIZSJVqBUVgrm68l/RteqmUTfvG9XWTRFHGZyAM1ADJrgCLXAH2qADMHgCL+ANvGvP2qv2oc2XrSWtmDkGv0r7+gZ0paJ0</latexit><latexit sha1_base64="ST6YvtOcN74sXyLuKItIR+8ZXSQ=">AAACIXicbZDLSsNAFIYn9VbrLerSzWgRKkJJQsFuhKIblxXsBZq0TCaTdujkwsxEKCGv4sZXceNCke7El3HSZqHVAwM/33/OzJzfjRkV0jA+tdLa+sbmVnm7srO7t3+gHx51RZRwTDo4YhHvu0gQRkPSkVQy0o85QYHLSM+d3uZ+75FwQaPwQc5i4gRoHFKfYiQVGunNbs2OJ/Ti2vY5wmkwtLLUymDOhha8hEtsM3Wjh7K0cVp4jZFeNerGouBfYRaiCopqj/S57UU4CUgoMUNCDEwjlk6KuKSYkaxiJ4LECE/RmAyUDFFAhJMuNszguSIe9COuTijhgv6cSFEgxCxwVWeA5ESsejn8zxsk0m86KQ3jRJIQLx/yEwZlBPO4oEc5wZLNlECYU/VXiCdIZSJVqBUVgrm68l/RteqmUTfvG9XWTRFHGZyAM1ADJrgCLXAH2qADMHgCL+ANvGvP2qv2oc2XrSWtmDkGv0r7+gZ0paJ0</latexit>

�4
<latexit sha1_base64="3qy5MeBF4oRVuZrHjgaJNKMdfPg=">AAAB7nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKoMegF48RzAOSNcxOJsmQ2dlhplcISz7CiwdFvPo93vwbJ8keNLGgoajqprsr0lJY9P1vr7C2vrG5Vdwu7ezu7R+UD4+aNkkN4w2WyMS0I2q5FIo3UKDkbW04jSPJW9H4dua3nrixIlEPONE8jOlQiYFgFJ3UIl09Eo+XvXLFr/pzkFUS5KQCOeq98le3n7A05gqZpNZ2Al9jmFGDgkk+LXVTyzVlYzrkHUcVjbkNs/m5U3LmlD4ZJMaVQjJXf09kNLZ2EkeuM6Y4ssveTPzP66Q4uA4zoXSKXLHFokEqCSZk9jvpC8MZyokjlBnhbiVsRA1l6BIquRCC5ZdXSfOiGvjV4P6yUrvJ4yjCCZzCOQRwBTW4gzo0gMEYnuEV3jztvXjv3seiteDlM8fwB97nD5R7jw8=</latexit><latexit sha1_base64="3qy5MeBF4oRVuZrHjgaJNKMdfPg=">AAAB7nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKoMegF48RzAOSNcxOJsmQ2dlhplcISz7CiwdFvPo93vwbJ8keNLGgoajqprsr0lJY9P1vr7C2vrG5Vdwu7ezu7R+UD4+aNkkN4w2WyMS0I2q5FIo3UKDkbW04jSPJW9H4dua3nrixIlEPONE8jOlQiYFgFJ3UIl09Eo+XvXLFr/pzkFUS5KQCOeq98le3n7A05gqZpNZ2Al9jmFGDgkk+LXVTyzVlYzrkHUcVjbkNs/m5U3LmlD4ZJMaVQjJXf09kNLZ2EkeuM6Y4ssveTPzP66Q4uA4zoXSKXLHFokEqCSZk9jvpC8MZyokjlBnhbiVsRA1l6BIquRCC5ZdXSfOiGvjV4P6yUrvJ4yjCCZzCOQRwBTW4gzo0gMEYnuEV3jztvXjv3seiteDlM8fwB97nD5R7jw8=</latexit><latexit sha1_base64="3qy5MeBF4oRVuZrHjgaJNKMdfPg=">AAAB7nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKoMegF48RzAOSNcxOJsmQ2dlhplcISz7CiwdFvPo93vwbJ8keNLGgoajqprsr0lJY9P1vr7C2vrG5Vdwu7ezu7R+UD4+aNkkN4w2WyMS0I2q5FIo3UKDkbW04jSPJW9H4dua3nrixIlEPONE8jOlQiYFgFJ3UIl09Eo+XvXLFr/pzkFUS5KQCOeq98le3n7A05gqZpNZ2Al9jmFGDgkk+LXVTyzVlYzrkHUcVjbkNs/m5U3LmlD4ZJMaVQjJXf09kNLZ2EkeuM6Y4ssveTPzP66Q4uA4zoXSKXLHFokEqCSZk9jvpC8MZyokjlBnhbiVsRA1l6BIquRCC5ZdXSfOiGvjV4P6yUrvJ4yjCCZzCOQRwBTW4gzo0gMEYnuEV3jztvXjv3seiteDlM8fwB97nD5R7jw8=</latexit><latexit sha1_base64="3qy5MeBF4oRVuZrHjgaJNKMdfPg=">AAAB7nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKoMegF48RzAOSNcxOJsmQ2dlhplcISz7CiwdFvPo93vwbJ8keNLGgoajqprsr0lJY9P1vr7C2vrG5Vdwu7ezu7R+UD4+aNkkN4w2WyMS0I2q5FIo3UKDkbW04jSPJW9H4dua3nrixIlEPONE8jOlQiYFgFJ3UIl09Eo+XvXLFr/pzkFUS5KQCOeq98le3n7A05gqZpNZ2Al9jmFGDgkk+LXVTyzVlYzrkHUcVjbkNs/m5U3LmlD4ZJMaVQjJXf09kNLZ2EkeuM6Y4ssveTPzP66Q4uA4zoXSKXLHFokEqCSZk9jvpC8MZyokjlBnhbiVsRA1l6BIquRCC5ZdXSfOiGvjV4P6yUrvJ4yjCCZzCOQRwBTW4gzo0gMEYnuEV3jztvXjv3seiteDlM8fwB97nD5R7jw8=</latexit>
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<latexit sha1_base64="a+NYhApk+GnaU9bbDY8gQbxmlzw="></latexit><latexit sha1_base64="a+NYhApk+GnaU9bbDY8gQbxmlzw="></latexit><latexit sha1_base64="a+NYhApk+GnaU9bbDY8gQbxmlzw="></latexit><latexit sha1_base64="hP+6LrUf2d3tZaldqaQQvEKMXyw=">AAAB2XicbZDNSgMxFIXv1L86Vq1rN8EiuCozbnQpuHFZwbZCO5RM5k4bmskMyR2hDH0BF25EfC93vo3pz0JbDwQ+zknIvSculLQUBN9ebWd3b/+gfugfNfzjk9Nmo2fz0gjsilzl5jnmFpXU2CVJCp8LgzyLFfbj6f0i77+gsTLXTzQrMMr4WMtUCk7O6oyaraAdLMW2IVxDC9YaNb+GSS7KDDUJxa0dhEFBUcUNSaFw7g9LiwUXUz7GgUPNM7RRtRxzzi6dk7A0N+5oYkv394uKZ9bOstjdzDhN7Ga2MP/LBiWlt1EldVESarH6KC0Vo5wtdmaJNChIzRxwYaSblYkJN1yQa8Z3HYSbG29D77odBu3wMYA6nMMFXEEIN3AHD9CBLghI4BXevYn35n2suqp569LO4I+8zx84xIo4</latexit><latexit sha1_base64="RPLbwjbK0A2W6uum+rWKItlgB58=">AAACTXichVFLS8NAGNzE1j6sGr16WSxCPVgSL3oRBC8ePFSwD2hC+LLdtIubB7sbaQn5k4IH/Ste3LQVtBUcWBhm9uObnQ1SzqSy7XfD3KlUd2v1RnOvtX9waB21BjLJBKF9kvBEjAKQlLOY9hVTnI5SQSEKOB0Gz3elP3yhQrIkflKLlHoRTGMWMgJKS76VuCkIxYD7uRtlBXZDASR3J5QrwG4EakaA5/ihKL7FzsbE/LxoXvw/Ni/wDbaxb7Xtrr0E3ibOmrTRGj3fenUnCckiGivCQcqxY6fKy8sIhNOi6WaSpkCeYUrHmsYQUenly2IKfKaVCQ4ToU+s8FL9OZFDJOUiCvTNMrPc9ErxL2+cqfDay1mcZorGZLUozDhWCS5bxhMmKFF8oQkQwXRWTGagO1L6L5q6BGfzydtkcNl17K7zaKM6OkGnqIMcdIVu0T3qoT4i6A19GhWjanyYyKyt6jKNdW/H6BfMxhcYo7Og</latexit><latexit sha1_base64="RPLbwjbK0A2W6uum+rWKItlgB58=">AAACTXichVFLS8NAGNzE1j6sGr16WSxCPVgSL3oRBC8ePFSwD2hC+LLdtIubB7sbaQn5k4IH/Ste3LQVtBUcWBhm9uObnQ1SzqSy7XfD3KlUd2v1RnOvtX9waB21BjLJBKF9kvBEjAKQlLOY9hVTnI5SQSEKOB0Gz3elP3yhQrIkflKLlHoRTGMWMgJKS76VuCkIxYD7uRtlBXZDASR3J5QrwG4EakaA5/ihKL7FzsbE/LxoXvw/Ni/wDbaxb7Xtrr0E3ibOmrTRGj3fenUnCckiGivCQcqxY6fKy8sIhNOi6WaSpkCeYUrHmsYQUenly2IKfKaVCQ4ToU+s8FL9OZFDJOUiCvTNMrPc9ErxL2+cqfDay1mcZorGZLUozDhWCS5bxhMmKFF8oQkQwXRWTGagO1L6L5q6BGfzydtkcNl17K7zaKM6OkGnqIMcdIVu0T3qoT4i6A19GhWjanyYyKyt6jKNdW/H6BfMxhcYo7Og</latexit><latexit sha1_base64="384m1FYZRujTYOhYdxbwrzdqYBE="></latexit><latexit sha1_base64="a+NYhApk+GnaU9bbDY8gQbxmlzw="></latexit><latexit sha1_base64="a+NYhApk+GnaU9bbDY8gQbxmlzw="></latexit><latexit sha1_base64="a+NYhApk+GnaU9bbDY8gQbxmlzw="></latexit><latexit sha1_base64="a+NYhApk+GnaU9bbDY8gQbxmlzw="></latexit><latexit sha1_base64="a+NYhApk+GnaU9bbDY8gQbxmlzw="></latexit><latexit sha1_base64="a+NYhApk+GnaU9bbDY8gQbxmlzw="></latexit>

�
<latexit sha1_base64="/JI5iynvNWOEKZjLq6ujHWhdsHw=">AAAB7nicbVDLSsNAFL2pr1pfVZduBovgqiQi1GXRjcsK9gFtKJPJpB06mYSZG6GEfoQbF4q49Xvc+TdO2yy09cDA4ZxzmXtPkEph0HW/ndLG5tb2Tnm3srd/cHhUPT7pmCTTjLdZIhPdC6jhUijeRoGS91LNaRxI3g0md3O/+8S1EYl6xGnK/ZiOlIgEo2il7kDaaEiH1Zpbdxcg68QrSA0KtIbVr0GYsCzmCpmkxvQ9N0U/pxoFk3xWGWSGp5RN6Ij3LVU05sbPF+vOyIVVQhIl2j6FZKH+nshpbMw0Dmwypjg2q95c/M/rZxjd+LlQaYZcseVHUSYJJmR+OwmF5gzl1BLKtLC7EjammjK0DVVsCd7qyeukc1X33Lr3cF1r3hZ1lOEMzuESPGhAE+6hBW1gMIFneIU3J3VenHfnYxktOcXMKfyB8/kDPMWPfQ==</latexit><latexit sha1_base64="/JI5iynvNWOEKZjLq6ujHWhdsHw=">AAAB7nicbVDLSsNAFL2pr1pfVZduBovgqiQi1GXRjcsK9gFtKJPJpB06mYSZG6GEfoQbF4q49Xvc+TdO2yy09cDA4ZxzmXtPkEph0HW/ndLG5tb2Tnm3srd/cHhUPT7pmCTTjLdZIhPdC6jhUijeRoGS91LNaRxI3g0md3O/+8S1EYl6xGnK/ZiOlIgEo2il7kDaaEiH1Zpbdxcg68QrSA0KtIbVr0GYsCzmCpmkxvQ9N0U/pxoFk3xWGWSGp5RN6Ij3LVU05sbPF+vOyIVVQhIl2j6FZKH+nshpbMw0Dmwypjg2q95c/M/rZxjd+LlQaYZcseVHUSYJJmR+OwmF5gzl1BLKtLC7EjammjK0DVVsCd7qyeukc1X33Lr3cF1r3hZ1lOEMzuESPGhAE+6hBW1gMIFneIU3J3VenHfnYxktOcXMKfyB8/kDPMWPfQ==</latexit><latexit sha1_base64="/JI5iynvNWOEKZjLq6ujHWhdsHw=">AAAB7nicbVDLSsNAFL2pr1pfVZduBovgqiQi1GXRjcsK9gFtKJPJpB06mYSZG6GEfoQbF4q49Xvc+TdO2yy09cDA4ZxzmXtPkEph0HW/ndLG5tb2Tnm3srd/cHhUPT7pmCTTjLdZIhPdC6jhUijeRoGS91LNaRxI3g0md3O/+8S1EYl6xGnK/ZiOlIgEo2il7kDaaEiH1Zpbdxcg68QrSA0KtIbVr0GYsCzmCpmkxvQ9N0U/pxoFk3xWGWSGp5RN6Ij3LVU05sbPF+vOyIVVQhIl2j6FZKH+nshpbMw0Dmwypjg2q95c/M/rZxjd+LlQaYZcseVHUSYJJmR+OwmF5gzl1BLKtLC7EjammjK0DVVsCd7qyeukc1X33Lr3cF1r3hZ1lOEMzuESPGhAE+6hBW1gMIFneIU3J3VenHfnYxktOcXMKfyB8/kDPMWPfQ==</latexit><latexit sha1_base64="/JI5iynvNWOEKZjLq6ujHWhdsHw=">AAAB7nicbVDLSsNAFL2pr1pfVZduBovgqiQi1GXRjcsK9gFtKJPJpB06mYSZG6GEfoQbF4q49Xvc+TdO2yy09cDA4ZxzmXtPkEph0HW/ndLG5tb2Tnm3srd/cHhUPT7pmCTTjLdZIhPdC6jhUijeRoGS91LNaRxI3g0md3O/+8S1EYl6xGnK/ZiOlIgEo2il7kDaaEiH1Zpbdxcg68QrSA0KtIbVr0GYsCzmCpmkxvQ9N0U/pxoFk3xWGWSGp5RN6Ij3LVU05sbPF+vOyIVVQhIl2j6FZKH+nshpbMw0Dmwypjg2q95c/M/rZxjd+LlQaYZcseVHUSYJJmR+OwmF5gzl1BLKtLC7EjammjK0DVVsCd7qyeukc1X33Lr3cF1r3hZ1lOEMzuESPGhAE+6hBW1gMIFneIU3J3VenHfnYxktOcXMKfyB8/kDPMWPfQ==</latexit>

m
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๏ Point Mechanics vs. Classical Field Theory

Point Mechanics vs. Classical Field Theory

[Credit: U.-J. Wiese https://inspirehep.net/literature/946884]

https://inspirehep.net/literature/946884
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๏ Time-dependent Schrödinger Eq. 

๏ Time evolution operator 

   —  time independent Hamilton operator

๏ Transition amplitude of a non-relativistic point particle — a propagator: 

๏ Contains information about the energy spectrum of the theory.

Path Integral in Quantum Mechanics: real time (I)

i~@t | (t)i = H | (t)i
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i
~H(t0�t); | (t0)i = U(t0, t) | (t)i
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๏ Propagator from x to x’ 

๏ Divide time interval into N elementary steps of size 

๏ Repeat previous procedure at all intermediate times 

๏ Take factor                            ; assume single non-relativistic point particle

๏ Insert complete set of states + BCH formula: 

x
<latexit sha1_base64="f2yzimwbR/Dgjzp6tZ360fHRqNI=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cW7Ae0oWy2k3btZhN2N2IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3H1FpHst7M0nQj+hQ8pAzaqzUeOqXK27VnYOsEi8nFchR75e/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasJrP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSuqh6btVrXFZqN3kcRTiBUzgHD66gBndQhyYwQHiGV3hzHpwX5935WLQWnHzmGP7A+fwB5jmM/A==</latexit><latexit sha1_base64="f2yzimwbR/Dgjzp6tZ360fHRqNI=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cW7Ae0oWy2k3btZhN2N2IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3H1FpHst7M0nQj+hQ8pAzaqzUeOqXK27VnYOsEi8nFchR75e/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasJrP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSuqh6btVrXFZqN3kcRTiBUzgHD66gBndQhyYwQHiGV3hzHpwX5935WLQWnHzmGP7A+fwB5jmM/A==</latexit><latexit sha1_base64="f2yzimwbR/Dgjzp6tZ360fHRqNI=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cW7Ae0oWy2k3btZhN2N2IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3H1FpHst7M0nQj+hQ8pAzaqzUeOqXK27VnYOsEi8nFchR75e/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasJrP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSuqh6btVrXFZqN3kcRTiBUzgHD66gBndQhyYwQHiGV3hzHpwX5935WLQWnHzmGP7A+fwB5jmM/A==</latexit><latexit sha1_base64="f2yzimwbR/Dgjzp6tZ360fHRqNI=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cW7Ae0oWy2k3btZhN2N2IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3H1FpHst7M0nQj+hQ8pAzaqzUeOqXK27VnYOsEi8nFchR75e/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasJrP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSuqh6btVrXFZqN3kcRTiBUzgHD66gBndQhyYwQHiGV3hzHpwX5935WLQWnHzmGP7A+fwB5jmM/A==</latexit>

x0
<latexit sha1_base64="/J7wdTLRRdTvqpShvWZ6V9mt6r4=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbRU0lE0GPRi8cq9gPaUDbbSbt0swm7G7GE/gMvHhTx6j/y5r9x2+agrQ8GHu/NMDMvSATXxnW/ncLK6tr6RnGztLW9s7tX3j9o6jhVDBssFrFqB1Sj4BIbhhuB7UQhjQKBrWB0M/Vbj6g0j+WDGSfoR3QgecgZNVa6fzrtlStu1Z2BLBMvJxXIUe+Vv7r9mKURSsME1brjuYnxM6oMZwInpW6qMaFsRAfYsVTSCLWfzS6dkBOr9EkYK1vSkJn6eyKjkdbjKLCdETVDvehNxf+8TmrCKz/jMkkNSjZfFKaCmJhM3yZ9rpAZMbaEMsXtrYQNqaLM2HBKNgRv8eVl0jyvem7Vu7uo1K7zOIpwBMdwBh5cQg1uoQ4NYBDCM7zCmzNyXpx352PeWnDymUP4A+fzB0bAjS0=</latexit><latexit sha1_base64="/J7wdTLRRdTvqpShvWZ6V9mt6r4=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbRU0lE0GPRi8cq9gPaUDbbSbt0swm7G7GE/gMvHhTx6j/y5r9x2+agrQ8GHu/NMDMvSATXxnW/ncLK6tr6RnGztLW9s7tX3j9o6jhVDBssFrFqB1Sj4BIbhhuB7UQhjQKBrWB0M/Vbj6g0j+WDGSfoR3QgecgZNVa6fzrtlStu1Z2BLBMvJxXIUe+Vv7r9mKURSsME1brjuYnxM6oMZwInpW6qMaFsRAfYsVTSCLWfzS6dkBOr9EkYK1vSkJn6eyKjkdbjKLCdETVDvehNxf+8TmrCKz/jMkkNSjZfFKaCmJhM3yZ9rpAZMbaEMsXtrYQNqaLM2HBKNgRv8eVl0jyvem7Vu7uo1K7zOIpwBMdwBh5cQg1uoQ4NYBDCM7zCmzNyXpx352PeWnDymUP4A+fzB0bAjS0=</latexit><latexit sha1_base64="/J7wdTLRRdTvqpShvWZ6V9mt6r4=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbRU0lE0GPRi8cq9gPaUDbbSbt0swm7G7GE/gMvHhTx6j/y5r9x2+agrQ8GHu/NMDMvSATXxnW/ncLK6tr6RnGztLW9s7tX3j9o6jhVDBssFrFqB1Sj4BIbhhuB7UQhjQKBrWB0M/Vbj6g0j+WDGSfoR3QgecgZNVa6fzrtlStu1Z2BLBMvJxXIUe+Vv7r9mKURSsME1brjuYnxM6oMZwInpW6qMaFsRAfYsVTSCLWfzS6dkBOr9EkYK1vSkJn6eyKjkdbjKLCdETVDvehNxf+8TmrCKz/jMkkNSjZfFKaCmJhM3yZ9rpAZMbaEMsXtrYQNqaLM2HBKNgRv8eVl0jyvem7Vu7uo1K7zOIpwBMdwBh5cQg1uoQ4NYBDCM7zCmzNyXpx352PeWnDymUP4A+fzB0bAjS0=</latexit><latexit sha1_base64="/J7wdTLRRdTvqpShvWZ6V9mt6r4=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbRU0lE0GPRi8cq9gPaUDbbSbt0swm7G7GE/gMvHhTx6j/y5r9x2+agrQ8GHu/NMDMvSATXxnW/ncLK6tr6RnGztLW9s7tX3j9o6jhVDBssFrFqB1Sj4BIbhhuB7UQhjQKBrWB0M/Vbj6g0j+WDGSfoR3QgecgZNVa6fzrtlStu1Z2BLBMvJxXIUe+Vv7r9mKURSsME1brjuYnxM6oMZwInpW6qMaFsRAfYsVTSCLWfzS6dkBOr9EkYK1vSkJn6eyKjkdbjKLCdETVDvehNxf+8TmrCKz/jMkkNSjZfFKaCmJhM3yZ9rpAZMbaEMsXtrYQNqaLM2HBKNgRv8eVl0jyvem7Vu7uo1K7zOIpwBMdwBh5cQg1uoQ4NYBDCM7zCmzNyXpx352PeWnDymUP4A+fzB0bAjS0=</latexit>

t0
<latexit sha1_base64="Rt4qVo3vX7Y0Mcr3E5hIWUikGSk=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbRU0mkoMeiF49V7Ae0oWy2m3bpZhN2J0IJ/QdePCji1X/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6xEnC/YgOlQgFo2ilBzzvlytu1Z2DrBIvJxXI0eiXv3qDmKURV8gkNabruQn6GdUomOTTUi81PKFsTIe8a6miETd+Nr90Ss6sMiBhrG0pJHP190RGI2MmUWA7I4ojs+zNxP+8borhtZ8JlaTIFVssClNJMCazt8lAaM5QTiyhTAt7K2EjqilDG07JhuAtv7xKWpdVz61697VK/SaPowgncAoX4MEV1OEOGtAEBiE8wyu8OWPnxXl3PhatBSefOYY/cD5/AECsjSk=</latexit><latexit sha1_base64="Rt4qVo3vX7Y0Mcr3E5hIWUikGSk=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbRU0mkoMeiF49V7Ae0oWy2m3bpZhN2J0IJ/QdePCji1X/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6xEnC/YgOlQgFo2ilBzzvlytu1Z2DrBIvJxXI0eiXv3qDmKURV8gkNabruQn6GdUomOTTUi81PKFsTIe8a6miETd+Nr90Ss6sMiBhrG0pJHP190RGI2MmUWA7I4ojs+zNxP+8borhtZ8JlaTIFVssClNJMCazt8lAaM5QTiyhTAt7K2EjqilDG07JhuAtv7xKWpdVz61697VK/SaPowgncAoX4MEV1OEOGtAEBiE8wyu8OWPnxXl3PhatBSefOYY/cD5/AECsjSk=</latexit><latexit sha1_base64="Rt4qVo3vX7Y0Mcr3E5hIWUikGSk=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbRU0mkoMeiF49V7Ae0oWy2m3bpZhN2J0IJ/QdePCji1X/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6xEnC/YgOlQgFo2ilBzzvlytu1Z2DrBIvJxXI0eiXv3qDmKURV8gkNabruQn6GdUomOTTUi81PKFsTIe8a6miETd+Nr90Ss6sMiBhrG0pJHP190RGI2MmUWA7I4ojs+zNxP+8borhtZ8JlaTIFVssClNJMCazt8lAaM5QTiyhTAt7K2EjqilDG07JhuAtv7xKWpdVz61697VK/SaPowgncAoX4MEV1OEOGtAEBiE8wyu8OWPnxXl3PhatBSefOYY/cD5/AECsjSk=</latexit><latexit sha1_base64="Rt4qVo3vX7Y0Mcr3E5hIWUikGSk=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbRU0mkoMeiF49V7Ae0oWy2m3bpZhN2J0IJ/QdePCji1X/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6xEnC/YgOlQgFo2ilBzzvlytu1Z2DrBIvJxXI0eiXv3qDmKURV8gkNabruQn6GdUomOTTUi81PKFsTIe8a6miETd+Nr90Ss6sMiBhrG0pJHP190RGI2MmUWA7I4ojs+zNxP+8borhtZ8JlaTIFVssClNJMCazt8lAaM5QTiyhTAt7K2EjqilDG07JhuAtv7xKWpdVz61697VK/SaPowgncAoX4MEV1OEOGtAEBiE8wyu8OWPnxXl3PhatBSefOYY/cD5/AECsjSk=</latexit>

t
<latexit sha1_base64="fInOqGTCCrWkRGJFOZWK1l6FLBY=">AAAB6HicbVBNS8NAEJ34WetX1aOXYBE8lUQEPRa9eGzBfkAbymY7adduNmF3IpTSX+DFgyJe/Une/Ddu2xy09cHA470ZZuaFqRSGPO/bWVvf2NzaLuwUd/f2Dw5LR8dNk2SaY4MnMtHtkBmUQmGDBElspxpZHEpshaO7md96Qm1Eoh5onGIQs4ESkeCMrFSnXqnsVbw53FXi56QMOWq90le3n/AsRkVcMmM6vpdSMGGaBJc4LXYzgynjIzbAjqWKxWiCyfzQqXtulb4bJdqWIneu/p6YsNiYcRzazpjR0Cx7M/E/r5NRdBNMhEozQsUXi6JMupS4s6/dvtDISY4tYVwLe6vLh0wzTjabog3BX355lTQvK75X8etX5eptHkcBTuEMLsCHa6jCPdSgARwQnuEV3pxH58V5dz4WrWtOPnMCf+B8/gDgKYz4</latexit><latexit sha1_base64="fInOqGTCCrWkRGJFOZWK1l6FLBY=">AAAB6HicbVBNS8NAEJ34WetX1aOXYBE8lUQEPRa9eGzBfkAbymY7adduNmF3IpTSX+DFgyJe/Une/Ddu2xy09cHA470ZZuaFqRSGPO/bWVvf2NzaLuwUd/f2Dw5LR8dNk2SaY4MnMtHtkBmUQmGDBElspxpZHEpshaO7md96Qm1Eoh5onGIQs4ESkeCMrFSnXqnsVbw53FXi56QMOWq90le3n/AsRkVcMmM6vpdSMGGaBJc4LXYzgynjIzbAjqWKxWiCyfzQqXtulb4bJdqWIneu/p6YsNiYcRzazpjR0Cx7M/E/r5NRdBNMhEozQsUXi6JMupS4s6/dvtDISY4tYVwLe6vLh0wzTjabog3BX355lTQvK75X8etX5eptHkcBTuEMLsCHa6jCPdSgARwQnuEV3pxH58V5dz4WrWtOPnMCf+B8/gDgKYz4</latexit><latexit sha1_base64="fInOqGTCCrWkRGJFOZWK1l6FLBY=">AAAB6HicbVBNS8NAEJ34WetX1aOXYBE8lUQEPRa9eGzBfkAbymY7adduNmF3IpTSX+DFgyJe/Une/Ddu2xy09cHA470ZZuaFqRSGPO/bWVvf2NzaLuwUd/f2Dw5LR8dNk2SaY4MnMtHtkBmUQmGDBElspxpZHEpshaO7md96Qm1Eoh5onGIQs4ESkeCMrFSnXqnsVbw53FXi56QMOWq90le3n/AsRkVcMmM6vpdSMGGaBJc4LXYzgynjIzbAjqWKxWiCyfzQqXtulb4bJdqWIneu/p6YsNiYcRzazpjR0Cx7M/E/r5NRdBNMhEozQsUXi6JMupS4s6/dvtDISY4tYVwLe6vLh0wzTjabog3BX355lTQvK75X8etX5eptHkcBTuEMLsCHa6jCPdSgARwQnuEV3pxH58V5dz4WrWtOPnMCf+B8/gDgKYz4</latexit><latexit sha1_base64="fInOqGTCCrWkRGJFOZWK1l6FLBY=">AAAB6HicbVBNS8NAEJ34WetX1aOXYBE8lUQEPRa9eGzBfkAbymY7adduNmF3IpTSX+DFgyJe/Une/Ddu2xy09cHA470ZZuaFqRSGPO/bWVvf2NzaLuwUd/f2Dw5LR8dNk2SaY4MnMtHtkBmUQmGDBElspxpZHEpshaO7md96Qm1Eoh5onGIQs4ESkeCMrFSnXqnsVbw53FXi56QMOWq90le3n/AsRkVcMmM6vpdSMGGaBJc4LXYzgynjIzbAjqWKxWiCyfzQqXtulb4bJdqWIneu/p6YsNiYcRzazpjR0Cx7M/E/r5NRdBNMhEozQsUXi6JMupS4s6/dvtDISY4tYVwLe6vLh0wzTjabog3BX355lTQvK75X8etX5eptHkcBTuEMLsCHa6jCPdSgARwQnuEV3pxH58V5dz4WrWtOPnMCf+B8/gDgKYz4</latexit>

Path Integral in Quantum Mechanics: real time (II)

hx0|U(t0, t)|xi =
Z

dx1 hx0|U(t0, t1)|x1i hx1|U(t1, t)|xi
<latexit sha1_base64="dN5+6M97QD0o/8xTkmCmNpEb9jY="></latexit><latexit sha1_base64="dN5+6M97QD0o/8xTkmCmNpEb9jY="></latexit><latexit sha1_base64="dN5+6M97QD0o/8xTkmCmNpEb9jY="></latexit><latexit sha1_base64="dN5+6M97QD0o/8xTkmCmNpEb9jY="></latexit>

[t0, t]; t0 � t = N ✏
<latexit sha1_base64="c+qxMjm1856/aJJJAohVIVoGifc=">AAACBXicbVBNS8NAEN3Ur1q/qh71ECxSD1oSERRFKHrxJBXsByShbLZbu3SzCbsToYR68OJf8eJBEa/+B2/+GzdtDtr6YODx3gwz8/yIMwWW9W3kZmbn5hfyi4Wl5ZXVteL6RkOFsSS0TkIeypaPFeVM0Dow4LQVSYoDn9Om379M/eY9lYqF4hYGEfUCfCdYlxEMWmoXtx0o74N39pACygdwfu2eujRSjKd2yapYI5jTxM5ICWWotYtfbickcUAFEI6VcmwrAi/BEhjhdFhwY0UjTPr4jjqaChxQ5SWjL4bmrlY6ZjeUugSYI/X3RIIDpQaBrzsDDD016aXif54TQ/fES5iIYqCCjBd1Y25CaKaRmB0mKQE+0AQTyfStJulhiQno4Ao6BHvy5WnSOKzYVsW+OSpVL7I48mgL7aA9ZKNjVEVXqIbqiKBH9Ixe0ZvxZLwY78bHuDVnZDOb6A+Mzx/FDpga</latexit><latexit sha1_base64="c+qxMjm1856/aJJJAohVIVoGifc=">AAACBXicbVBNS8NAEN3Ur1q/qh71ECxSD1oSERRFKHrxJBXsByShbLZbu3SzCbsToYR68OJf8eJBEa/+B2/+GzdtDtr6YODx3gwz8/yIMwWW9W3kZmbn5hfyi4Wl5ZXVteL6RkOFsSS0TkIeypaPFeVM0Dow4LQVSYoDn9Om379M/eY9lYqF4hYGEfUCfCdYlxEMWmoXtx0o74N39pACygdwfu2eujRSjKd2yapYI5jTxM5ICWWotYtfbickcUAFEI6VcmwrAi/BEhjhdFhwY0UjTPr4jjqaChxQ5SWjL4bmrlY6ZjeUugSYI/X3RIIDpQaBrzsDDD016aXif54TQ/fES5iIYqCCjBd1Y25CaKaRmB0mKQE+0AQTyfStJulhiQno4Ao6BHvy5WnSOKzYVsW+OSpVL7I48mgL7aA9ZKNjVEVXqIbqiKBH9Ixe0ZvxZLwY78bHuDVnZDOb6A+Mzx/FDpga</latexit><latexit sha1_base64="c+qxMjm1856/aJJJAohVIVoGifc=">AAACBXicbVBNS8NAEN3Ur1q/qh71ECxSD1oSERRFKHrxJBXsByShbLZbu3SzCbsToYR68OJf8eJBEa/+B2/+GzdtDtr6YODx3gwz8/yIMwWW9W3kZmbn5hfyi4Wl5ZXVteL6RkOFsSS0TkIeypaPFeVM0Dow4LQVSYoDn9Om379M/eY9lYqF4hYGEfUCfCdYlxEMWmoXtx0o74N39pACygdwfu2eujRSjKd2yapYI5jTxM5ICWWotYtfbickcUAFEI6VcmwrAi/BEhjhdFhwY0UjTPr4jjqaChxQ5SWjL4bmrlY6ZjeUugSYI/X3RIIDpQaBrzsDDD016aXif54TQ/fES5iIYqCCjBd1Y25CaKaRmB0mKQE+0AQTyfStJulhiQno4Ao6BHvy5WnSOKzYVsW+OSpVL7I48mgL7aA9ZKNjVEVXqIbqiKBH9Ixe0ZvxZLwY78bHuDVnZDOb6A+Mzx/FDpga</latexit><latexit sha1_base64="c+qxMjm1856/aJJJAohVIVoGifc=">AAACBXicbVBNS8NAEN3Ur1q/qh71ECxSD1oSERRFKHrxJBXsByShbLZbu3SzCbsToYR68OJf8eJBEa/+B2/+GzdtDtr6YODx3gwz8/yIMwWW9W3kZmbn5hfyi4Wl5ZXVteL6RkOFsSS0TkIeypaPFeVM0Dow4LQVSYoDn9Om379M/eY9lYqF4hYGEfUCfCdYlxEMWmoXtx0o74N39pACygdwfu2eujRSjKd2yapYI5jTxM5ICWWotYtfbickcUAFEI6VcmwrAi/BEhjhdFhwY0UjTPr4jjqaChxQ5SWjL4bmrlY6ZjeUugSYI/X3RIIDpQaBrzsDDD016aXif54TQ/fES5iIYqCCjBd1Y25CaKaRmB0mKQE+0AQTyfStJulhiQno4Ao6BHvy5WnSOKzYVsW+OSpVL7I48mgL7aA9ZKNjVEVXqIbqiKBH9Ixe0ZvxZLwY78bHuDVnZDOb6A+Mzx/FDpga</latexit>

hx0|U(t0, t)|xi =
Z

dx1

Z
dx2 . . .

Z
dxN�1 hx0|U(t0, tN�1)|xN�1i ⇥ . . . ⇥ hx2|U(t2, t1)|x1i ⇥ hx1|U(t1, t)|xi

<latexit sha1_base64="flc3nKkE0J9b+sOXBsOaGjRlLUE="></latexit><latexit sha1_base64="flc3nKkE0J9b+sOXBsOaGjRlLUE="></latexit><latexit sha1_base64="flc3nKkE0J9b+sOXBsOaGjRlLUE="></latexit><latexit sha1_base64="flc3nKkE0J9b+sOXBsOaGjRlLUE="></latexit>

hxi+1|U(ti+1, ti)|xii
<latexit sha1_base64="a+y3r0NYsY1cUdbd920Eg7S0dbo=">AAACGHicbVDLSgMxFM3UV62vqks3wSJUlDojgi6LblxWcNpCpwyZNG1DM5khuSMt036GG3/FjQtF3Hbn35g+Ftp6IHA451xu7gliwTXY9reVWVldW9/Ibua2tnd29/L7B1UdJYoyl0YiUvWAaCa4ZC5wEKweK0bCQLBa0Lub+LUnpjSP5CMMYtYMSUfyNqcEjOTnL7AniOwIhvt+ys+cER5itwgzfg4+P8XDvs+xp2YpP1+wS/YUeJk4c1JAc1T8/NhrRTQJmQQqiNYNx46hmRIFnAo2ynmJZjGhPdJhDUMlCZluptPDRvjEKC3cjpR5EvBU/T2RklDrQRiYZEigqxe9ifif10igfdNMuYwTYJLOFrUTgSHCk5ZwiytGQQwMIVRx81dMu0QRCqbLnCnBWTx5mVQvS45dch6uCuXbeR1ZdISOURE56BqV0T2qIBdR9Ixe0Tv6sF6sN+vT+ppFM9Z85hD9gTX+AejRnm8=</latexit><latexit sha1_base64="a+y3r0NYsY1cUdbd920Eg7S0dbo=">AAACGHicbVDLSgMxFM3UV62vqks3wSJUlDojgi6LblxWcNpCpwyZNG1DM5khuSMt036GG3/FjQtF3Hbn35g+Ftp6IHA451xu7gliwTXY9reVWVldW9/Ibua2tnd29/L7B1UdJYoyl0YiUvWAaCa4ZC5wEKweK0bCQLBa0Lub+LUnpjSP5CMMYtYMSUfyNqcEjOTnL7AniOwIhvt+ys+cER5itwgzfg4+P8XDvs+xp2YpP1+wS/YUeJk4c1JAc1T8/NhrRTQJmQQqiNYNx46hmRIFnAo2ynmJZjGhPdJhDUMlCZluptPDRvjEKC3cjpR5EvBU/T2RklDrQRiYZEigqxe9ifif10igfdNMuYwTYJLOFrUTgSHCk5ZwiytGQQwMIVRx81dMu0QRCqbLnCnBWTx5mVQvS45dch6uCuXbeR1ZdISOURE56BqV0T2qIBdR9Ixe0Tv6sF6sN+vT+ppFM9Z85hD9gTX+AejRnm8=</latexit><latexit sha1_base64="a+y3r0NYsY1cUdbd920Eg7S0dbo=">AAACGHicbVDLSgMxFM3UV62vqks3wSJUlDojgi6LblxWcNpCpwyZNG1DM5khuSMt036GG3/FjQtF3Hbn35g+Ftp6IHA451xu7gliwTXY9reVWVldW9/Ibua2tnd29/L7B1UdJYoyl0YiUvWAaCa4ZC5wEKweK0bCQLBa0Lub+LUnpjSP5CMMYtYMSUfyNqcEjOTnL7AniOwIhvt+ys+cER5itwgzfg4+P8XDvs+xp2YpP1+wS/YUeJk4c1JAc1T8/NhrRTQJmQQqiNYNx46hmRIFnAo2ynmJZjGhPdJhDUMlCZluptPDRvjEKC3cjpR5EvBU/T2RklDrQRiYZEigqxe9ifif10igfdNMuYwTYJLOFrUTgSHCk5ZwiytGQQwMIVRx81dMu0QRCqbLnCnBWTx5mVQvS45dch6uCuXbeR1ZdISOURE56BqV0T2qIBdR9Ixe0Tv6sF6sN+vT+ppFM9Z85hD9gTX+AejRnm8=</latexit><latexit sha1_base64="a+y3r0NYsY1cUdbd920Eg7S0dbo=">AAACGHicbVDLSgMxFM3UV62vqks3wSJUlDojgi6LblxWcNpCpwyZNG1DM5khuSMt036GG3/FjQtF3Hbn35g+Ftp6IHA451xu7gliwTXY9reVWVldW9/Ibua2tnd29/L7B1UdJYoyl0YiUvWAaCa4ZC5wEKweK0bCQLBa0Lub+LUnpjSP5CMMYtYMSUfyNqcEjOTnL7AniOwIhvt+ys+cER5itwgzfg4+P8XDvs+xp2YpP1+wS/YUeJk4c1JAc1T8/NhrRTQJmQQqiNYNx46hmRIFnAo2ynmJZjGhPdJhDUMlCZluptPDRvjEKC3cjpR5EvBU/T2RklDrQRiYZEigqxe9ifif10igfdNMuYwTYJLOFrUTgSHCk5ZwiytGQQwMIVRx81dMu0QRCqbLnCnBWTx5mVQvS45dch6uCuXbeR1ZdISOURE56BqV0T2qIBdR9Ixe0Tv6sF6sN+vT+ppFM9Z85hD9gTX+AejRnm8=</latexit>

H =
p
2

2m
+ V (x)

<latexit sha1_base64="W+AlULncbDMU7ctDsRnmMqxIkrc=">AAACAnicbVDLSgMxFM3UV62vUVfiJliEilBmiqAboeimywr2Ae1YMmmmDU0yQ5IRyzC48VfcuFDErV/hzr8xbWehrQcuHM65l3vv8SNGlXacbyu3tLyyupZfL2xsbm3v2Lt7TRXGEpMGDlko2z5ShFFBGppqRtqRJIj7jLT80fXEb90TqWgobvU4Ih5HA0EDipE2Us8+qF12A4lwEt1V0qTCU3gKm6WHEwh7dtEpO1PAReJmpAgy1Hv2V7cf4pgToTFDSnVcJ9JegqSmmJG00I0ViRAeoQHpGCoQJ8pLpi+k8NgofRiE0pTQcKr+nkgQV2rMfdPJkR6qeW8i/ud1Yh1ceAkVUayJwLNFQcygDuEkD9inkmDNxoYgLKm5FeIhMolok1rBhODOv7xImpWy65Tdm7Ni9SqLIw8OwREoARecgyqogTpoAAwewTN4BW/Wk/VivVsfs9aclc3sgz+wPn8Aaw6Vew==</latexit><latexit sha1_base64="W+AlULncbDMU7ctDsRnmMqxIkrc=">AAACAnicbVDLSgMxFM3UV62vUVfiJliEilBmiqAboeimywr2Ae1YMmmmDU0yQ5IRyzC48VfcuFDErV/hzr8xbWehrQcuHM65l3vv8SNGlXacbyu3tLyyupZfL2xsbm3v2Lt7TRXGEpMGDlko2z5ShFFBGppqRtqRJIj7jLT80fXEb90TqWgobvU4Ih5HA0EDipE2Us8+qF12A4lwEt1V0qTCU3gKm6WHEwh7dtEpO1PAReJmpAgy1Hv2V7cf4pgToTFDSnVcJ9JegqSmmJG00I0ViRAeoQHpGCoQJ8pLpi+k8NgofRiE0pTQcKr+nkgQV2rMfdPJkR6qeW8i/ud1Yh1ceAkVUayJwLNFQcygDuEkD9inkmDNxoYgLKm5FeIhMolok1rBhODOv7xImpWy65Tdm7Ni9SqLIw8OwREoARecgyqogTpoAAwewTN4BW/Wk/VivVsfs9aclc3sgz+wPn8Aaw6Vew==</latexit><latexit sha1_base64="W+AlULncbDMU7ctDsRnmMqxIkrc=">AAACAnicbVDLSgMxFM3UV62vUVfiJliEilBmiqAboeimywr2Ae1YMmmmDU0yQ5IRyzC48VfcuFDErV/hzr8xbWehrQcuHM65l3vv8SNGlXacbyu3tLyyupZfL2xsbm3v2Lt7TRXGEpMGDlko2z5ShFFBGppqRtqRJIj7jLT80fXEb90TqWgobvU4Ih5HA0EDipE2Us8+qF12A4lwEt1V0qTCU3gKm6WHEwh7dtEpO1PAReJmpAgy1Hv2V7cf4pgToTFDSnVcJ9JegqSmmJG00I0ViRAeoQHpGCoQJ8pLpi+k8NgofRiE0pTQcKr+nkgQV2rMfdPJkR6qeW8i/ud1Yh1ceAkVUayJwLNFQcygDuEkD9inkmDNxoYgLKm5FeIhMolok1rBhODOv7xImpWy65Tdm7Ni9SqLIw8OwREoARecgyqogTpoAAwewTN4BW/Wk/VivVsfs9aclc3sgz+wPn8Aaw6Vew==</latexit><latexit sha1_base64="W+AlULncbDMU7ctDsRnmMqxIkrc=">AAACAnicbVDLSgMxFM3UV62vUVfiJliEilBmiqAboeimywr2Ae1YMmmmDU0yQ5IRyzC48VfcuFDErV/hzr8xbWehrQcuHM65l3vv8SNGlXacbyu3tLyyupZfL2xsbm3v2Lt7TRXGEpMGDlko2z5ShFFBGppqRtqRJIj7jLT80fXEb90TqWgobvU4Ih5HA0EDipE2Us8+qF12A4lwEt1V0qTCU3gKm6WHEwh7dtEpO1PAReJmpAgy1Hv2V7cf4pgToTFDSnVcJ9JegqSmmJG00I0ViRAeoQHpGCoQJ8pLpi+k8NgofRiE0pTQcKr+nkgQV2rMfdPJkR6qeW8i/ud1Yh1ceAkVUayJwLNFQcygDuEkD9inkmDNxoYgLKm5FeIhMolok1rBhODOv7xImpWy65Tdm7Ni9SqLIw8OwREoARecgyqogTpoAAwewTN4BW/Wk/VivVsfs9aclc3sgz+wPn8Aaw6Vew==</latexit>

hxi+1|U(ti+1, ti)|xii =
1

2⇡

Z
dp e�

i✏p2

2m~ e�
i
~p(xi+1�xi) e�
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~ V (xi)

<latexit sha1_base64="M1/GXxsZCPMyLuyy9LNNDNwsOm0="></latexit><latexit sha1_base64="M1/GXxsZCPMyLuyy9LNNDNwsOm0="></latexit><latexit sha1_base64="M1/GXxsZCPMyLuyy9LNNDNwsOm0="></latexit><latexit sha1_base64="M1/GXxsZCPMyLuyy9LNNDNwsOm0="></latexit>
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๏            ill-defined: integrand rapidly oscillating f-on 

๏ For it to be well-defined: 

1. replace: 

2. evaluate 

3. take                limit, one gets: 

๏ Insert into original propagator: 

Path Integral in Quantum Mechanics: real time (III)

✏ �! ✏� i a; a 2 R
<latexit sha1_base64="Ok7Dx+QjQrSkamFq4KISzihQ5GE=">AAACKHicbVDLSgMxFM34rPU16tJNsAhuLDMiKLqw6MZlFfuATil30rQNzSRDklHKUP/Gjb/iRkSRbv0S0weirQcSDufcy733hDFn2njewJmbX1hcWs6sZFfX1jc23a3tspaJIrREJJeqGoKmnAlaMsxwWo0VhSjktBJ2r4Z+5Z4qzaS4M72Y1iNoC9ZiBIyVGu5FQGPNuBQ4sF9bsXbHgFLyAf8Yh5gFZ3CO8aMF4IDZ2ghMJwzT237DzXl5bwQ8S/wJyaEJig33LWhKkkRUGMJB65rvxaaegjKMcNrPBommMZAutGnNUgER1fV0dGgf71uliVtS2ScMHqm/O1KItO5Foa0cbqinvaH4n1dLTOu0njIRJ4YKMh7USjg2Eg9Tw02mKDG8ZwkQxeyumHRAATE226wNwZ8+eZaUj/K+l/dvjnOFy0kcGbSL9tAB8tEJKqBrVEQlRNATekHv6MN5dl6dT2cwLp1zJj076A+cr28NZqaK</latexit><latexit sha1_base64="Ok7Dx+QjQrSkamFq4KISzihQ5GE=">AAACKHicbVDLSgMxFM34rPU16tJNsAhuLDMiKLqw6MZlFfuATil30rQNzSRDklHKUP/Gjb/iRkSRbv0S0weirQcSDufcy733hDFn2njewJmbX1hcWs6sZFfX1jc23a3tspaJIrREJJeqGoKmnAlaMsxwWo0VhSjktBJ2r4Z+5Z4qzaS4M72Y1iNoC9ZiBIyVGu5FQGPNuBQ4sF9bsXbHgFLyAf8Yh5gFZ3CO8aMF4IDZ2ghMJwzT237DzXl5bwQ8S/wJyaEJig33LWhKkkRUGMJB65rvxaaegjKMcNrPBommMZAutGnNUgER1fV0dGgf71uliVtS2ScMHqm/O1KItO5Foa0cbqinvaH4n1dLTOu0njIRJ4YKMh7USjg2Eg9Tw02mKDG8ZwkQxeyumHRAATE226wNwZ8+eZaUj/K+l/dvjnOFy0kcGbSL9tAB8tEJKqBrVEQlRNATekHv6MN5dl6dT2cwLp1zJj076A+cr28NZqaK</latexit><latexit sha1_base64="Ok7Dx+QjQrSkamFq4KISzihQ5GE=">AAACKHicbVDLSgMxFM34rPU16tJNsAhuLDMiKLqw6MZlFfuATil30rQNzSRDklHKUP/Gjb/iRkSRbv0S0weirQcSDufcy733hDFn2njewJmbX1hcWs6sZFfX1jc23a3tspaJIrREJJeqGoKmnAlaMsxwWo0VhSjktBJ2r4Z+5Z4qzaS4M72Y1iNoC9ZiBIyVGu5FQGPNuBQ4sF9bsXbHgFLyAf8Yh5gFZ3CO8aMF4IDZ2ghMJwzT237DzXl5bwQ8S/wJyaEJig33LWhKkkRUGMJB65rvxaaegjKMcNrPBommMZAutGnNUgER1fV0dGgf71uliVtS2ScMHqm/O1KItO5Foa0cbqinvaH4n1dLTOu0njIRJ4YKMh7USjg2Eg9Tw02mKDG8ZwkQxeyumHRAATE226wNwZ8+eZaUj/K+l/dvjnOFy0kcGbSL9tAB8tEJKqBrVEQlRNATekHv6MN5dl6dT2cwLp1zJj076A+cr28NZqaK</latexit><latexit sha1_base64="Ok7Dx+QjQrSkamFq4KISzihQ5GE=">AAACKHicbVDLSgMxFM34rPU16tJNsAhuLDMiKLqw6MZlFfuATil30rQNzSRDklHKUP/Gjb/iRkSRbv0S0weirQcSDufcy733hDFn2njewJmbX1hcWs6sZFfX1jc23a3tspaJIrREJJeqGoKmnAlaMsxwWo0VhSjktBJ2r4Z+5Z4qzaS4M72Y1iNoC9ZiBIyVGu5FQGPNuBQ4sF9bsXbHgFLyAf8Yh5gFZ3CO8aMF4IDZ2ghMJwzT237DzXl5bwQ8S/wJyaEJig33LWhKkkRUGMJB65rvxaaegjKMcNrPBommMZAutGnNUgER1fV0dGgf71uliVtS2ScMHqm/O1KItO5Foa0cbqinvaH4n1dLTOu0njIRJ4YKMh7USjg2Eg9Tw02mKDG8ZwkQxeyumHRAATE226wNwZ8+eZaUj/K+l/dvjnOFy0kcGbSL9tAB8tEJKqBrVEQlRNATekHv6MN5dl6dT2cwLp1zJj076A+cr28NZqaK</latexit>

hxi+1|U(ti+1, ti)|xii =
1

2⇡

Z
dp e�
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2m~ e�
i
~p(xi+1�xi) e�
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~ V (xi)

<latexit sha1_base64="M1/GXxsZCPMyLuyy9LNNDNwsOm0="></latexit><latexit sha1_base64="M1/GXxsZCPMyLuyy9LNNDNwsOm0="></latexit><latexit sha1_base64="M1/GXxsZCPMyLuyy9LNNDNwsOm0="></latexit><latexit sha1_base64="M1/GXxsZCPMyLuyy9LNNDNwsOm0="></latexit>

hxi+1|U(ti+1, ti)|xii =
r

m

2⇡i~✏ e
i
~ ✏
⇥

m
2

�
xi+1�xi

✏
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�V (xi)

⇤

<latexit sha1_base64="S/hlUsp5VWOlCdWmrOwM63rISzk="></latexit><latexit sha1_base64="S/hlUsp5VWOlCdWmrOwM63rISzk="></latexit><latexit sha1_base64="S/hlUsp5VWOlCdWmrOwM63rISzk="></latexit><latexit sha1_base64="S/hlUsp5VWOlCdWmrOwM63rISzk="></latexit>

a ! 0
<latexit sha1_base64="ngRuy+xS5QegNmPRir+O6toluaA=">AAAB+HicbVBNS8NAEJ3Ur1o/GvXoZbEInkoigh6LXjxWsB/QhjLZbtqlm03Y3Si19Jd48aCIV3+KN/+N2zYHbX0w8Hhvhpl5YSq4Np737RTW1jc2t4rbpZ3dvf2ye3DY1EmmKGvQRCSqHaJmgkvWMNwI1k4VwzgUrBWObmZ+64EpzRN5b8YpC2IcSB5xisZKPbeMpKv4YGhQqeSReD234lW9Ocgq8XNSgRz1nvvV7Sc0i5k0VKDWHd9LTTBBZTgVbFrqZpqlSEc4YB1LJcZMB5P54VNyapU+iRJlSxoyV39PTDDWehyHtjNGM9TL3kz8z+tkJroKJlymmWGSLhZFmSAmIbMUSJ8rRo0YW4JUcXsroUNUSI3NqmRD8JdfXiXN86rvVf27i0rtOo+jCMdwAmfgwyXU4Bbq0AAKGTzDK7w5T86L8+58LFoLTj5zBH/gfP4AG6WStw==</latexit><latexit sha1_base64="ngRuy+xS5QegNmPRir+O6toluaA=">AAAB+HicbVBNS8NAEJ3Ur1o/GvXoZbEInkoigh6LXjxWsB/QhjLZbtqlm03Y3Si19Jd48aCIV3+KN/+N2zYHbX0w8Hhvhpl5YSq4Np737RTW1jc2t4rbpZ3dvf2ye3DY1EmmKGvQRCSqHaJmgkvWMNwI1k4VwzgUrBWObmZ+64EpzRN5b8YpC2IcSB5xisZKPbeMpKv4YGhQqeSReD234lW9Ocgq8XNSgRz1nvvV7Sc0i5k0VKDWHd9LTTBBZTgVbFrqZpqlSEc4YB1LJcZMB5P54VNyapU+iRJlSxoyV39PTDDWehyHtjNGM9TL3kz8z+tkJroKJlymmWGSLhZFmSAmIbMUSJ8rRo0YW4JUcXsroUNUSI3NqmRD8JdfXiXN86rvVf27i0rtOo+jCMdwAmfgwyXU4Bbq0AAKGTzDK7w5T86L8+58LFoLTj5zBH/gfP4AG6WStw==</latexit><latexit sha1_base64="ngRuy+xS5QegNmPRir+O6toluaA=">AAAB+HicbVBNS8NAEJ3Ur1o/GvXoZbEInkoigh6LXjxWsB/QhjLZbtqlm03Y3Si19Jd48aCIV3+KN/+N2zYHbX0w8Hhvhpl5YSq4Np737RTW1jc2t4rbpZ3dvf2ye3DY1EmmKGvQRCSqHaJmgkvWMNwI1k4VwzgUrBWObmZ+64EpzRN5b8YpC2IcSB5xisZKPbeMpKv4YGhQqeSReD234lW9Ocgq8XNSgRz1nvvV7Sc0i5k0VKDWHd9LTTBBZTgVbFrqZpqlSEc4YB1LJcZMB5P54VNyapU+iRJlSxoyV39PTDDWehyHtjNGM9TL3kz8z+tkJroKJlymmWGSLhZFmSAmIbMUSJ8rRo0YW4JUcXsroUNUSI3NqmRD8JdfXiXN86rvVf27i0rtOo+jCMdwAmfgwyXU4Bbq0AAKGTzDK7w5T86L8+58LFoLTj5zBH/gfP4AG6WStw==</latexit><latexit sha1_base64="hP+6LrUf2d3tZaldqaQQvEKMXyw=">AAAB2XicbZDNSgMxFIXv1L86Vq1rN8EiuCozbnQpuHFZwbZCO5RM5k4bmskMyR2hDH0BF25EfC93vo3pz0JbDwQ+zknIvSculLQUBN9ebWd3b/+gfugfNfzjk9Nmo2fz0gjsilzl5jnmFpXU2CVJCp8LgzyLFfbj6f0i77+gsTLXTzQrMMr4WMtUCk7O6oyaraAdLMW2IVxDC9YaNb+GSS7KDDUJxa0dhEFBUcUNSaFw7g9LiwUXUz7GgUPNM7RRtRxzzi6dk7A0N+5oYkv394uKZ9bOstjdzDhN7Ga2MP/LBiWlt1EldVESarH6KC0Vo5wtdmaJNChIzRxwYaSblYkJN1yQa8Z3HYSbG29D77odBu3wMYA6nMMFXEEIN3AHD9CBLghI4BXevYn35n2suqp569LO4I+8zx84xIo4</latexit><latexit sha1_base64="vrBW6/f8YyXvZdfTo6+/ebnXh/E=">AAAB7XicbZBLSwMxFIXv1Fet1Y5u3QSL4KrMuNGl4MZlBfuAdih30kwbmkmGJKPUob/EjQtF/Dvu/Demj4W2Hgh8nJNwb06cCW5sEHx7pa3tnd298n7loHp4VPOPq22jck1ZiyqhdDdGwwSXrGW5FaybaYZpLFgnntzO884j04Yr+WCnGYtSHEmecIrWWQO/hqSv+WhsUWv1RIKBXw8awUJkE8IV1GGl5sD/6g8VzVMmLRVoTC8MMhsVqC2ngs0q/dywDOkER6znUGLKTFQsFp+Rc+cMSaK0O9KShfv7RYGpMdM0djdTtGOzns3N/7JebpPrqOAyyy2TdDkoyQWxisxbIEOuGbVi6gCp5m5XQseokVrXVcWVEK5/eRPal40waIT3AZThFM7gAkK4ghu4gya0gEIOL/AG796z9+p9LOsqeaveTuCPvM8fyseRVA==</latexit><latexit sha1_base64="vrBW6/f8YyXvZdfTo6+/ebnXh/E=">AAAB7XicbZBLSwMxFIXv1Fet1Y5u3QSL4KrMuNGl4MZlBfuAdih30kwbmkmGJKPUob/EjQtF/Dvu/Demj4W2Hgh8nJNwb06cCW5sEHx7pa3tnd298n7loHp4VPOPq22jck1ZiyqhdDdGwwSXrGW5FaybaYZpLFgnntzO884j04Yr+WCnGYtSHEmecIrWWQO/hqSv+WhsUWv1RIKBXw8awUJkE8IV1GGl5sD/6g8VzVMmLRVoTC8MMhsVqC2ngs0q/dywDOkER6znUGLKTFQsFp+Rc+cMSaK0O9KShfv7RYGpMdM0djdTtGOzns3N/7JebpPrqOAyyy2TdDkoyQWxisxbIEOuGbVi6gCp5m5XQseokVrXVcWVEK5/eRPal40waIT3AZThFM7gAkK4ghu4gya0gEIOL/AG796z9+p9LOsqeaveTuCPvM8fyseRVA==</latexit><latexit sha1_base64="H6wUlB9Z+iZlI4glmfS10LoB2O0=">AAAB+HicbVBNSwMxEJ31s9aPrnr0EiyCp5L1oseiF48V7Ae0S8mm2TY0myxJVqlLf4kXD4p49ad489+YtnvQ1gcDj/dmmJkXpYIbi/G3t7a+sbm1Xdop7+7tH1T8w6OWUZmmrEmVULoTEcMEl6xpuRWsk2pGkkiwdjS+mfntB6YNV/LeTlIWJmQoecwpsU7q+xWCepoPR5ZorR4R7vtVXMNzoFUSFKQKBRp9/6s3UDRLmLRUEGO6AU5tmBNtORVsWu5lhqWEjsmQdR2VJGEmzOeHT9GZUwYoVtqVtGiu/p7ISWLMJIlcZ0LsyCx7M/E/r5vZ+CrMuUwzyyRdLIozgaxCsxTQgGtGrZg4Qqjm7lZER0QTal1WZRdCsPzyKmld1AJcC+5wtX5dxFGCEziFcwjgEupwCw1oAoUMnuEV3rwn78V79z4WrWteMXMMf+B9/gAaZZKz</latexit><latexit sha1_base64="ngRuy+xS5QegNmPRir+O6toluaA=">AAAB+HicbVBNS8NAEJ3Ur1o/GvXoZbEInkoigh6LXjxWsB/QhjLZbtqlm03Y3Si19Jd48aCIV3+KN/+N2zYHbX0w8Hhvhpl5YSq4Np737RTW1jc2t4rbpZ3dvf2ye3DY1EmmKGvQRCSqHaJmgkvWMNwI1k4VwzgUrBWObmZ+64EpzRN5b8YpC2IcSB5xisZKPbeMpKv4YGhQqeSReD234lW9Ocgq8XNSgRz1nvvV7Sc0i5k0VKDWHd9LTTBBZTgVbFrqZpqlSEc4YB1LJcZMB5P54VNyapU+iRJlSxoyV39PTDDWehyHtjNGM9TL3kz8z+tkJroKJlymmWGSLhZFmSAmIbMUSJ8rRo0YW4JUcXsroUNUSI3NqmRD8JdfXiXN86rvVf27i0rtOo+jCMdwAmfgwyXU4Bbq0AAKGTzDK7w5T86L8+58LFoLTj5zBH/gfP4AG6WStw==</latexit><latexit sha1_base64="ngRuy+xS5QegNmPRir+O6toluaA=">AAAB+HicbVBNS8NAEJ3Ur1o/GvXoZbEInkoigh6LXjxWsB/QhjLZbtqlm03Y3Si19Jd48aCIV3+KN/+N2zYHbX0w8Hhvhpl5YSq4Np737RTW1jc2t4rbpZ3dvf2ye3DY1EmmKGvQRCSqHaJmgkvWMNwI1k4VwzgUrBWObmZ+64EpzRN5b8YpC2IcSB5xisZKPbeMpKv4YGhQqeSReD234lW9Ocgq8XNSgRz1nvvV7Sc0i5k0VKDWHd9LTTBBZTgVbFrqZpqlSEc4YB1LJcZMB5P54VNyapU+iRJlSxoyV39PTDDWehyHtjNGM9TL3kz8z+tkJroKJlymmWGSLhZFmSAmIbMUSJ8rRo0YW4JUcXsroUNUSI3NqmRD8JdfXiXN86rvVf27i0rtOo+jCMdwAmfgwyXU4Bbq0AAKGTzDK7w5T86L8+58LFoLTj5zBH/gfP4AG6WStw==</latexit><latexit sha1_base64="ngRuy+xS5QegNmPRir+O6toluaA=">AAAB+HicbVBNS8NAEJ3Ur1o/GvXoZbEInkoigh6LXjxWsB/QhjLZbtqlm03Y3Si19Jd48aCIV3+KN/+N2zYHbX0w8Hhvhpl5YSq4Np737RTW1jc2t4rbpZ3dvf2ye3DY1EmmKGvQRCSqHaJmgkvWMNwI1k4VwzgUrBWObmZ+64EpzRN5b8YpC2IcSB5xisZKPbeMpKv4YGhQqeSReD234lW9Ocgq8XNSgRz1nvvV7Sc0i5k0VKDWHd9LTTBBZTgVbFrqZpqlSEc4YB1LJcZMB5P54VNyapU+iRJlSxoyV39PTDDWehyHtjNGM9TL3kz8z+tkJroKJlymmWGSLhZFmSAmIbMUSJ8rRo0YW4JUcXsroUNUSI3NqmRD8JdfXiXN86rvVf27i0rtOo+jCMdwAmfgwyXU4Bbq0AAKGTzDK7w5T86L8+58LFoLTj5zBH/gfP4AG6WStw==</latexit><latexit sha1_base64="ngRuy+xS5QegNmPRir+O6toluaA=">AAAB+HicbVBNS8NAEJ3Ur1o/GvXoZbEInkoigh6LXjxWsB/QhjLZbtqlm03Y3Si19Jd48aCIV3+KN/+N2zYHbX0w8Hhvhpl5YSq4Np737RTW1jc2t4rbpZ3dvf2ye3DY1EmmKGvQRCSqHaJmgkvWMNwI1k4VwzgUrBWObmZ+64EpzRN5b8YpC2IcSB5xisZKPbeMpKv4YGhQqeSReD234lW9Ocgq8XNSgRz1nvvV7Sc0i5k0VKDWHd9LTTBBZTgVbFrqZpqlSEc4YB1LJcZMB5P54VNyapU+iRJlSxoyV39PTDDWehyHtjNGM9TL3kz8z+tkJroKJlymmWGSLhZFmSAmIbMUSJ8rRo0YW4JUcXsroUNUSI3NqmRD8JdfXiXN86rvVf27i0rtOo+jCMdwAmfgwyXU4Bbq0AAKGTzDK7w5T86L8+58LFoLTj5zBH/gfP4AG6WStw==</latexit><latexit sha1_base64="ngRuy+xS5QegNmPRir+O6toluaA=">AAAB+HicbVBNS8NAEJ3Ur1o/GvXoZbEInkoigh6LXjxWsB/QhjLZbtqlm03Y3Si19Jd48aCIV3+KN/+N2zYHbX0w8Hhvhpl5YSq4Np737RTW1jc2t4rbpZ3dvf2ye3DY1EmmKGvQRCSqHaJmgkvWMNwI1k4VwzgUrBWObmZ+64EpzRN5b8YpC2IcSB5xisZKPbeMpKv4YGhQqeSReD234lW9Ocgq8XNSgRz1nvvV7Sc0i5k0VKDWHd9LTTBBZTgVbFrqZpqlSEc4YB1LJcZMB5P54VNyapU+iRJlSxoyV39PTDDWehyHtjNGM9TL3kz8z+tkJroKJlymmWGSLhZFmSAmIbMUSJ8rRo0YW4JUcXsroUNUSI3NqmRD8JdfXiXN86rvVf27i0rtOo+jCMdwAmfgwyXU4Bbq0AAKGTzDK7w5T86L8+58LFoLTj5zBH/gfP4AG6WStw==</latexit><latexit sha1_base64="hP+6LrUf2d3tZaldqaQQvEKMXyw=">AAAB2XicbZDNSgMxFIXv1L86Vq1rN8EiuCozbnQpuHFZwbZCO5RM5k4bmskMyR2hDH0BF25EfC93vo3pz0JbDwQ+zknIvSculLQUBN9ebWd3b/+gfugfNfzjk9Nmo2fz0gjsilzl5jnmFpXU2CVJCp8LgzyLFfbj6f0i77+gsTLXTzQrMMr4WMtUCk7O6oyaraAdLMW2IVxDC9YaNb+GSS7KDDUJxa0dhEFBUcUNSaFw7g9LiwUXUz7GgUPNM7RRtRxzzi6dk7A0N+5oYkv394uKZ9bOstjdzDhN7Ga2MP/LBiWlt1EldVESarH6KC0Vo5wtdmaJNChIzRxwYaSblYkJN1yQa8Z3HYSbG29D77odBu3wMYA6nMMFXEEIN3AHD9CBLghI4BXevYn35n2suqp569LO4I+8zx84xIo4</latexit><latexit sha1_base64="vrBW6/f8YyXvZdfTo6+/ebnXh/E=">AAAB7XicbZBLSwMxFIXv1Fet1Y5u3QSL4KrMuNGl4MZlBfuAdih30kwbmkmGJKPUob/EjQtF/Dvu/Demj4W2Hgh8nJNwb06cCW5sEHx7pa3tnd298n7loHp4VPOPq22jck1ZiyqhdDdGwwSXrGW5FaybaYZpLFgnntzO884j04Yr+WCnGYtSHEmecIrWWQO/hqSv+WhsUWv1RIKBXw8awUJkE8IV1GGl5sD/6g8VzVMmLRVoTC8MMhsVqC2ngs0q/dywDOkER6znUGLKTFQsFp+Rc+cMSaK0O9KShfv7RYGpMdM0djdTtGOzns3N/7JebpPrqOAyyy2TdDkoyQWxisxbIEOuGbVi6gCp5m5XQseokVrXVcWVEK5/eRPal40waIT3AZThFM7gAkK4ghu4gya0gEIOL/AG796z9+p9LOsqeaveTuCPvM8fyseRVA==</latexit><latexit sha1_base64="vrBW6/f8YyXvZdfTo6+/ebnXh/E=">AAAB7XicbZBLSwMxFIXv1Fet1Y5u3QSL4KrMuNGl4MZlBfuAdih30kwbmkmGJKPUob/EjQtF/Dvu/Demj4W2Hgh8nJNwb06cCW5sEHx7pa3tnd298n7loHp4VPOPq22jck1ZiyqhdDdGwwSXrGW5FaybaYZpLFgnntzO884j04Yr+WCnGYtSHEmecIrWWQO/hqSv+WhsUWv1RIKBXw8awUJkE8IV1GGl5sD/6g8VzVMmLRVoTC8MMhsVqC2ngs0q/dywDOkER6znUGLKTFQsFp+Rc+cMSaK0O9KShfv7RYGpMdM0djdTtGOzns3N/7JebpPrqOAyyy2TdDkoyQWxisxbIEOuGbVi6gCp5m5XQseokVrXVcWVEK5/eRPal40waIT3AZThFM7gAkK4ghu4gya0gEIOL/AG796z9+p9LOsqeaveTuCPvM8fyseRVA==</latexit><latexit sha1_base64="H6wUlB9Z+iZlI4glmfS10LoB2O0=">AAAB+HicbVBNSwMxEJ31s9aPrnr0EiyCp5L1oseiF48V7Ae0S8mm2TY0myxJVqlLf4kXD4p49ad489+YtnvQ1gcDj/dmmJkXpYIbi/G3t7a+sbm1Xdop7+7tH1T8w6OWUZmmrEmVULoTEcMEl6xpuRWsk2pGkkiwdjS+mfntB6YNV/LeTlIWJmQoecwpsU7q+xWCepoPR5ZorR4R7vtVXMNzoFUSFKQKBRp9/6s3UDRLmLRUEGO6AU5tmBNtORVsWu5lhqWEjsmQdR2VJGEmzOeHT9GZUwYoVtqVtGiu/p7ISWLMJIlcZ0LsyCx7M/E/r5vZ+CrMuUwzyyRdLIozgaxCsxTQgGtGrZg4Qqjm7lZER0QTal1WZRdCsPzyKmld1AJcC+5wtX5dxFGCEziFcwjgEupwCw1oAoUMnuEV3rwn78V79z4WrWteMXMMf+B9/gAaZZKz</latexit><latexit sha1_base64="ngRuy+xS5QegNmPRir+O6toluaA=">AAAB+HicbVBNS8NAEJ3Ur1o/GvXoZbEInkoigh6LXjxWsB/QhjLZbtqlm03Y3Si19Jd48aCIV3+KN/+N2zYHbX0w8Hhvhpl5YSq4Np737RTW1jc2t4rbpZ3dvf2ye3DY1EmmKGvQRCSqHaJmgkvWMNwI1k4VwzgUrBWObmZ+64EpzRN5b8YpC2IcSB5xisZKPbeMpKv4YGhQqeSReD234lW9Ocgq8XNSgRz1nvvV7Sc0i5k0VKDWHd9LTTBBZTgVbFrqZpqlSEc4YB1LJcZMB5P54VNyapU+iRJlSxoyV39PTDDWehyHtjNGM9TL3kz8z+tkJroKJlymmWGSLhZFmSAmIbMUSJ8rRo0YW4JUcXsroUNUSI3NqmRD8JdfXiXN86rvVf27i0rtOo+jCMdwAmfgwyXU4Bbq0AAKGTzDK7w5T86L8+58LFoLTj5zBH/gfP4AG6WStw==</latexit><latexit sha1_base64="ngRuy+xS5QegNmPRir+O6toluaA=">AAAB+HicbVBNS8NAEJ3Ur1o/GvXoZbEInkoigh6LXjxWsB/QhjLZbtqlm03Y3Si19Jd48aCIV3+KN/+N2zYHbX0w8Hhvhpl5YSq4Np737RTW1jc2t4rbpZ3dvf2ye3DY1EmmKGvQRCSqHaJmgkvWMNwI1k4VwzgUrBWObmZ+64EpzRN5b8YpC2IcSB5xisZKPbeMpKv4YGhQqeSReD234lW9Ocgq8XNSgRz1nvvV7Sc0i5k0VKDWHd9LTTBBZTgVbFrqZpqlSEc4YB1LJcZMB5P54VNyapU+iRJlSxoyV39PTDDWehyHtjNGM9TL3kz8z+tkJroKJlymmWGSLhZFmSAmIbMUSJ8rRo0YW4JUcXsroUNUSI3NqmRD8JdfXiXN86rvVf27i0rtOo+jCMdwAmfgwyXU4Bbq0AAKGTzDK7w5T86L8+58LFoLTj5zBH/gfP4AG6WStw==</latexit><latexit sha1_base64="ngRuy+xS5QegNmPRir+O6toluaA=">AAAB+HicbVBNS8NAEJ3Ur1o/GvXoZbEInkoigh6LXjxWsB/QhjLZbtqlm03Y3Si19Jd48aCIV3+KN/+N2zYHbX0w8Hhvhpl5YSq4Np737RTW1jc2t4rbpZ3dvf2ye3DY1EmmKGvQRCSqHaJmgkvWMNwI1k4VwzgUrBWObmZ+64EpzRN5b8YpC2IcSB5xisZKPbeMpKv4YGhQqeSReD234lW9Ocgq8XNSgRz1nvvV7Sc0i5k0VKDWHd9LTTBBZTgVbFrqZpqlSEc4YB1LJcZMB5P54VNyapU+iRJlSxoyV39PTDDWehyHtjNGM9TL3kz8z+tkJroKJlymmWGSLhZFmSAmIbMUSJ8rRo0YW4JUcXsroUNUSI3NqmRD8JdfXiXN86rvVf27i0rtOo+jCMdwAmfgwyXU4Bbq0AAKGTzDK7w5T86L8+58LFoLTj5zBH/gfP4AG6WStw==</latexit><latexit sha1_base64="ngRuy+xS5QegNmPRir+O6toluaA=">AAAB+HicbVBNS8NAEJ3Ur1o/GvXoZbEInkoigh6LXjxWsB/QhjLZbtqlm03Y3Si19Jd48aCIV3+KN/+N2zYHbX0w8Hhvhpl5YSq4Np737RTW1jc2t4rbpZ3dvf2ye3DY1EmmKGvQRCSqHaJmgkvWMNwI1k4VwzgUrBWObmZ+64EpzRN5b8YpC2IcSB5xisZKPbeMpKv4YGhQqeSReD234lW9Ocgq8XNSgRz1nvvV7Sc0i5k0VKDWHd9LTTBBZTgVbFrqZpqlSEc4YB1LJcZMB5P54VNyapU+iRJlSxoyV39PTDDWehyHtjNGM9TL3kz8z+tkJroKJlymmWGSLhZFmSAmIbMUSJ8rRo0YW4JUcXsroUNUSI3NqmRD8JdfXiXN86rvVf27i0rtOo+jCMdwAmfgwyXU4Bbq0AAKGTzDK7w5T86L8+58LFoLTj5zBH/gfP4AG6WStw==</latexit><latexit sha1_base64="ngRuy+xS5QegNmPRir+O6toluaA=">AAAB+HicbVBNS8NAEJ3Ur1o/GvXoZbEInkoigh6LXjxWsB/QhjLZbtqlm03Y3Si19Jd48aCIV3+KN/+N2zYHbX0w8Hhvhpl5YSq4Np737RTW1jc2t4rbpZ3dvf2ye3DY1EmmKGvQRCSqHaJmgkvWMNwI1k4VwzgUrBWObmZ+64EpzRN5b8YpC2IcSB5xisZKPbeMpKv4YGhQqeSReD234lW9Ocgq8XNSgRz1nvvV7Sc0i5k0VKDWHd9LTTBBZTgVbFrqZpqlSEc4YB1LJcZMB5P54VNyapU+iRJlSxoyV39PTDDWehyHtjNGM9TL3kz8z+tkJroKJlymmWGSLhZFmSAmIbMUSJ8rRo0YW4JUcXsroUNUSI3NqmRD8JdfXiXN86rvVf27i0rtOo+jCMdwAmfgwyXU4Bbq0AAKGTzDK7w5T86L8+58LFoLTj5zBH/gfP4AG6WStw==</latexit><latexit sha1_base64="ngRuy+xS5QegNmPRir+O6toluaA=">AAAB+HicbVBNS8NAEJ3Ur1o/GvXoZbEInkoigh6LXjxWsB/QhjLZbtqlm03Y3Si19Jd48aCIV3+KN/+N2zYHbX0w8Hhvhpl5YSq4Np737RTW1jc2t4rbpZ3dvf2ye3DY1EmmKGvQRCSqHaJmgkvWMNwI1k4VwzgUrBWObmZ+64EpzRN5b8YpC2IcSB5xisZKPbeMpKv4YGhQqeSReD234lW9Ocgq8XNSgRz1nvvV7Sc0i5k0VKDWHd9LTTBBZTgVbFrqZpqlSEc4YB1LJcZMB5P54VNyapU+iRJlSxoyV39PTDDWehyHtjNGM9TL3kz8z+tkJroKJlymmWGSLhZFmSAmIbMUSJ8rRo0YW4JUcXsroUNUSI3NqmRD8JdfXiXN86rvVf27i0rtOo+jCMdwAmfgwyXU4Bbq0AAKGTzDK7w5T86L8+58LFoLTj5zBH/gfP4AG6WStw==</latexit>
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<latexit sha1_base64="kvdQVCGMK43arv1558dVZRZq9HE=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cK9gPaUDabSbt0s4m7G6GE/gkvHhTx6t/x5r9x2+agrQ8GHu/NMDMvSAXXxnW/ndLa+sbmVnm7srO7t39QPTxq6yRTDFssEYnqBlSj4BJbhhuB3VQhjQOBnWB8O/M7T6g0T+SDmaTox3QoecQZNVbq9rk0JEzJoFpz6+4cZJV4BalBgeag+tUPE5bFKA0TVOue56bGz6kynAmcVvqZxpSyMR1iz1JJY9R+Pr93Ss6sEpIoUbbs/rn6eyKnsdaTOLCdMTUjvezNxP+8Xmaiaz/nMs0MSrZYFGWCmITMnichV8iMmFhCmeL2VsJGVFFmbEQVG4K3/PIqaV/UPbfu3V/WGjdFHGU4gVM4Bw+uoAF30IQWMBDwDK/w5jw6L86787FoLTnFzDH8gfP5A2D+j4U=</latexit><latexit sha1_base64="kvdQVCGMK43arv1558dVZRZq9HE=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cK9gPaUDabSbt0s4m7G6GE/gkvHhTx6t/x5r9x2+agrQ8GHu/NMDMvSAXXxnW/ndLa+sbmVnm7srO7t39QPTxq6yRTDFssEYnqBlSj4BJbhhuB3VQhjQOBnWB8O/M7T6g0T+SDmaTox3QoecQZNVbq9rk0JEzJoFpz6+4cZJV4BalBgeag+tUPE5bFKA0TVOue56bGz6kynAmcVvqZxpSyMR1iz1JJY9R+Pr93Ss6sEpIoUbbs/rn6eyKnsdaTOLCdMTUjvezNxP+8Xmaiaz/nMs0MSrZYFGWCmITMnichV8iMmFhCmeL2VsJGVFFmbEQVG4K3/PIqaV/UPbfu3V/WGjdFHGU4gVM4Bw+uoAF30IQWMBDwDK/w5jw6L86787FoLTnFzDH8gfP5A2D+j4U=</latexit><latexit sha1_base64="kvdQVCGMK43arv1558dVZRZq9HE=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cK9gPaUDabSbt0s4m7G6GE/gkvHhTx6t/x5r9x2+agrQ8GHu/NMDMvSAXXxnW/ndLa+sbmVnm7srO7t39QPTxq6yRTDFssEYnqBlSj4BJbhhuB3VQhjQOBnWB8O/M7T6g0T+SDmaTox3QoecQZNVbq9rk0JEzJoFpz6+4cZJV4BalBgeag+tUPE5bFKA0TVOue56bGz6kynAmcVvqZxpSyMR1iz1JJY9R+Pr93Ss6sEpIoUbbs/rn6eyKnsdaTOLCdMTUjvezNxP+8Xmaiaz/nMs0MSrZYFGWCmITMnichV8iMmFhCmeL2VsJGVFFmbEQVG4K3/PIqaV/UPbfu3V/WGjdFHGU4gVM4Bw+uoAF30IQWMBDwDK/w5jw6L86787FoLTnFzDH8gfP5A2D+j4U=</latexit><latexit sha1_base64="kvdQVCGMK43arv1558dVZRZq9HE=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cK9gPaUDabSbt0s4m7G6GE/gkvHhTx6t/x5r9x2+agrQ8GHu/NMDMvSAXXxnW/ndLa+sbmVnm7srO7t39QPTxq6yRTDFssEYnqBlSj4BJbhhuB3VQhjQOBnWB8O/M7T6g0T+SDmaTox3QoecQZNVbq9rk0JEzJoFpz6+4cZJV4BalBgeag+tUPE5bFKA0TVOue56bGz6kynAmcVvqZxpSyMR1iz1JJY9R+Pr93Ss6sEpIoUbbs/rn6eyKnsdaTOLCdMTUjvezNxP+8Xmaiaz/nMs0MSrZYFGWCmITMnichV8iMmFhCmeL2VsJGVFFmbEQVG4K3/PIqaV/UPbfu3V/WGjdFHGU4gVM4Bw+uoAF30IQWMBDwDK/w5jw6L86787FoLTnFzDH8gfP5A2D+j4U=</latexit>
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๏ The action is continuum limit of the discretised action:

๏ Summary:

(i) Integrate over all particle positions for each intermediate time 

(ii) Amounts to integrating over all possible paths of a particle starting at     and ending at    

(iii) Each path weighted with oscillating phase 

(iv) Classical path: the smallest oscillations      largest contribution to the P.I. (           class. limit) 

๏ Note: definition of the path integral required an analytic continuation in time!

Path Integral in Quantum Mechanics: real time (IV)
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<latexit sha1_base64="/J7wdTLRRdTvqpShvWZ6V9mt6r4=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbRU0lE0GPRi8cq9gPaUDbbSbt0swm7G7GE/gMvHhTx6j/y5r9x2+agrQ8GHu/NMDMvSATXxnW/ncLK6tr6RnGztLW9s7tX3j9o6jhVDBssFrFqB1Sj4BIbhhuB7UQhjQKBrWB0M/Vbj6g0j+WDGSfoR3QgecgZNVa6fzrtlStu1Z2BLBMvJxXIUe+Vv7r9mKURSsME1brjuYnxM6oMZwInpW6qMaFsRAfYsVTSCLWfzS6dkBOr9EkYK1vSkJn6eyKjkdbjKLCdETVDvehNxf+8TmrCKz/jMkkNSjZfFKaCmJhM3yZ9rpAZMbaEMsXtrYQNqaLM2HBKNgRv8eVl0jyvem7Vu7uo1K7zOIpwBMdwBh5cQg1uoQ4NYBDCM7zCmzNyXpx352PeWnDymUP4A+fzB0bAjS0=</latexit><latexit sha1_base64="/J7wdTLRRdTvqpShvWZ6V9mt6r4=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbRU0lE0GPRi8cq9gPaUDbbSbt0swm7G7GE/gMvHhTx6j/y5r9x2+agrQ8GHu/NMDMvSATXxnW/ncLK6tr6RnGztLW9s7tX3j9o6jhVDBssFrFqB1Sj4BIbhhuB7UQhjQKBrWB0M/Vbj6g0j+WDGSfoR3QgecgZNVa6fzrtlStu1Z2BLBMvJxXIUe+Vv7r9mKURSsME1brjuYnxM6oMZwInpW6qMaFsRAfYsVTSCLWfzS6dkBOr9EkYK1vSkJn6eyKjkdbjKLCdETVDvehNxf+8TmrCKz/jMkkNSjZfFKaCmJhM3yZ9rpAZMbaEMsXtrYQNqaLM2HBKNgRv8eVl0jyvem7Vu7uo1K7zOIpwBMdwBh5cQg1uoQ4NYBDCM7zCmzNyXpx352PeWnDymUP4A+fzB0bAjS0=</latexit><latexit sha1_base64="/J7wdTLRRdTvqpShvWZ6V9mt6r4=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbRU0lE0GPRi8cq9gPaUDbbSbt0swm7G7GE/gMvHhTx6j/y5r9x2+agrQ8GHu/NMDMvSATXxnW/ncLK6tr6RnGztLW9s7tX3j9o6jhVDBssFrFqB1Sj4BIbhhuB7UQhjQKBrWB0M/Vbj6g0j+WDGSfoR3QgecgZNVa6fzrtlStu1Z2BLBMvJxXIUe+Vv7r9mKURSsME1brjuYnxM6oMZwInpW6qMaFsRAfYsVTSCLWfzS6dkBOr9EkYK1vSkJn6eyKjkdbjKLCdETVDvehNxf+8TmrCKz/jMkkNSjZfFKaCmJhM3yZ9rpAZMbaEMsXtrYQNqaLM2HBKNgRv8eVl0jyvem7Vu7uo1K7zOIpwBMdwBh5cQg1uoQ4NYBDCM7zCmzNyXpx352PeWnDymUP4A+fzB0bAjS0=</latexit><latexit sha1_base64="/J7wdTLRRdTvqpShvWZ6V9mt6r4=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbRU0lE0GPRi8cq9gPaUDbbSbt0swm7G7GE/gMvHhTx6j/y5r9x2+agrQ8GHu/NMDMvSATXxnW/ncLK6tr6RnGztLW9s7tX3j9o6jhVDBssFrFqB1Sj4BIbhhuB7UQhjQKBrWB0M/Vbj6g0j+WDGSfoR3QgecgZNVa6fzrtlStu1Z2BLBMvJxXIUe+Vv7r9mKURSsME1brjuYnxM6oMZwInpW6qMaFsRAfYsVTSCLWfzS6dkBOr9EkYK1vSkJn6eyKjkdbjKLCdETVDvehNxf+8TmrCKz/jMkkNSjZfFKaCmJhM3yZ9rpAZMbaEMsXtrYQNqaLM2HBKNgRv8eVl0jyvem7Vu7uo1K7zOIpwBMdwBh5cQg1uoQ4NYBDCM7zCmzNyXpx352PeWnDymUP4A+fzB0bAjS0=</latexit>

~ ! 0
<latexit sha1_base64="3c48ONQdkgdEUGgGVDRj7LRO0TU=">AAAB/HicbVBNS8NAEJ3Ur1q/oj16WSyCp5KIoMeiF48V7Ac0oWy2m2bpZhN2N0oI9a948aCIV3+IN/+N2zYHbX0w8Hhvhpl5QcqZ0o7zbVXW1jc2t6rbtZ3dvf0D+/Coq5JMEtohCU9kP8CKciZoRzPNaT+VFMcBp71gcjPzew9UKpaIe52n1I/xWLCQEayNNLTrXhRgiTzJxpHGUiaPyBnaDafpzIFWiVuSBpRoD+0vb5SQLKZCE46VGrhOqv0CS80Ip9OalymaYjLBYzowVOCYKr+YHz9Fp0YZoTCRpoRGc/X3RIFjpfI4MJ0x1pFa9mbif94g0+GVXzCRZpoKslgUZhzpBM2SQCMmKdE8NwQTycytiERYYqJNXjUTgrv88irpnjddp+neXTRa12UcVTiGEzgDFy6hBbfQhg4QyOEZXuHNerJerHfrY9FascqZOvyB9fkDNNeUdw==</latexit><latexit sha1_base64="3c48ONQdkgdEUGgGVDRj7LRO0TU=">AAAB/HicbVBNS8NAEJ3Ur1q/oj16WSyCp5KIoMeiF48V7Ac0oWy2m2bpZhN2N0oI9a948aCIV3+IN/+N2zYHbX0w8Hhvhpl5QcqZ0o7zbVXW1jc2t6rbtZ3dvf0D+/Coq5JMEtohCU9kP8CKciZoRzPNaT+VFMcBp71gcjPzew9UKpaIe52n1I/xWLCQEayNNLTrXhRgiTzJxpHGUiaPyBnaDafpzIFWiVuSBpRoD+0vb5SQLKZCE46VGrhOqv0CS80Ip9OalymaYjLBYzowVOCYKr+YHz9Fp0YZoTCRpoRGc/X3RIFjpfI4MJ0x1pFa9mbif94g0+GVXzCRZpoKslgUZhzpBM2SQCMmKdE8NwQTycytiERYYqJNXjUTgrv88irpnjddp+neXTRa12UcVTiGEzgDFy6hBbfQhg4QyOEZXuHNerJerHfrY9FascqZOvyB9fkDNNeUdw==</latexit><latexit sha1_base64="3c48ONQdkgdEUGgGVDRj7LRO0TU=">AAAB/HicbVBNS8NAEJ3Ur1q/oj16WSyCp5KIoMeiF48V7Ac0oWy2m2bpZhN2N0oI9a948aCIV3+IN/+N2zYHbX0w8Hhvhpl5QcqZ0o7zbVXW1jc2t6rbtZ3dvf0D+/Coq5JMEtohCU9kP8CKciZoRzPNaT+VFMcBp71gcjPzew9UKpaIe52n1I/xWLCQEayNNLTrXhRgiTzJxpHGUiaPyBnaDafpzIFWiVuSBpRoD+0vb5SQLKZCE46VGrhOqv0CS80Ip9OalymaYjLBYzowVOCYKr+YHz9Fp0YZoTCRpoRGc/X3RIFjpfI4MJ0x1pFa9mbif94g0+GVXzCRZpoKslgUZhzpBM2SQCMmKdE8NwQTycytiERYYqJNXjUTgrv88irpnjddp+neXTRa12UcVTiGEzgDFy6hBbfQhg4QyOEZXuHNerJerHfrY9FascqZOvyB9fkDNNeUdw==</latexit><latexit sha1_base64="3c48ONQdkgdEUGgGVDRj7LRO0TU=">AAAB/HicbVBNS8NAEJ3Ur1q/oj16WSyCp5KIoMeiF48V7Ac0oWy2m2bpZhN2N0oI9a948aCIV3+IN/+N2zYHbX0w8Hhvhpl5QcqZ0o7zbVXW1jc2t6rbtZ3dvf0D+/Coq5JMEtohCU9kP8CKciZoRzPNaT+VFMcBp71gcjPzew9UKpaIe52n1I/xWLCQEayNNLTrXhRgiTzJxpHGUiaPyBnaDafpzIFWiVuSBpRoD+0vb5SQLKZCE46VGrhOqv0CS80Ip9OalymaYjLBYzowVOCYKr+YHz9Fp0YZoTCRpoRGc/X3RIFjpfI4MJ0x1pFa9mbif94g0+GVXzCRZpoKslgUZhzpBM2SQCMmKdE8NwQTycytiERYYqJNXjUTgrv88irpnjddp+neXTRa12UcVTiGEzgDFy6hBbfQhg4QyOEZXuHNerJerHfrY9FascqZOvyB9fkDNNeUdw==</latexit>

)
<latexit sha1_base64="aGejjZZySsNtunDtJDqINCqiLAk=">AAAB83icbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cqthaaUDbbTbt0swm7E6WE/g0vHhTx6p/x5r9x2+agrQ8GHu/NMDMvTKUw6LrfTmlldW19o7xZ2dre2d2r7h+0TZJpxlsskYnuhNRwKRRvoUDJO6nmNA4lfwhH11P/4ZFrIxJ1j+OUBzEdKBEJRtFKvn8nBkOkWidPpFetuXV3BrJMvILUoECzV/3y+wnLYq6QSWpM13NTDHKqUTDJJxU/MzylbEQHvGupojE3QT67eUJOrNInUaJtKSQz9fdETmNjxnFoO2OKQ7PoTcX/vG6G0WWQC5VmyBWbL4oySTAh0wBIX2jOUI4toUwLeythQ6opQxtTxYbgLb68TNpndc+te7fntcZVEUcZjuAYTsGDC2jADTShBQxSeIZXeHMy58V5dz7mrSWnmDmEP3A+fwDrGJGX</latexit><latexit sha1_base64="aGejjZZySsNtunDtJDqINCqiLAk=">AAAB83icbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cqthaaUDbbTbt0swm7E6WE/g0vHhTx6p/x5r9x2+agrQ8GHu/NMDMvTKUw6LrfTmlldW19o7xZ2dre2d2r7h+0TZJpxlsskYnuhNRwKRRvoUDJO6nmNA4lfwhH11P/4ZFrIxJ1j+OUBzEdKBEJRtFKvn8nBkOkWidPpFetuXV3BrJMvILUoECzV/3y+wnLYq6QSWpM13NTDHKqUTDJJxU/MzylbEQHvGupojE3QT67eUJOrNInUaJtKSQz9fdETmNjxnFoO2OKQ7PoTcX/vG6G0WWQC5VmyBWbL4oySTAh0wBIX2jOUI4toUwLeythQ6opQxtTxYbgLb68TNpndc+te7fntcZVEUcZjuAYTsGDC2jADTShBQxSeIZXeHMy58V5dz7mrSWnmDmEP3A+fwDrGJGX</latexit><latexit sha1_base64="aGejjZZySsNtunDtJDqINCqiLAk=">AAAB83icbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cqthaaUDbbTbt0swm7E6WE/g0vHhTx6p/x5r9x2+agrQ8GHu/NMDMvTKUw6LrfTmlldW19o7xZ2dre2d2r7h+0TZJpxlsskYnuhNRwKRRvoUDJO6nmNA4lfwhH11P/4ZFrIxJ1j+OUBzEdKBEJRtFKvn8nBkOkWidPpFetuXV3BrJMvILUoECzV/3y+wnLYq6QSWpM13NTDHKqUTDJJxU/MzylbEQHvGupojE3QT67eUJOrNInUaJtKSQz9fdETmNjxnFoO2OKQ7PoTcX/vG6G0WWQC5VmyBWbL4oySTAh0wBIX2jOUI4toUwLeythQ6opQxtTxYbgLb68TNpndc+te7fntcZVEUcZjuAYTsGDC2jADTShBQxSeIZXeHMy58V5dz7mrSWnmDmEP3A+fwDrGJGX</latexit><latexit sha1_base64="aGejjZZySsNtunDtJDqINCqiLAk=">AAAB83icbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cqthaaUDbbTbt0swm7E6WE/g0vHhTx6p/x5r9x2+agrQ8GHu/NMDMvTKUw6LrfTmlldW19o7xZ2dre2d2r7h+0TZJpxlsskYnuhNRwKRRvoUDJO6nmNA4lfwhH11P/4ZFrIxJ1j+OUBzEdKBEJRtFKvn8nBkOkWidPpFetuXV3BrJMvILUoECzV/3y+wnLYq6QSWpM13NTDHKqUTDJJxU/MzylbEQHvGupojE3QT67eUJOrNInUaJtKSQz9fdETmNjxnFoO2OKQ7PoTcX/vG6G0WWQC5VmyBWbL4oySTAh0wBIX2jOUI4toUwLeythQ6opQxtTxYbgLb68TNpndc+te7fntcZVEUcZjuAYTsGDC2jADTShBQxSeIZXeHMy58V5dz7mrSWnmDmEP3A+fwDrGJGX</latexit>
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๏ Statistical partition function:

๏  

   System at finite temperature                                                    

System propagating in purely imaginary time

๏ Repeat all the steps from the derivation in real time:

(i) Divide Euclidean time interval into N time steps:   

(ii) Insert complete set of position eigenstates

๏ The Euclidean Path Integral:

Euclidean Path Integral in Quantum Mechanics

x
<latexit sha1_base64="f2yzimwbR/Dgjzp6tZ360fHRqNI=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cW7Ae0oWy2k3btZhN2N2IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3H1FpHst7M0nQj+hQ8pAzaqzUeOqXK27VnYOsEi8nFchR75e/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasJrP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSuqh6btVrXFZqN3kcRTiBUzgHD66gBndQhyYwQHiGV3hzHpwX5935WLQWnHzmGP7A+fwB5jmM/A==</latexit><latexit sha1_base64="f2yzimwbR/Dgjzp6tZ360fHRqNI=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cW7Ae0oWy2k3btZhN2N2IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3H1FpHst7M0nQj+hQ8pAzaqzUeOqXK27VnYOsEi8nFchR75e/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasJrP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSuqh6btVrXFZqN3kcRTiBUzgHD66gBndQhyYwQHiGV3hzHpwX5935WLQWnHzmGP7A+fwB5jmM/A==</latexit><latexit sha1_base64="f2yzimwbR/Dgjzp6tZ360fHRqNI=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cW7Ae0oWy2k3btZhN2N2IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3H1FpHst7M0nQj+hQ8pAzaqzUeOqXK27VnYOsEi8nFchR75e/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasJrP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSuqh6btVrXFZqN3kcRTiBUzgHD66gBndQhyYwQHiGV3hzHpwX5935WLQWnHzmGP7A+fwB5jmM/A==</latexit><latexit sha1_base64="f2yzimwbR/Dgjzp6tZ360fHRqNI=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cW7Ae0oWy2k3btZhN2N2IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3H1FpHst7M0nQj+hQ8pAzaqzUeOqXK27VnYOsEi8nFchR75e/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasJrP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSuqh6btVrXFZqN3kcRTiBUzgHD66gBndQhyYwQHiGV3hzHpwX5935WLQWnHzmGP7A+fwB5jmM/A==</latexit>

x0
<latexit sha1_base64="/J7wdTLRRdTvqpShvWZ6V9mt6r4=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbRU0lE0GPRi8cq9gPaUDbbSbt0swm7G7GE/gMvHhTx6j/y5r9x2+agrQ8GHu/NMDMvSATXxnW/ncLK6tr6RnGztLW9s7tX3j9o6jhVDBssFrFqB1Sj4BIbhhuB7UQhjQKBrWB0M/Vbj6g0j+WDGSfoR3QgecgZNVa6fzrtlStu1Z2BLBMvJxXIUe+Vv7r9mKURSsME1brjuYnxM6oMZwInpW6qMaFsRAfYsVTSCLWfzS6dkBOr9EkYK1vSkJn6eyKjkdbjKLCdETVDvehNxf+8TmrCKz/jMkkNSjZfFKaCmJhM3yZ9rpAZMbaEMsXtrYQNqaLM2HBKNgRv8eVl0jyvem7Vu7uo1K7zOIpwBMdwBh5cQg1uoQ4NYBDCM7zCmzNyXpx352PeWnDymUP4A+fzB0bAjS0=</latexit><latexit sha1_base64="/J7wdTLRRdTvqpShvWZ6V9mt6r4=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbRU0lE0GPRi8cq9gPaUDbbSbt0swm7G7GE/gMvHhTx6j/y5r9x2+agrQ8GHu/NMDMvSATXxnW/ncLK6tr6RnGztLW9s7tX3j9o6jhVDBssFrFqB1Sj4BIbhhuB7UQhjQKBrWB0M/Vbj6g0j+WDGSfoR3QgecgZNVa6fzrtlStu1Z2BLBMvJxXIUe+Vv7r9mKURSsME1brjuYnxM6oMZwInpW6qMaFsRAfYsVTSCLWfzS6dkBOr9EkYK1vSkJn6eyKjkdbjKLCdETVDvehNxf+8TmrCKz/jMkkNSjZfFKaCmJhM3yZ9rpAZMbaEMsXtrYQNqaLM2HBKNgRv8eVl0jyvem7Vu7uo1K7zOIpwBMdwBh5cQg1uoQ4NYBDCM7zCmzNyXpx352PeWnDymUP4A+fzB0bAjS0=</latexit><latexit sha1_base64="/J7wdTLRRdTvqpShvWZ6V9mt6r4=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbRU0lE0GPRi8cq9gPaUDbbSbt0swm7G7GE/gMvHhTx6j/y5r9x2+agrQ8GHu/NMDMvSATXxnW/ncLK6tr6RnGztLW9s7tX3j9o6jhVDBssFrFqB1Sj4BIbhhuB7UQhjQKBrWB0M/Vbj6g0j+WDGSfoR3QgecgZNVa6fzrtlStu1Z2BLBMvJxXIUe+Vv7r9mKURSsME1brjuYnxM6oMZwInpW6qMaFsRAfYsVTSCLWfzS6dkBOr9EkYK1vSkJn6eyKjkdbjKLCdETVDvehNxf+8TmrCKz/jMkkNSjZfFKaCmJhM3yZ9rpAZMbaEMsXtrYQNqaLM2HBKNgRv8eVl0jyvem7Vu7uo1K7zOIpwBMdwBh5cQg1uoQ4NYBDCM7zCmzNyXpx352PeWnDymUP4A+fzB0bAjS0=</latexit><latexit sha1_base64="/J7wdTLRRdTvqpShvWZ6V9mt6r4=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbRU0lE0GPRi8cq9gPaUDbbSbt0swm7G7GE/gMvHhTx6j/y5r9x2+agrQ8GHu/NMDMvSATXxnW/ncLK6tr6RnGztLW9s7tX3j9o6jhVDBssFrFqB1Sj4BIbhhuB7UQhjQKBrWB0M/Vbj6g0j+WDGSfoR3QgecgZNVa6fzrtlStu1Z2BLBMvJxXIUe+Vv7r9mKURSsME1brjuYnxM6oMZwInpW6qMaFsRAfYsVTSCLWfzS6dkBOr9EkYK1vSkJn6eyKjkdbjKLCdETVDvehNxf+8TmrCKz/jMkkNSjZfFKaCmJhM3yZ9rpAZMbaEMsXtrYQNqaLM2HBKNgRv8eVl0jyvem7Vu7uo1K7zOIpwBMdwBh5cQg1uoQ4NYBDCM7zCmzNyXpx352PeWnDymUP4A+fzB0bAjS0=</latexit>

t0
<latexit sha1_base64="Rt4qVo3vX7Y0Mcr3E5hIWUikGSk=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbRU0mkoMeiF49V7Ae0oWy2m3bpZhN2J0IJ/QdePCji1X/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6xEnC/YgOlQgFo2ilBzzvlytu1Z2DrBIvJxXI0eiXv3qDmKURV8gkNabruQn6GdUomOTTUi81PKFsTIe8a6miETd+Nr90Ss6sMiBhrG0pJHP190RGI2MmUWA7I4ojs+zNxP+8borhtZ8JlaTIFVssClNJMCazt8lAaM5QTiyhTAt7K2EjqilDG07JhuAtv7xKWpdVz61697VK/SaPowgncAoX4MEV1OEOGtAEBiE8wyu8OWPnxXl3PhatBSefOYY/cD5/AECsjSk=</latexit><latexit sha1_base64="Rt4qVo3vX7Y0Mcr3E5hIWUikGSk=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbRU0mkoMeiF49V7Ae0oWy2m3bpZhN2J0IJ/QdePCji1X/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6xEnC/YgOlQgFo2ilBzzvlytu1Z2DrBIvJxXI0eiXv3qDmKURV8gkNabruQn6GdUomOTTUi81PKFsTIe8a6miETd+Nr90Ss6sMiBhrG0pJHP190RGI2MmUWA7I4ojs+zNxP+8borhtZ8JlaTIFVssClNJMCazt8lAaM5QTiyhTAt7K2EjqilDG07JhuAtv7xKWpdVz61697VK/SaPowgncAoX4MEV1OEOGtAEBiE8wyu8OWPnxXl3PhatBSefOYY/cD5/AECsjSk=</latexit><latexit sha1_base64="Rt4qVo3vX7Y0Mcr3E5hIWUikGSk=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbRU0mkoMeiF49V7Ae0oWy2m3bpZhN2J0IJ/QdePCji1X/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6xEnC/YgOlQgFo2ilBzzvlytu1Z2DrBIvJxXI0eiXv3qDmKURV8gkNabruQn6GdUomOTTUi81PKFsTIe8a6miETd+Nr90Ss6sMiBhrG0pJHP190RGI2MmUWA7I4ojs+zNxP+8borhtZ8JlaTIFVssClNJMCazt8lAaM5QTiyhTAt7K2EjqilDG07JhuAtv7xKWpdVz61697VK/SaPowgncAoX4MEV1OEOGtAEBiE8wyu8OWPnxXl3PhatBSefOYY/cD5/AECsjSk=</latexit><latexit sha1_base64="Rt4qVo3vX7Y0Mcr3E5hIWUikGSk=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbRU0mkoMeiF49V7Ae0oWy2m3bpZhN2J0IJ/QdePCji1X/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6xEnC/YgOlQgFo2ilBzzvlytu1Z2DrBIvJxXI0eiXv3qDmKURV8gkNabruQn6GdUomOTTUi81PKFsTIe8a6miETd+Nr90Ss6sMiBhrG0pJHP190RGI2MmUWA7I4ojs+zNxP+8borhtZ8JlaTIFVssClNJMCazt8lAaM5QTiyhTAt7K2EjqilDG07JhuAtv7xKWpdVz61697VK/SaPowgncAoX4MEV1OEOGtAEBiE8wyu8OWPnxXl3PhatBSefOYY/cD5/AECsjSk=</latexit>

t
<latexit sha1_base64="fInOqGTCCrWkRGJFOZWK1l6FLBY=">AAAB6HicbVBNS8NAEJ34WetX1aOXYBE8lUQEPRa9eGzBfkAbymY7adduNmF3IpTSX+DFgyJe/Une/Ddu2xy09cHA470ZZuaFqRSGPO/bWVvf2NzaLuwUd/f2Dw5LR8dNk2SaY4MnMtHtkBmUQmGDBElspxpZHEpshaO7md96Qm1Eoh5onGIQs4ESkeCMrFSnXqnsVbw53FXi56QMOWq90le3n/AsRkVcMmM6vpdSMGGaBJc4LXYzgynjIzbAjqWKxWiCyfzQqXtulb4bJdqWIneu/p6YsNiYcRzazpjR0Cx7M/E/r5NRdBNMhEozQsUXi6JMupS4s6/dvtDISY4tYVwLe6vLh0wzTjabog3BX355lTQvK75X8etX5eptHkcBTuEMLsCHa6jCPdSgARwQnuEV3pxH58V5dz4WrWtOPnMCf+B8/gDgKYz4</latexit><latexit sha1_base64="fInOqGTCCrWkRGJFOZWK1l6FLBY=">AAAB6HicbVBNS8NAEJ34WetX1aOXYBE8lUQEPRa9eGzBfkAbymY7adduNmF3IpTSX+DFgyJe/Une/Ddu2xy09cHA470ZZuaFqRSGPO/bWVvf2NzaLuwUd/f2Dw5LR8dNk2SaY4MnMtHtkBmUQmGDBElspxpZHEpshaO7md96Qm1Eoh5onGIQs4ESkeCMrFSnXqnsVbw53FXi56QMOWq90le3n/AsRkVcMmM6vpdSMGGaBJc4LXYzgynjIzbAjqWKxWiCyfzQqXtulb4bJdqWIneu/p6YsNiYcRzazpjR0Cx7M/E/r5NRdBNMhEozQsUXi6JMupS4s6/dvtDISY4tYVwLe6vLh0wzTjabog3BX355lTQvK75X8etX5eptHkcBTuEMLsCHa6jCPdSgARwQnuEV3pxH58V5dz4WrWtOPnMCf+B8/gDgKYz4</latexit><latexit sha1_base64="fInOqGTCCrWkRGJFOZWK1l6FLBY=">AAAB6HicbVBNS8NAEJ34WetX1aOXYBE8lUQEPRa9eGzBfkAbymY7adduNmF3IpTSX+DFgyJe/Une/Ddu2xy09cHA470ZZuaFqRSGPO/bWVvf2NzaLuwUd/f2Dw5LR8dNk2SaY4MnMtHtkBmUQmGDBElspxpZHEpshaO7md96Qm1Eoh5onGIQs4ESkeCMrFSnXqnsVbw53FXi56QMOWq90le3n/AsRkVcMmM6vpdSMGGaBJc4LXYzgynjIzbAjqWKxWiCyfzQqXtulb4bJdqWIneu/p6YsNiYcRzazpjR0Cx7M/E/r5NRdBNMhEozQsUXi6JMupS4s6/dvtDISY4tYVwLe6vLh0wzTjabog3BX355lTQvK75X8etX5eptHkcBTuEMLsCHa6jCPdSgARwQnuEV3pxH58V5dz4WrWtOPnMCf+B8/gDgKYz4</latexit><latexit sha1_base64="fInOqGTCCrWkRGJFOZWK1l6FLBY=">AAAB6HicbVBNS8NAEJ34WetX1aOXYBE8lUQEPRa9eGzBfkAbymY7adduNmF3IpTSX+DFgyJe/Une/Ddu2xy09cHA470ZZuaFqRSGPO/bWVvf2NzaLuwUd/f2Dw5LR8dNk2SaY4MnMtHtkBmUQmGDBElspxpZHEpshaO7md96Qm1Eoh5onGIQs4ESkeCMrFSnXqnsVbw53FXi56QMOWq90le3n/AsRkVcMmM6vpdSMGGaBJc4LXYzgynjIzbAjqWKxWiCyfzQqXtulb4bJdqWIneu/p6YsNiYcRzazpjR0Cx7M/E/r5NRdBNMhEozQsUXi6JMupS4s6/dvtDISY4tYVwLe6vLh0wzTjabog3BX355lTQvK75X8etX5eptHkcBTuEMLsCHa6jCPdSgARwQnuEV3pxH58V5dz4WrWtOPnMCf+B8/gDgKYz4</latexit>
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<latexit sha1_base64="XSQ1QkGb6ige84T1tNlyQW5tGUs="></latexit><latexit sha1_base64="XSQ1QkGb6ige84T1tNlyQW5tGUs="></latexit><latexit sha1_base64="XSQ1QkGb6ige84T1tNlyQW5tGUs="></latexit><latexit sha1_base64="hP+6LrUf2d3tZaldqaQQvEKMXyw=">AAAB2XicbZDNSgMxFIXv1L86Vq1rN8EiuCozbnQpuHFZwbZCO5RM5k4bmskMyR2hDH0BF25EfC93vo3pz0JbDwQ+zknIvSculLQUBN9ebWd3b/+gfugfNfzjk9Nmo2fz0gjsilzl5jnmFpXU2CVJCp8LgzyLFfbj6f0i77+gsTLXTzQrMMr4WMtUCk7O6oyaraAdLMW2IVxDC9YaNb+GSS7KDDUJxa0dhEFBUcUNSaFw7g9LiwUXUz7GgUPNM7RRtRxzzi6dk7A0N+5oYkv394uKZ9bOstjdzDhN7Ga2MP/LBiWlt1EldVESarH6KC0Vo5wtdmaJNChIzRxwYaSblYkJN1yQa8Z3HYSbG29D77odBu3wMYA6nMMFXEEIN3AHD9CBLghI4BXevYn35n2suqp569LO4I+8zx84xIo4</latexit><latexit sha1_base64="54TUsBRre1qbsz2X9z2OA6+9QFA="></latexit><latexit sha1_base64="54TUsBRre1qbsz2X9z2OA6+9QFA="></latexit><latexit sha1_base64="lrpP3+lXXeptAYh1yhw3BHynXuk="></latexit><latexit sha1_base64="XSQ1QkGb6ige84T1tNlyQW5tGUs="></latexit><latexit sha1_base64="XSQ1QkGb6ige84T1tNlyQW5tGUs="></latexit><latexit sha1_base64="XSQ1QkGb6ige84T1tNlyQW5tGUs="></latexit><latexit sha1_base64="XSQ1QkGb6ige84T1tNlyQW5tGUs="></latexit><latexit sha1_base64="XSQ1QkGb6ige84T1tNlyQW5tGUs="></latexit><latexit sha1_base64="XSQ1QkGb6ige84T1tNlyQW5tGUs="></latexit>

Z = e��H ; � =
1

T
<latexit sha1_base64="oK1hHmveOCAmtKJ5iGHcNMaf5A0=">AAACF3icbVDLSgMxFM3UV62vqks3waK4scyIoFQKRTddVugLO7Vk0jttaOZBkhHKMH6FG3/FjQtF3OrOvzHTdqHVAxdOzrmX3HuckDOpTPPLyCwsLi2vZFdza+sbm1v57Z2mDCJBoUEDHoi2QyRw5kNDMcWhHQognsOh5YyuUr91B0KywK+rcQhdjwx85jJKlJZ6+eINPrRLZbuE4TY+th1QBFeTC3yvgSfPsu0KQmMrietJrpcvmEVzAvyXWDNSQDPUevlPux/QyANfUU6k7FhmqLoxEYpRDknOjiSEhI7IADqa+sQD2Y0ndyX4QCt97AZCl6/wRP05ERNPyrHn6E6PqKGc91LxP68TKfe8GzM/jBT4dPqRG3GsApyGhPtMAFV8rAmhguldMR0SHYPSUaYhWPMn/yXNk6JlFq3r00LlchZHFu2hfXSELHSGKqiKaqiBKHpAT+gFvRqPxrPxZrxPWzPGbGYX/YLx8Q0RA54H</latexit><latexit sha1_base64="oK1hHmveOCAmtKJ5iGHcNMaf5A0=">AAACF3icbVDLSgMxFM3UV62vqks3waK4scyIoFQKRTddVugLO7Vk0jttaOZBkhHKMH6FG3/FjQtF3OrOvzHTdqHVAxdOzrmX3HuckDOpTPPLyCwsLi2vZFdza+sbm1v57Z2mDCJBoUEDHoi2QyRw5kNDMcWhHQognsOh5YyuUr91B0KywK+rcQhdjwx85jJKlJZ6+eINPrRLZbuE4TY+th1QBFeTC3yvgSfPsu0KQmMrietJrpcvmEVzAvyXWDNSQDPUevlPux/QyANfUU6k7FhmqLoxEYpRDknOjiSEhI7IADqa+sQD2Y0ndyX4QCt97AZCl6/wRP05ERNPyrHn6E6PqKGc91LxP68TKfe8GzM/jBT4dPqRG3GsApyGhPtMAFV8rAmhguldMR0SHYPSUaYhWPMn/yXNk6JlFq3r00LlchZHFu2hfXSELHSGKqiKaqiBKHpAT+gFvRqPxrPxZrxPWzPGbGYX/YLx8Q0RA54H</latexit><latexit sha1_base64="oK1hHmveOCAmtKJ5iGHcNMaf5A0=">AAACF3icbVDLSgMxFM3UV62vqks3waK4scyIoFQKRTddVugLO7Vk0jttaOZBkhHKMH6FG3/FjQtF3OrOvzHTdqHVAxdOzrmX3HuckDOpTPPLyCwsLi2vZFdza+sbm1v57Z2mDCJBoUEDHoi2QyRw5kNDMcWhHQognsOh5YyuUr91B0KywK+rcQhdjwx85jJKlJZ6+eINPrRLZbuE4TY+th1QBFeTC3yvgSfPsu0KQmMrietJrpcvmEVzAvyXWDNSQDPUevlPux/QyANfUU6k7FhmqLoxEYpRDknOjiSEhI7IADqa+sQD2Y0ndyX4QCt97AZCl6/wRP05ERNPyrHn6E6PqKGc91LxP68TKfe8GzM/jBT4dPqRG3GsApyGhPtMAFV8rAmhguldMR0SHYPSUaYhWPMn/yXNk6JlFq3r00LlchZHFu2hfXSELHSGKqiKaqiBKHpAT+gFvRqPxrPxZrxPWzPGbGYX/YLx8Q0RA54H</latexit><latexit sha1_base64="oK1hHmveOCAmtKJ5iGHcNMaf5A0=">AAACF3icbVDLSgMxFM3UV62vqks3waK4scyIoFQKRTddVugLO7Vk0jttaOZBkhHKMH6FG3/FjQtF3OrOvzHTdqHVAxdOzrmX3HuckDOpTPPLyCwsLi2vZFdza+sbm1v57Z2mDCJBoUEDHoi2QyRw5kNDMcWhHQognsOh5YyuUr91B0KywK+rcQhdjwx85jJKlJZ6+eINPrRLZbuE4TY+th1QBFeTC3yvgSfPsu0KQmMrietJrpcvmEVzAvyXWDNSQDPUevlPux/QyANfUU6k7FhmqLoxEYpRDknOjiSEhI7IADqa+sQD2Y0ndyX4QCt97AZCl6/wRP05ERNPyrHn6E6PqKGc91LxP68TKfe8GzM/jBT4dPqRG3GsApyGhPtMAFV8rAmhguldMR0SHYPSUaYhWPMn/yXNk6JlFq3r00LlchZHFu2hfXSELHSGKqiKaqiBKHpAT+gFvRqPxrPxZrxPWzPGbGYX/YLx8Q0RA54H</latexit>

� =
i

~ (t
0 � t) =) e��H , U(t, t0)

<latexit sha1_base64="1ImPO+FfYYsne+rBCwgs7qiX4EI="></latexit><latexit sha1_base64="1ImPO+FfYYsne+rBCwgs7qiX4EI="></latexit><latexit sha1_base64="1ImPO+FfYYsne+rBCwgs7qiX4EI="></latexit><latexit sha1_base64="1ImPO+FfYYsne+rBCwgs7qiX4EI="></latexit>

T
<latexit sha1_base64="+PBvf+lnnsnFY014vABWwPiSxYo=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cW+gVtKJvtpF272YTdjVBCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJIJr47rfTmFjc2t7p7hb2ts/ODwqH5+0dZwqhi0Wi1h1A6pRcIktw43AbqKQRoHATjC5n/udJ1Sax7Jppgn6ER1JHnJGjZUazUG54lbdBcg68XJSgRz1QfmrP4xZGqE0TFCte56bGD+jynAmcFbqpxoTyiZ0hD1LJY1Q+9ni0Bm5sMqQhLGyJQ1ZqL8nMhppPY0C2xlRM9ar3lz8z+ulJrz1My6T1KBky0VhKoiJyfxrMuQKmRFTSyhT3N5K2JgqyozNpmRD8FZfXiftq6rnVr3GdaV2l8dRhDM4h0vw4AZq8AB1aAEDhGd4hTfn0Xlx3p2PZWvByWdO4Q+czx+vqYzY</latexit><latexit sha1_base64="+PBvf+lnnsnFY014vABWwPiSxYo=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cW+gVtKJvtpF272YTdjVBCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJIJr47rfTmFjc2t7p7hb2ts/ODwqH5+0dZwqhi0Wi1h1A6pRcIktw43AbqKQRoHATjC5n/udJ1Sax7Jppgn6ER1JHnJGjZUazUG54lbdBcg68XJSgRz1QfmrP4xZGqE0TFCte56bGD+jynAmcFbqpxoTyiZ0hD1LJY1Q+9ni0Bm5sMqQhLGyJQ1ZqL8nMhppPY0C2xlRM9ar3lz8z+ulJrz1My6T1KBky0VhKoiJyfxrMuQKmRFTSyhT3N5K2JgqyozNpmRD8FZfXiftq6rnVr3GdaV2l8dRhDM4h0vw4AZq8AB1aAEDhGd4hTfn0Xlx3p2PZWvByWdO4Q+czx+vqYzY</latexit><latexit sha1_base64="+PBvf+lnnsnFY014vABWwPiSxYo=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cW+gVtKJvtpF272YTdjVBCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJIJr47rfTmFjc2t7p7hb2ts/ODwqH5+0dZwqhi0Wi1h1A6pRcIktw43AbqKQRoHATjC5n/udJ1Sax7Jppgn6ER1JHnJGjZUazUG54lbdBcg68XJSgRz1QfmrP4xZGqE0TFCte56bGD+jynAmcFbqpxoTyiZ0hD1LJY1Q+9ni0Bm5sMqQhLGyJQ1ZqL8nMhppPY0C2xlRM9ar3lz8z+ulJrz1My6T1KBky0VhKoiJyfxrMuQKmRFTSyhT3N5K2JgqyozNpmRD8FZfXiftq6rnVr3GdaV2l8dRhDM4h0vw4AZq8AB1aAEDhGd4hTfn0Xlx3p2PZWvByWdO4Q+czx+vqYzY</latexit><latexit sha1_base64="+PBvf+lnnsnFY014vABWwPiSxYo=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cW+gVtKJvtpF272YTdjVBCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJIJr47rfTmFjc2t7p7hb2ts/ODwqH5+0dZwqhi0Wi1h1A6pRcIktw43AbqKQRoHATjC5n/udJ1Sax7Jppgn6ER1JHnJGjZUazUG54lbdBcg68XJSgRz1QfmrP4xZGqE0TFCte56bGD+jynAmcFbqpxoTyiZ0hD1LJY1Q+9ni0Bm5sMqQhLGyJQ1ZqL8nMhppPY0C2xlRM9ar3lz8z+ulJrz1My6T1KBky0VhKoiJyfxrMuQKmRFTSyhT3N5K2JgqyozNpmRD8FZfXiftq6rnVr3GdaV2l8dRhDM4h0vw4AZq8AB1aAEDhGd4hTfn0Xlx3p2PZWvByWdO4Q+czx+vqYzY</latexit>

, <latexit sha1_base64="h6gYGp2Cr1tJ6DvbrHD8a/Z3Sbk=">AAAB+HicbVA9SwNBEN3zM8aPnFraLAbBKtyJoGXQxsIigvmA5Ah7m7lkyd7tsTunxJBfYmOhiK0/xc5/4ya5QhMfDDzem2FmXphKYdDzvp2V1bX1jc3CVnF7Z3ev5O4fNIzKNIc6V1LpVsgMSJFAHQVKaKUaWBxKaIbD66nffABthErucZRCELN+IiLBGVqp65Y6txChFv0BMq3VY9ctexVvBrpM/JyUSY5a1/3q9BTPYkiQS2ZM2/dSDMZMo+ASJsVOZiBlfMj60LY0YTGYYDw7fEJPrNKjkdK2EqQz9ffEmMXGjOLQdsYMB2bRm4r/ee0Mo8tgLJI0Q0j4fFGUSYqKTlOgPaGBoxxZwrgW9lbKB0wzjjarog3BX3x5mTTOKr5X8e/Oy9WrPI4COSLH5JT45IJUyQ2pkTrhJCPP5JW8OU/Oi/PufMxbV5x85pD8gfP5Azg2k3E=</latexit><latexit sha1_base64="h6gYGp2Cr1tJ6DvbrHD8a/Z3Sbk=">AAAB+HicbVA9SwNBEN3zM8aPnFraLAbBKtyJoGXQxsIigvmA5Ah7m7lkyd7tsTunxJBfYmOhiK0/xc5/4ya5QhMfDDzem2FmXphKYdDzvp2V1bX1jc3CVnF7Z3ev5O4fNIzKNIc6V1LpVsgMSJFAHQVKaKUaWBxKaIbD66nffABthErucZRCELN+IiLBGVqp65Y6txChFv0BMq3VY9ctexVvBrpM/JyUSY5a1/3q9BTPYkiQS2ZM2/dSDMZMo+ASJsVOZiBlfMj60LY0YTGYYDw7fEJPrNKjkdK2EqQz9ffEmMXGjOLQdsYMB2bRm4r/ee0Mo8tgLJI0Q0j4fFGUSYqKTlOgPaGBoxxZwrgW9lbKB0wzjjarog3BX3x5mTTOKr5X8e/Oy9WrPI4COSLH5JT45IJUyQ2pkTrhJCPP5JW8OU/Oi/PufMxbV5x85pD8gfP5Azg2k3E=</latexit><latexit sha1_base64="h6gYGp2Cr1tJ6DvbrHD8a/Z3Sbk=">AAAB+HicbVA9SwNBEN3zM8aPnFraLAbBKtyJoGXQxsIigvmA5Ah7m7lkyd7tsTunxJBfYmOhiK0/xc5/4ya5QhMfDDzem2FmXphKYdDzvp2V1bX1jc3CVnF7Z3ev5O4fNIzKNIc6V1LpVsgMSJFAHQVKaKUaWBxKaIbD66nffABthErucZRCELN+IiLBGVqp65Y6txChFv0BMq3VY9ctexVvBrpM/JyUSY5a1/3q9BTPYkiQS2ZM2/dSDMZMo+ASJsVOZiBlfMj60LY0YTGYYDw7fEJPrNKjkdK2EqQz9ffEmMXGjOLQdsYMB2bRm4r/ee0Mo8tgLJI0Q0j4fFGUSYqKTlOgPaGBoxxZwrgW9lbKB0wzjjarog3BX3x5mTTOKr5X8e/Oy9WrPI4COSLH5JT45IJUyQ2pkTrhJCPP5JW8OU/Oi/PufMxbV5x85pD8gfP5Azg2k3E=</latexit><latexit sha1_base64="h6gYGp2Cr1tJ6DvbrHD8a/Z3Sbk=">AAAB+HicbVA9SwNBEN3zM8aPnFraLAbBKtyJoGXQxsIigvmA5Ah7m7lkyd7tsTunxJBfYmOhiK0/xc5/4ya5QhMfDDzem2FmXphKYdDzvp2V1bX1jc3CVnF7Z3ev5O4fNIzKNIc6V1LpVsgMSJFAHQVKaKUaWBxKaIbD66nffABthErucZRCELN+IiLBGVqp65Y6txChFv0BMq3VY9ctexVvBrpM/JyUSY5a1/3q9BTPYkiQS2ZM2/dSDMZMo+ASJsVOZiBlfMj60LY0YTGYYDw7fEJPrNKjkdK2EqQz9ffEmMXGjOLQdsYMB2bRm4r/ee0Mo8tgLJI0Q0j4fFGUSYqKTlOgPaGBoxxZwrgW9lbKB0wzjjarog3BX3x5mTTOKr5X8e/Oy9WrPI4COSLH5JT45IJUyQ2pkTrhJCPP5JW8OU/Oi/PufMxbV5x85pD8gfP5Azg2k3E=</latexit>
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Na

~
<latexit sha1_base64="Crcrq2bMKy86HUHCb/gVG/jQuwM=">AAACA3icbVBNS8NAEN3Ur1q/ot70slgETyURQSkIRS+epIL9gKaUyXbTLt1swu5GKCHgxb/ixYMiXv0T3vw3btsctPXBwOO9GWbm+TFnSjvOt1VYWl5ZXSuulzY2t7Z37N29pooSSWiDRDySbR8U5UzQhmaa03YsKYQ+py1/dD3xWw9UKhaJez2OaTeEgWABI6CN1LMPPJ9q8KqXXtULJJD0FrLUG/ogs55ddirOFHiRuDkpoxz1nv3l9SOShFRowkGpjuvEupuC1IxwmpW8RNEYyAgGtGOogJCqbjr9IcPHRunjIJKmhMZT9fdECqFS49A3nSHooZr3JuJ/XifRwUU3ZSJONBVktihIONYRngSC+0xSovnYECCSmVsxGYKJQpvYSiYEd/7lRdI8rbhOxb07K9eu8jiK6BAdoRPkonNUQzeojhqIoEf0jF7Rm/VkvVjv1sestWDlM/voD6zPH89Gl6A=</latexit><latexit sha1_base64="Crcrq2bMKy86HUHCb/gVG/jQuwM=">AAACA3icbVBNS8NAEN3Ur1q/ot70slgETyURQSkIRS+epIL9gKaUyXbTLt1swu5GKCHgxb/ixYMiXv0T3vw3btsctPXBwOO9GWbm+TFnSjvOt1VYWl5ZXSuulzY2t7Z37N29pooSSWiDRDySbR8U5UzQhmaa03YsKYQ+py1/dD3xWw9UKhaJez2OaTeEgWABI6CN1LMPPJ9q8KqXXtULJJD0FrLUG/ogs55ddirOFHiRuDkpoxz1nv3l9SOShFRowkGpjuvEupuC1IxwmpW8RNEYyAgGtGOogJCqbjr9IcPHRunjIJKmhMZT9fdECqFS49A3nSHooZr3JuJ/XifRwUU3ZSJONBVktihIONYRngSC+0xSovnYECCSmVsxGYKJQpvYSiYEd/7lRdI8rbhOxb07K9eu8jiK6BAdoRPkonNUQzeojhqIoEf0jF7Rm/VkvVjv1sestWDlM/voD6zPH89Gl6A=</latexit><latexit sha1_base64="Crcrq2bMKy86HUHCb/gVG/jQuwM=">AAACA3icbVBNS8NAEN3Ur1q/ot70slgETyURQSkIRS+epIL9gKaUyXbTLt1swu5GKCHgxb/ixYMiXv0T3vw3btsctPXBwOO9GWbm+TFnSjvOt1VYWl5ZXSuulzY2t7Z37N29pooSSWiDRDySbR8U5UzQhmaa03YsKYQ+py1/dD3xWw9UKhaJez2OaTeEgWABI6CN1LMPPJ9q8KqXXtULJJD0FrLUG/ogs55ddirOFHiRuDkpoxz1nv3l9SOShFRowkGpjuvEupuC1IxwmpW8RNEYyAgGtGOogJCqbjr9IcPHRunjIJKmhMZT9fdECqFS49A3nSHooZr3JuJ/XifRwUU3ZSJONBVktihIONYRngSC+0xSovnYECCSmVsxGYKJQpvYSiYEd/7lRdI8rbhOxb07K9eu8jiK6BAdoRPkonNUQzeojhqIoEf0jF7Rm/VkvVjv1sestWDlM/voD6zPH89Gl6A=</latexit><latexit sha1_base64="Crcrq2bMKy86HUHCb/gVG/jQuwM=">AAACA3icbVBNS8NAEN3Ur1q/ot70slgETyURQSkIRS+epIL9gKaUyXbTLt1swu5GKCHgxb/ixYMiXv0T3vw3btsctPXBwOO9GWbm+TFnSjvOt1VYWl5ZXSuulzY2t7Z37N29pooSSWiDRDySbR8U5UzQhmaa03YsKYQ+py1/dD3xWw9UKhaJez2OaTeEgWABI6CN1LMPPJ9q8KqXXtULJJD0FrLUG/ogs55ddirOFHiRuDkpoxz1nv3l9SOShFRowkGpjuvEupuC1IxwmpW8RNEYyAgGtGOogJCqbjr9IcPHRunjIJKmhMZT9fdECqFS49A3nSHooZr3JuJ/XifRwUU3ZSJONBVktihIONYRngSC+0xSovnYECCSmVsxGYKJQpvYSiYEd/7lRdI8rbhOxb07K9eu8jiK6BAdoRPkonNUQzeojhqIoEf0jF7Rm/VkvVjv1sestWDlM/voD6zPH89Gl6A=</latexit>

✏ �! �i a
<latexit sha1_base64="cFPxyNm8LhusWDg1JhTY7A9+rv4=">AAACCXicbVDLSgMxFM3UV62vqks3wSK4scyIoLgqunFZwT6gM5RMmpmGZpIhuaOUoVs3/oobF4q49Q/c+Temj4W2HriXwzn3ktwTpoIbcN1vp7C0vLK6VlwvbWxube+Ud/eaRmWasgZVQul2SAwTXLIGcBCsnWpGklCwVji4Hvute6YNV/IOhikLEhJLHnFKwErdMvZZarhQEvu2xZrHfSBaqweMTzD3L0m3XHGr7gR4kXgzUkEz1LvlL7+naJYwCVQQYzqem0KQEw2cCjYq+ZlhKaEDErOOpZIkzAT55JIRPrJKD0dK25KAJ+rvjZwkxgyT0E4mBPpm3huL/3mdDKKLIOcyzYBJOn0oygQGhcex4B7XjIIYWkKo5vavmPaJJhRseCUbgjd/8iJpnlY9t+rdnlVqV7M4iugAHaJj5KFzVEM3qI4aiKJH9Ixe0Zvz5Lw4787HdLTgzHb20R84nz+rLpmj</latexit><latexit sha1_base64="cFPxyNm8LhusWDg1JhTY7A9+rv4=">AAACCXicbVDLSgMxFM3UV62vqks3wSK4scyIoLgqunFZwT6gM5RMmpmGZpIhuaOUoVs3/oobF4q49Q/c+Temj4W2HriXwzn3ktwTpoIbcN1vp7C0vLK6VlwvbWxube+Ud/eaRmWasgZVQul2SAwTXLIGcBCsnWpGklCwVji4Hvute6YNV/IOhikLEhJLHnFKwErdMvZZarhQEvu2xZrHfSBaqweMTzD3L0m3XHGr7gR4kXgzUkEz1LvlL7+naJYwCVQQYzqem0KQEw2cCjYq+ZlhKaEDErOOpZIkzAT55JIRPrJKD0dK25KAJ+rvjZwkxgyT0E4mBPpm3huL/3mdDKKLIOcyzYBJOn0oygQGhcex4B7XjIIYWkKo5vavmPaJJhRseCUbgjd/8iJpnlY9t+rdnlVqV7M4iugAHaJj5KFzVEM3qI4aiKJH9Ixe0Zvz5Lw4787HdLTgzHb20R84nz+rLpmj</latexit><latexit sha1_base64="cFPxyNm8LhusWDg1JhTY7A9+rv4=">AAACCXicbVDLSgMxFM3UV62vqks3wSK4scyIoLgqunFZwT6gM5RMmpmGZpIhuaOUoVs3/oobF4q49Q/c+Temj4W2HriXwzn3ktwTpoIbcN1vp7C0vLK6VlwvbWxube+Ud/eaRmWasgZVQul2SAwTXLIGcBCsnWpGklCwVji4Hvute6YNV/IOhikLEhJLHnFKwErdMvZZarhQEvu2xZrHfSBaqweMTzD3L0m3XHGr7gR4kXgzUkEz1LvlL7+naJYwCVQQYzqem0KQEw2cCjYq+ZlhKaEDErOOpZIkzAT55JIRPrJKD0dK25KAJ+rvjZwkxgyT0E4mBPpm3huL/3mdDKKLIOcyzYBJOn0oygQGhcex4B7XjIIYWkKo5vavmPaJJhRseCUbgjd/8iJpnlY9t+rdnlVqV7M4iugAHaJj5KFzVEM3qI4aiKJH9Ixe0Zvz5Lw4787HdLTgzHb20R84nz+rLpmj</latexit><latexit sha1_base64="cFPxyNm8LhusWDg1JhTY7A9+rv4=">AAACCXicbVDLSgMxFM3UV62vqks3wSK4scyIoLgqunFZwT6gM5RMmpmGZpIhuaOUoVs3/oobF4q49Q/c+Temj4W2HriXwzn3ktwTpoIbcN1vp7C0vLK6VlwvbWxube+Ud/eaRmWasgZVQul2SAwTXLIGcBCsnWpGklCwVji4Hvute6YNV/IOhikLEhJLHnFKwErdMvZZarhQEvu2xZrHfSBaqweMTzD3L0m3XHGr7gR4kXgzUkEz1LvlL7+naJYwCVQQYzqem0KQEw2cCjYq+ZlhKaEDErOOpZIkzAT55JIRPrJKD0dK25KAJ+rvjZwkxgyT0E4mBPpm3huL/3mdDKKLIOcyzYBJOn0oygQGhcex4B7XjIIYWkKo5vavmPaJJhRseCUbgjd/8iJpnlY9t+rdnlVqV7M4iugAHaJj5KFzVEM3qI4aiKJH9Ixe0Zvz5Lw4787HdLTgzHb20R84nz+rLpmj</latexit>
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๏ Lattice spacing acts as an UV cut-off:  

๏ Quantum field theories beyond tree level are plagued by UV divergencies 

๏ Defining the theory on a lattice introduces a minimum length 

Scalar fields on the lattice

⇤ ⇠ 1

a
<latexit sha1_base64="Oi1J8vuYMNazaMrMpFQ1OFdDPio=">AAACAXicbVBNS8NAFHypX7V+Rb0IXhaL4KkkIuix6MWDhwq2FppQNptNu3Q3CbsboYR48a948aCIV/+FN/+N2zYHbR1YGGbm8fZNkHKmtON8W5Wl5ZXVtep6bWNza3vH3t3rqCSThLZJwhPZDbCinMW0rZnmtJtKikXA6X0wupr49w9UKpbEd3qcUl/gQcwiRrA2Ut8+8G5MOMTIU0wgL5KY5G6R46Jv152GMwVaJG5J6lCi1be/vDAhmaCxJhwr1XOdVPs5lpoRToualymaYjLCA9ozNMaCKj+fXlCgY6OEKEqkebFGU/X3RI6FUmMRmKTAeqjmvYn4n9fLdHTh5yxOM01jMlsUZRzpBE3qQCGTlGg+NgQTycxfERli04I2pdVMCe78yYukc9pwnYZ7e1ZvXpZ1VOEQjuAEXDiHJlxDC9pA4BGe4RXerCfrxXq3PmbRilXO7MMfWJ8//b2Wlw==</latexit><latexit sha1_base64="Oi1J8vuYMNazaMrMpFQ1OFdDPio=">AAACAXicbVBNS8NAFHypX7V+Rb0IXhaL4KkkIuix6MWDhwq2FppQNptNu3Q3CbsboYR48a948aCIV/+FN/+N2zYHbR1YGGbm8fZNkHKmtON8W5Wl5ZXVtep6bWNza3vH3t3rqCSThLZJwhPZDbCinMW0rZnmtJtKikXA6X0wupr49w9UKpbEd3qcUl/gQcwiRrA2Ut8+8G5MOMTIU0wgL5KY5G6R46Jv152GMwVaJG5J6lCi1be/vDAhmaCxJhwr1XOdVPs5lpoRToualymaYjLCA9ozNMaCKj+fXlCgY6OEKEqkebFGU/X3RI6FUmMRmKTAeqjmvYn4n9fLdHTh5yxOM01jMlsUZRzpBE3qQCGTlGg+NgQTycxfERli04I2pdVMCe78yYukc9pwnYZ7e1ZvXpZ1VOEQjuAEXDiHJlxDC9pA4BGe4RXerCfrxXq3PmbRilXO7MMfWJ8//b2Wlw==</latexit><latexit sha1_base64="Oi1J8vuYMNazaMrMpFQ1OFdDPio=">AAACAXicbVBNS8NAFHypX7V+Rb0IXhaL4KkkIuix6MWDhwq2FppQNptNu3Q3CbsboYR48a948aCIV/+FN/+N2zYHbR1YGGbm8fZNkHKmtON8W5Wl5ZXVtep6bWNza3vH3t3rqCSThLZJwhPZDbCinMW0rZnmtJtKikXA6X0wupr49w9UKpbEd3qcUl/gQcwiRrA2Ut8+8G5MOMTIU0wgL5KY5G6R46Jv152GMwVaJG5J6lCi1be/vDAhmaCxJhwr1XOdVPs5lpoRToualymaYjLCA9ozNMaCKj+fXlCgY6OEKEqkebFGU/X3RI6FUmMRmKTAeqjmvYn4n9fLdHTh5yxOM01jMlsUZRzpBE3qQCGTlGg+NgQTycxfERli04I2pdVMCe78yYukc9pwnYZ7e1ZvXpZ1VOEQjuAEXDiHJlxDC9pA4BGe4RXerCfrxXq3PmbRilXO7MMfWJ8//b2Wlw==</latexit><latexit sha1_base64="Oi1J8vuYMNazaMrMpFQ1OFdDPio=">AAACAXicbVBNS8NAFHypX7V+Rb0IXhaL4KkkIuix6MWDhwq2FppQNptNu3Q3CbsboYR48a948aCIV/+FN/+N2zYHbR1YGGbm8fZNkHKmtON8W5Wl5ZXVtep6bWNza3vH3t3rqCSThLZJwhPZDbCinMW0rZnmtJtKikXA6X0wupr49w9UKpbEd3qcUl/gQcwiRrA2Ut8+8G5MOMTIU0wgL5KY5G6R46Jv152GMwVaJG5J6lCi1be/vDAhmaCxJhwr1XOdVPs5lpoRToualymaYjLCA9ozNMaCKj+fXlCgY6OEKEqkebFGU/X3RI6FUmMRmKTAeqjmvYn4n9fLdHTh5yxOM01jMlsUZRzpBE3qQCGTlGg+NgQTycxfERli04I2pdVMCe78yYukc9pwnYZ7e1ZvXpZ1VOEQjuAEXDiHJlxDC9pA4BGe4RXerCfrxXq3PmbRilXO7MMfWJ8//b2Wlw==</latexit>
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<latexit sha1_base64="TAnDXGYXQ37V6LVaOBkdtsYvxlU=">AAACGHicbVDLSsNAFJ3UV62vqEs3g0Wom5qIoBuhqAuXFewDmhAmk2k7dJIMMxNpCf0MN/6KGxeKuO3Ov3GSZqGtBwYO59zL3HN8zqhUlvVtlFZW19Y3ypuVre2d3T1z/6At40Rg0sIxi0XXR5IwGpGWooqRLhcEhT4jHX90m/mdJyIkjaNHNeHEDdEgon2KkdKSZ545NFLQCZEaYsTSuymEDh/Sa4eLOPDGMLeDXIO18Sn0zKpVt3LAZWIXpAoKND1z5gQxTkISKcyQlD3b4spNkVAUMzKtOIkkHOERGpCephEKiXTTPNgUnmglgP1Y6KfvyNXfGykKpZyEvp7MEshFLxP/83qJ6l+5KY14okiE5x/1EwZVDLOWYEAFwYpNNEFYUH0rxEMkEFa6y4ouwV6MvEza53XbqtsPF9XGTVFHGRyBY1ADNrgEDXAPmqAFMHgGr+AdfBgvxpvxaXzNR0tGsXMI/sCY/QCVX57N</latexit><latexit sha1_base64="TAnDXGYXQ37V6LVaOBkdtsYvxlU=">AAACGHicbVDLSsNAFJ3UV62vqEs3g0Wom5qIoBuhqAuXFewDmhAmk2k7dJIMMxNpCf0MN/6KGxeKuO3Ov3GSZqGtBwYO59zL3HN8zqhUlvVtlFZW19Y3ypuVre2d3T1z/6At40Rg0sIxi0XXR5IwGpGWooqRLhcEhT4jHX90m/mdJyIkjaNHNeHEDdEgon2KkdKSZ545NFLQCZEaYsTSuymEDh/Sa4eLOPDGMLeDXIO18Sn0zKpVt3LAZWIXpAoKND1z5gQxTkISKcyQlD3b4spNkVAUMzKtOIkkHOERGpCephEKiXTTPNgUnmglgP1Y6KfvyNXfGykKpZyEvp7MEshFLxP/83qJ6l+5KY14okiE5x/1EwZVDLOWYEAFwYpNNEFYUH0rxEMkEFa6y4ouwV6MvEza53XbqtsPF9XGTVFHGRyBY1ADNrgEDXAPmqAFMHgGr+AdfBgvxpvxaXzNR0tGsXMI/sCY/QCVX57N</latexit><latexit sha1_base64="TAnDXGYXQ37V6LVaOBkdtsYvxlU=">AAACGHicbVDLSsNAFJ3UV62vqEs3g0Wom5qIoBuhqAuXFewDmhAmk2k7dJIMMxNpCf0MN/6KGxeKuO3Ov3GSZqGtBwYO59zL3HN8zqhUlvVtlFZW19Y3ypuVre2d3T1z/6At40Rg0sIxi0XXR5IwGpGWooqRLhcEhT4jHX90m/mdJyIkjaNHNeHEDdEgon2KkdKSZ545NFLQCZEaYsTSuymEDh/Sa4eLOPDGMLeDXIO18Sn0zKpVt3LAZWIXpAoKND1z5gQxTkISKcyQlD3b4spNkVAUMzKtOIkkHOERGpCephEKiXTTPNgUnmglgP1Y6KfvyNXfGykKpZyEvp7MEshFLxP/83qJ6l+5KY14okiE5x/1EwZVDLOWYEAFwYpNNEFYUH0rxEMkEFa6y4ouwV6MvEza53XbqtsPF9XGTVFHGRyBY1ADNrgEDXAPmqAFMHgGr+AdfBgvxpvxaXzNR0tGsXMI/sCY/QCVX57N</latexit><latexit sha1_base64="TAnDXGYXQ37V6LVaOBkdtsYvxlU=">AAACGHicbVDLSsNAFJ3UV62vqEs3g0Wom5qIoBuhqAuXFewDmhAmk2k7dJIMMxNpCf0MN/6KGxeKuO3Ov3GSZqGtBwYO59zL3HN8zqhUlvVtlFZW19Y3ypuVre2d3T1z/6At40Rg0sIxi0XXR5IwGpGWooqRLhcEhT4jHX90m/mdJyIkjaNHNeHEDdEgon2KkdKSZ545NFLQCZEaYsTSuymEDh/Sa4eLOPDGMLeDXIO18Sn0zKpVt3LAZWIXpAoKND1z5gQxTkISKcyQlD3b4spNkVAUMzKtOIkkHOERGpCephEKiXTTPNgUnmglgP1Y6KfvyNXfGykKpZyEvp7MEshFLxP/83qJ6l+5KY14okiE5x/1EwZVDLOWYEAFwYpNNEFYUH0rxEMkEFa6y4ouwV6MvEza53XbqtsPF9XGTVFHGRyBY1ADNrgEDXAPmqAFMHgGr+AdfBgvxpvxaXzNR0tGsXMI/sCY/QCVX57N</latexit>
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⇤
<latexit sha1_base64="asKZPTW02u3pJ9LYTKwqZsHXNCk="></latexit><latexit sha1_base64="asKZPTW02u3pJ9LYTKwqZsHXNCk="></latexit><latexit sha1_base64="asKZPTW02u3pJ9LYTKwqZsHXNCk="></latexit><latexit sha1_base64="asKZPTW02u3pJ9LYTKwqZsHXNCk="></latexit>
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๏ Discretize space-time and define matter fields on the sites of the lattice: 

๏ Momentum integrals are restricted to the first Brillouin zone:

๏ Discretize the derivatives: 

Scalar field theory

x �! an = (an1, an2, an3, an4); nµ 2 Z
�(x) �! �(an)

<latexit sha1_base64="EWB8yIcGAIJdR97onGoMqRMQSbc="></latexit><latexit sha1_base64="EWB8yIcGAIJdR97onGoMqRMQSbc="></latexit><latexit sha1_base64="EWB8yIcGAIJdR97onGoMqRMQSbc="></latexit><latexit sha1_base64="EWB8yIcGAIJdR97onGoMqRMQSbc="></latexit>

@µ�(x) �! rµ�(x) =
1

a

⇥
�(x+ aµ̂)� �(x)

⇤

�! r⇤
µ�(x) =

1

a

⇥
�(x)� �(x� aµ̂)

⇤
<latexit sha1_base64="8qWS7JfjuSi6rz1Xs2JEmyPyR6M="></latexit><latexit sha1_base64="8qWS7JfjuSi6rz1Xs2JEmyPyR6M="></latexit><latexit sha1_base64="8qWS7JfjuSi6rz1Xs2JEmyPyR6M="></latexit><latexit sha1_base64="8qWS7JfjuSi6rz1Xs2JEmyPyR6M="></latexit>

Z
d4x �! a4

X

nµ

⌘
X

x
Z

d4k

2⇡
�!

Z

|k|< 2⇡
a

d4k

2⇡
⌘

Z

k
<latexit sha1_base64="d24i4SOJ3BBuO9nLy/cMMDUVHiA="></latexit><latexit sha1_base64="d24i4SOJ3BBuO9nLy/cMMDUVHiA="></latexit><latexit sha1_base64="d24i4SOJ3BBuO9nLy/cMMDUVHiA="></latexit><latexit sha1_base64="d24i4SOJ3BBuO9nLy/cMMDUVHiA="></latexit>



PSI Particle Physics Summer School                                                                                     August 4 - 10, 2024 

๏ Discretized action (bare parameters)

๏ Scalar propagator

๏ Space time symmetry:

๏ Rotation symmetry recovered in the continuum limit

Lattice action

O(4) �! H(4)
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From P.I. in Quantum Mech. to Statistical Stat. Mech.

[Credit: U.-J. Wiese https://inspirehep.net/literature/946884]

[See also:]

[To appear on 31 
August 2024]

https://inspirehep.net/literature/946884
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Quantum Field TheoriesClassical Statistical Mechanics

From Statistical Mech. to Quantum Field Theories
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๏ Monte Carlo: a numerical method for estimating high-dimensional 
integrals by random sampling

Stochastische Bestimmung von π

• Abschätzungs-Vorschrift:
1 Verteile zufällig N Punkte
gleichmäßig auf der
Viereck-Fläche

2 Zähle die, die im Kreis liegen
3 dann ist

π =
4AKreis
AViereck

≈
4Ninnen
N

• Für sehr große N wird π sehr gut
approximiert 10.80.60.40.20
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๏ Ratio of the surface area of the circle and the square: 

➡  

๏ We can then express:

➡  

๏ If we know , we know the value of π Scircle/Ssquare

Stochastische Bestimmung von π

• Flächen-Verhältnis
Kreis zu Viereck:

AKreis
AViereck

=
πr2

4r2

• es folgt sofort

π =
4AKreis
AViereck
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• Kennt man AKreis/AViereck, kennt man π
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Ssquare
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4r2

⇡ =
4Scircle

Ssquare

Stochastische Bestimmung von π

• Abschätzungs-Vorschrift:
1 Verteile zufällig N Punkte
gleichmäßig auf der
Viereck-Fläche

2 Zähle die, die im Kreis liegen
3 dann ist

π =
4AKreis
AViereck

≈
4Ninnen
N

• Für sehr große N wird π sehr gut
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๏ Throw N random points on the surface of the square 

➡   

๏ For N - large, the value of π  will be very well approximated

⇡ =
4Scircle

Ssquare
⇡ Ninside

N

A tool for Lattice Simulations: Monte Carlo methods
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๏ Calculating 1-dim integral: 

➡  

๏ Again, throw N random points on the rectangular surface:

๏ Count those under the value of the function  

๏ Then the value of the integral is obtained by:

➡

f(x)

2r

Monte-Carlo Integration

• Betrachten

I =

∫ 1

0
f (x) dx

• wiederum:
1 Verteile zufällig N Punkte
gleichmäßig auf der
Rechteck-Fläche

2 Zähle die, die unterhalb f (x)
liegen

3 dann ist

I ≈ ⟨I⟩N = 2, 5× 1 Ninnen
N

f(x) = (cos(7x) + sin(3x))2

10.80.60.40.20
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I = 0.8291597

• je größer N, desto besser die Approximation
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I =

Z 1

0
f(x)dx

I ⇡ hIiN = 2.5⇥ 1⇥ Ninside

N

๏ For larger N, better and better approximation of the integral

๏ Monte Carlo error in d-dim:

๏ Numerical integration error in d-dim:

๏ For d>4, Monte Carlo is better than Numerical Integration!

⇡ 1p
N

⇡ 1

N2/d

Monte-Carlo Integration

• Betrachten

I =

∫ 1

0
f (x) dx

• wiederum:
1 Verteile zufällig N Punkte
gleichmäßig auf der
Rechteck-Fläche

2 Zähle die, die unterhalb f (x)
liegen

3 dann ist

I ≈ ⟨I⟩N = 2, 5× 1 Ninnen
N

10.80.60.40.20

2.5

2
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0

N = 200 : I ≈ 0.7625

• je größer N, desto besser die Approximation
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๏ For larger N, better and better approximation of the integral

๏ Monte Carlo error in d-dim:

๏ Numerical integration error (midpoint rule) in d-dim:

๏ For d>4, Monte Carlo is better than Numerical Integration!

⇡ 1p
N

⇡ 1

N2/d

Monte-Carlo contra Numerische Integration

• Betrachten

I =

∫ 1

0
f (x) dx

• numerisch: Mittelpunktsverfahren
• äquidistante Stützstellen
x0 = 0, x1, ..., xN = 1

I ≈
N

∑

i=1
h f (xi − xi−1

2 )

• Approximations-Fehler zu
führender Ordnung ∝ 1/N2

f(x) = (cos(7x) + sin(3x))2

10.80.60.40.20
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N = 5, I ≈ 0.8689142

• je größer N, desto besser die Approximation
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Monte-Carlo contra Numerische Integration

• Betrachten

I =

∫ 1

0
f (x) dx

• numerisch: Mittelpunktsverfahren
• äquidistante Stützstellen
x0 = 0, x1, ..., xN = 1

I ≈
N

∑

i=1
h f (xi − xi−1

2 )

• Approximations-Fehler zu
führender Ordnung ∝ 1/N2

f(x) = (cos(7x) + sin(3x))2
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• je größer N, desto besser die Approximation
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Monte-Carlo contra Numerische Integration

• Betrachten

I =

∫ 1

0
f (x) dx

• numerisch: Mittelpunktsverfahren
• äquidistante Stützstellen
x0 = 0, x1, ..., xN = 1

I ≈
N

∑

i=1
h f (xi − xi−1

2 )

• Approximations-Fehler zu
führender Ordnung ∝ 1/N2

f(x) = (cos(7x) + sin(3x))2

10.80.60.40.20
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N = 20, I ≈ 0.83112

• je größer N, desto besser die Approximation
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I ⇡ hIiN = 2.5⇥ 1⇥ Ninside

N
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๏ Ising model Hamiltonian (without external magnetic field): 

 nearest neighbours

๏ Generate configurations of spins with probability   ~  (importance sampling)

๏ Expectation value of the observables as averages over ensemble of spin configurations 

๏ How do we generate the ensemble  ?

H = − J ∑
⟨x,y⟩

sxsy; ⟨x, y⟩ −

e− H
T

{s̄k}

Expectation values in Monte Carlo

hOi ⇡ Ō =
1

Ncnfg

NcnfgX

k=1

O[s̄k] + O(
1p

Ncnfg
)
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๏ Numerical approach exploits the analogy:  

Euclidean QFT                              Statistical Mechanics 

๏  Path integrals are computed by importance sampling 

๏ Generate ensemble of field configurations 

๏ Expectation values                are averages over the ensemble

๏ How do we generate ensemble               with the correct probability distribution? 

Numerical Simulations

P[�i] / e�SE [�]
<latexit sha1_base64="01757yiQzmx7LIx+6lneTBSnpWQ=">AAACFnicbVDLSsNAFJ3UV62vqEs3wSK4aUlEULoqiuCyon1AEsNkOmmHTpJhZiKUkK9w46+4caGIW3Hn3zhJs9DWAwOHc+7lzjk+o0RI0/zWKkvLK6tr1fXaxubW9o6+u9cTccIR7qKYxnzgQ4EpiXBXEknxgHEMQ5/ivj+5zP3+A+aCxNGdnDLshnAUkYAgKJXk6Q0nhHKMIE07me2wMfGI67QcxmMmY8Np4fu0cetdFZabeXrdbJoFjEVilaQOSnQ8/csZxigJcSQRhULYlsmkm0IuCaI4qzmJwAyiCRxhW9EIhli4aRErM46UMjSCmKsXSaNQf2+kMBRiGvpqMg8h5r1c/M+zExmcuymJWCJxhGaHgoQaKnHekTEkHCNJp4pAxIn6q4HGkEMkVZM1VYI1H3mR9E6altm0bk7r7Yuyjio4AIfgGFjgDLTBNeiALkDgETyDV/CmPWkv2rv2MRutaOXOPvgD7fMHeO2fiA==</latexit><latexit sha1_base64="01757yiQzmx7LIx+6lneTBSnpWQ=">AAACFnicbVDLSsNAFJ3UV62vqEs3wSK4aUlEULoqiuCyon1AEsNkOmmHTpJhZiKUkK9w46+4caGIW3Hn3zhJs9DWAwOHc+7lzjk+o0RI0/zWKkvLK6tr1fXaxubW9o6+u9cTccIR7qKYxnzgQ4EpiXBXEknxgHEMQ5/ivj+5zP3+A+aCxNGdnDLshnAUkYAgKJXk6Q0nhHKMIE07me2wMfGI67QcxmMmY8Np4fu0cetdFZabeXrdbJoFjEVilaQOSnQ8/csZxigJcSQRhULYlsmkm0IuCaI4qzmJwAyiCRxhW9EIhli4aRErM46UMjSCmKsXSaNQf2+kMBRiGvpqMg8h5r1c/M+zExmcuymJWCJxhGaHgoQaKnHekTEkHCNJp4pAxIn6q4HGkEMkVZM1VYI1H3mR9E6altm0bk7r7Yuyjio4AIfgGFjgDLTBNeiALkDgETyDV/CmPWkv2rv2MRutaOXOPvgD7fMHeO2fiA==</latexit><latexit sha1_base64="01757yiQzmx7LIx+6lneTBSnpWQ=">AAACFnicbVDLSsNAFJ3UV62vqEs3wSK4aUlEULoqiuCyon1AEsNkOmmHTpJhZiKUkK9w46+4caGIW3Hn3zhJs9DWAwOHc+7lzjk+o0RI0/zWKkvLK6tr1fXaxubW9o6+u9cTccIR7qKYxnzgQ4EpiXBXEknxgHEMQ5/ivj+5zP3+A+aCxNGdnDLshnAUkYAgKJXk6Q0nhHKMIE07me2wMfGI67QcxmMmY8Np4fu0cetdFZabeXrdbJoFjEVilaQOSnQ8/csZxigJcSQRhULYlsmkm0IuCaI4qzmJwAyiCRxhW9EIhli4aRErM46UMjSCmKsXSaNQf2+kMBRiGvpqMg8h5r1c/M+zExmcuymJWCJxhGaHgoQaKnHekTEkHCNJp4pAxIn6q4HGkEMkVZM1VYI1H3mR9E6altm0bk7r7Yuyjio4AIfgGFjgDLTBNeiALkDgETyDV/CmPWkv2rv2MRutaOXOPvgD7fMHeO2fiA==</latexit><latexit sha1_base64="01757yiQzmx7LIx+6lneTBSnpWQ=">AAACFnicbVDLSsNAFJ3UV62vqEs3wSK4aUlEULoqiuCyon1AEsNkOmmHTpJhZiKUkK9w46+4caGIW3Hn3zhJs9DWAwOHc+7lzjk+o0RI0/zWKkvLK6tr1fXaxubW9o6+u9cTccIR7qKYxnzgQ4EpiXBXEknxgHEMQ5/ivj+5zP3+A+aCxNGdnDLshnAUkYAgKJXk6Q0nhHKMIE07me2wMfGI67QcxmMmY8Np4fu0cetdFZabeXrdbJoFjEVilaQOSnQ8/csZxigJcSQRhULYlsmkm0IuCaI4qzmJwAyiCRxhW9EIhli4aRErM46UMjSCmKsXSaNQf2+kMBRiGvpqMg8h5r1c/M+zExmcuymJWCJxhGaHgoQaKnHekTEkHCNJp4pAxIn6q4HGkEMkVZM1VYI1H3mR9E6altm0bk7r7Yuyjio4AIfgGFjgDLTBNeiALkDgETyDV/CmPWkv2rv2MRutaOXOPvgD7fMHeO2fiA==</latexit>

hO[�]i =
1

Z

Z
D� e

�SE [�]
O[�]

<latexit sha1_base64="7eRmMG0SJH2U3Aysc/GJ7Jt4/sQ="></latexit><latexit sha1_base64="7eRmMG0SJH2U3Aysc/GJ7Jt4/sQ="></latexit><latexit sha1_base64="7eRmMG0SJH2U3Aysc/GJ7Jt4/sQ="></latexit><latexit sha1_base64="7eRmMG0SJH2U3Aysc/GJ7Jt4/sQ="></latexit>

hOi ⇡ Ō =
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{�i}
<latexit sha1_base64="RIaUI/Ifsmf5WpymKKLvaFVck+s=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cK9gObUDbbTbt0swm7E6GE/gsvHhTx6r/x5r9x2+agrQ8GHu/NMDMvTKUw6LrfTmltfWNzq7xd2dnd2z+oHh61TZJpxlsskYnuhtRwKRRvoUDJu6nmNA4l74Tj25nfeeLaiEQ94CTlQUyHSkSCUbTSo5/76Uj0hT/tV2tu3Z2DrBKvIDUo0OxXv/xBwrKYK2SSGtPz3BSDnGoUTPJpxc8MTykb0yHvWapozE2Qzy+ekjOrDEiUaFsKyVz9PZHT2JhJHNrOmOLILHsz8T+vl2F0HeRCpRlyxRaLokwSTMjsfTIQmjOUE0so08LeStiIasrQhlSxIXjLL6+S9kXdc+ve/WWtcVPEUYYTOIVz8OAKGnAHTWgBAwXP8ApvjnFenHfnY9FacoqZY/gD5/MHvxGQ8w==</latexit><latexit sha1_base64="RIaUI/Ifsmf5WpymKKLvaFVck+s=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cK9gObUDbbTbt0swm7E6GE/gsvHhTx6r/x5r9x2+agrQ8GHu/NMDMvTKUw6LrfTmltfWNzq7xd2dnd2z+oHh61TZJpxlsskYnuhtRwKRRvoUDJu6nmNA4l74Tj25nfeeLaiEQ94CTlQUyHSkSCUbTSo5/76Uj0hT/tV2tu3Z2DrBKvIDUo0OxXv/xBwrKYK2SSGtPz3BSDnGoUTPJpxc8MTykb0yHvWapozE2Qzy+ekjOrDEiUaFsKyVz9PZHT2JhJHNrOmOLILHsz8T+vl2F0HeRCpRlyxRaLokwSTMjsfTIQmjOUE0so08LeStiIasrQhlSxIXjLL6+S9kXdc+ve/WWtcVPEUYYTOIVz8OAKGnAHTWgBAwXP8ApvjnFenHfnY9FacoqZY/gD5/MHvxGQ8w==</latexit><latexit sha1_base64="RIaUI/Ifsmf5WpymKKLvaFVck+s=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cK9gObUDbbTbt0swm7E6GE/gsvHhTx6r/x5r9x2+agrQ8GHu/NMDMvTKUw6LrfTmltfWNzq7xd2dnd2z+oHh61TZJpxlsskYnuhtRwKRRvoUDJu6nmNA4l74Tj25nfeeLaiEQ94CTlQUyHSkSCUbTSo5/76Uj0hT/tV2tu3Z2DrBKvIDUo0OxXv/xBwrKYK2SSGtPz3BSDnGoUTPJpxc8MTykb0yHvWapozE2Qzy+ekjOrDEiUaFsKyVz9PZHT2JhJHNrOmOLILHsz8T+vl2F0HeRCpRlyxRaLokwSTMjsfTIQmjOUE0so08LeStiIasrQhlSxIXjLL6+S9kXdc+ve/WWtcVPEUYYTOIVz8OAKGnAHTWgBAwXP8ApvjnFenHfnY9FacoqZY/gD5/MHvxGQ8w==</latexit><latexit sha1_base64="RIaUI/Ifsmf5WpymKKLvaFVck+s=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cK9gObUDbbTbt0swm7E6GE/gsvHhTx6r/x5r9x2+agrQ8GHu/NMDMvTKUw6LrfTmltfWNzq7xd2dnd2z+oHh61TZJpxlsskYnuhtRwKRRvoUDJu6nmNA4l74Tj25nfeeLaiEQ94CTlQUyHSkSCUbTSo5/76Uj0hT/tV2tu3Z2DrBKvIDUo0OxXv/xBwrKYK2SSGtPz3BSDnGoUTPJpxc8MTykb0yHvWapozE2Qzy+ekjOrDEiUaFsKyVz9PZHT2JhJHNrOmOLILHsz8T+vl2F0HeRCpRlyxRaLokwSTMjsfTIQmjOUE0so08LeStiIasrQhlSxIXjLL6+S9kXdc+ve/WWtcVPEUYYTOIVz8OAKGnAHTWgBAwXP8ApvjnFenHfnY9FacoqZY/gD5/MHvxGQ8w==</latexit>

hO[�]i
<latexit sha1_base64="AzLTCHbYbMAzuXgcmPXNGjsR3FI=">AAACAnicbVA9SwNBEJ2LXzF+Ra3EZjEIVuFOBC2DNnZGMDGQO8LeZpIs2ds7dveEcAQb/4qNhSK2/go7/42b5ApNfDDweG+GmXlhIrg2rvvtFJaWV1bXiuuljc2t7Z3y7l5Tx6li2GCxiFUrpBoFl9gw3AhsJQppFAq8D4dXE//+AZXmsbwzowSDiPYl73FGjZU65QNfUNkXSLKbcdtPBjzw1UzolCtu1Z2CLBIvJxXIUe+Uv/xuzNIIpWGCat323MQEGVWGM4Hjkp9qTCgb0j62LZU0Qh1k0xfG5NgqXdKLlS1pyFT9PZHRSOtRFNrOiJqBnvcm4n9eOzW9iyDjMkkNSjZb1EsFMTGZ5EG6XCEzYmQJZYrbWwkbUEWZsamVbAje/MuLpHla9dyqd3tWqV3mcRThEI7gBDw4hxpcQx0awOARnuEV3pwn58V5dz5mrQUnn9mHP3A+fwD7opcl</latexit><latexit sha1_base64="AzLTCHbYbMAzuXgcmPXNGjsR3FI=">AAACAnicbVA9SwNBEJ2LXzF+Ra3EZjEIVuFOBC2DNnZGMDGQO8LeZpIs2ds7dveEcAQb/4qNhSK2/go7/42b5ApNfDDweG+GmXlhIrg2rvvtFJaWV1bXiuuljc2t7Z3y7l5Tx6li2GCxiFUrpBoFl9gw3AhsJQppFAq8D4dXE//+AZXmsbwzowSDiPYl73FGjZU65QNfUNkXSLKbcdtPBjzw1UzolCtu1Z2CLBIvJxXIUe+Uv/xuzNIIpWGCat323MQEGVWGM4Hjkp9qTCgb0j62LZU0Qh1k0xfG5NgqXdKLlS1pyFT9PZHRSOtRFNrOiJqBnvcm4n9eOzW9iyDjMkkNSjZb1EsFMTGZ5EG6XCEzYmQJZYrbWwkbUEWZsamVbAje/MuLpHla9dyqd3tWqV3mcRThEI7gBDw4hxpcQx0awOARnuEV3pwn58V5dz5mrQUnn9mHP3A+fwD7opcl</latexit><latexit sha1_base64="AzLTCHbYbMAzuXgcmPXNGjsR3FI=">AAACAnicbVA9SwNBEJ2LXzF+Ra3EZjEIVuFOBC2DNnZGMDGQO8LeZpIs2ds7dveEcAQb/4qNhSK2/go7/42b5ApNfDDweG+GmXlhIrg2rvvtFJaWV1bXiuuljc2t7Z3y7l5Tx6li2GCxiFUrpBoFl9gw3AhsJQppFAq8D4dXE//+AZXmsbwzowSDiPYl73FGjZU65QNfUNkXSLKbcdtPBjzw1UzolCtu1Z2CLBIvJxXIUe+Uv/xuzNIIpWGCat323MQEGVWGM4Hjkp9qTCgb0j62LZU0Qh1k0xfG5NgqXdKLlS1pyFT9PZHRSOtRFNrOiJqBnvcm4n9eOzW9iyDjMkkNSjZb1EsFMTGZ5EG6XCEzYmQJZYrbWwkbUEWZsamVbAje/MuLpHla9dyqd3tWqV3mcRThEI7gBDw4hxpcQx0awOARnuEV3pwn58V5dz5mrQUnn9mHP3A+fwD7opcl</latexit><latexit sha1_base64="AzLTCHbYbMAzuXgcmPXNGjsR3FI=">AAACAnicbVA9SwNBEJ2LXzF+Ra3EZjEIVuFOBC2DNnZGMDGQO8LeZpIs2ds7dveEcAQb/4qNhSK2/go7/42b5ApNfDDweG+GmXlhIrg2rvvtFJaWV1bXiuuljc2t7Z3y7l5Tx6li2GCxiFUrpBoFl9gw3AhsJQppFAq8D4dXE//+AZXmsbwzowSDiPYl73FGjZU65QNfUNkXSLKbcdtPBjzw1UzolCtu1Z2CLBIvJxXIUe+Uv/xuzNIIpWGCat323MQEGVWGM4Hjkp9qTCgb0j62LZU0Qh1k0xfG5NgqXdKLlS1pyFT9PZHRSOtRFNrOiJqBnvcm4n9eOzW9iyDjMkkNSjZb1EsFMTGZ5EG6XCEzYmQJZYrbWwkbUEWZsamVbAje/MuLpHla9dyqd3tWqV3mcRThEI7gBDw4hxpcQx0awOARnuEV3pwn58V5dz5mrQUnn9mHP3A+fwD7opcl</latexit>
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๏ Recursive procedure that generates           with specific algorithm s.t. aimed distribution is 
asymptotically obtained 

๏ Markov chains that converge exponentially to the equilibrium distr.

๏ The configurations            are correlated by construction

                  — integrated autocorrelation time

๏ The error of the estimator scales as                     (Monte Carlo) 

๏ The variance of the actual observable 

                property of QFT itself, should not depend of the Markov chain.

Markov processes

{�i}
<latexit sha1_base64="RIaUI/Ifsmf5WpymKKLvaFVck+s=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cK9gObUDbbTbt0swm7E6GE/gsvHhTx6r/x5r9x2+agrQ8GHu/NMDMvTKUw6LrfTmltfWNzq7xd2dnd2z+oHh61TZJpxlsskYnuhtRwKRRvoUDJu6nmNA4l74Tj25nfeeLaiEQ94CTlQUyHSkSCUbTSo5/76Uj0hT/tV2tu3Z2DrBKvIDUo0OxXv/xBwrKYK2SSGtPz3BSDnGoUTPJpxc8MTykb0yHvWapozE2Qzy+ekjOrDEiUaFsKyVz9PZHT2JhJHNrOmOLILHsz8T+vl2F0HeRCpRlyxRaLokwSTMjsfTIQmjOUE0so08LeStiIasrQhlSxIXjLL6+S9kXdc+ve/WWtcVPEUYYTOIVz8OAKGnAHTWgBAwXP8ApvjnFenHfnY9FacoqZY/gD5/MHvxGQ8w==</latexit><latexit sha1_base64="RIaUI/Ifsmf5WpymKKLvaFVck+s=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cK9gObUDbbTbt0swm7E6GE/gsvHhTx6r/x5r9x2+agrQ8GHu/NMDMvTKUw6LrfTmltfWNzq7xd2dnd2z+oHh61TZJpxlsskYnuhtRwKRRvoUDJu6nmNA4l74Tj25nfeeLaiEQ94CTlQUyHSkSCUbTSo5/76Uj0hT/tV2tu3Z2DrBKvIDUo0OxXv/xBwrKYK2SSGtPz3BSDnGoUTPJpxc8MTykb0yHvWapozE2Qzy+ekjOrDEiUaFsKyVz9PZHT2JhJHNrOmOLILHsz8T+vl2F0HeRCpRlyxRaLokwSTMjsfTIQmjOUE0so08LeStiIasrQhlSxIXjLL6+S9kXdc+ve/WWtcVPEUYYTOIVz8OAKGnAHTWgBAwXP8ApvjnFenHfnY9FacoqZY/gD5/MHvxGQ8w==</latexit><latexit sha1_base64="RIaUI/Ifsmf5WpymKKLvaFVck+s=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cK9gObUDbbTbt0swm7E6GE/gsvHhTx6r/x5r9x2+agrQ8GHu/NMDMvTKUw6LrfTmltfWNzq7xd2dnd2z+oHh61TZJpxlsskYnuhtRwKRRvoUDJu6nmNA4l74Tj25nfeeLaiEQ94CTlQUyHSkSCUbTSo5/76Uj0hT/tV2tu3Z2DrBKvIDUo0OxXv/xBwrKYK2SSGtPz3BSDnGoUTPJpxc8MTykb0yHvWapozE2Qzy+ekjOrDEiUaFsKyVz9PZHT2JhJHNrOmOLILHsz8T+vl2F0HeRCpRlyxRaLokwSTMjsfTIQmjOUE0so08LeStiIasrQhlSxIXjLL6+S9kXdc+ve/WWtcVPEUYYTOIVz8OAKGnAHTWgBAwXP8ApvjnFenHfnY9FacoqZY/gD5/MHvxGQ8w==</latexit><latexit sha1_base64="RIaUI/Ifsmf5WpymKKLvaFVck+s=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cK9gObUDbbTbt0swm7E6GE/gsvHhTx6r/x5r9x2+agrQ8GHu/NMDMvTKUw6LrfTmltfWNzq7xd2dnd2z+oHh61TZJpxlsskYnuhtRwKRRvoUDJu6nmNA4l74Tj25nfeeLaiEQ94CTlQUyHSkSCUbTSo5/76Uj0hT/tV2tu3Z2DrBKvIDUo0OxXv/xBwrKYK2SSGtPz3BSDnGoUTPJpxc8MTykb0yHvWapozE2Qzy+ekjOrDEiUaFsKyVz9PZHT2JhJHNrOmOLILHsz8T+vl2F0HeRCpRlyxRaLokwSTMjsfTIQmjOUE0so08LeStiIasrQhlSxIXjLL6+S9kXdc+ve/WWtcVPEUYYTOIVz8OAKGnAHTWgBAwXP8ApvjnFenHfnY9FacoqZY/gD5/MHvxGQ8w==</latexit>

{�0} �! {�1} �! {�2} �! · · · �! {�i} �! {�i+1} �! . . .
<latexit sha1_base64="oRuTpESTgyD8kQxwdHzNZbGhzyI="></latexit><latexit sha1_base64="oRuTpESTgyD8kQxwdHzNZbGhzyI="></latexit><latexit sha1_base64="oRuTpESTgyD8kQxwdHzNZbGhzyI="></latexit><latexit sha1_base64="hP+6LrUf2d3tZaldqaQQvEKMXyw=">AAAB2XicbZDNSgMxFIXv1L86Vq1rN8EiuCozbnQpuHFZwbZCO5RM5k4bmskMyR2hDH0BF25EfC93vo3pz0JbDwQ+zknIvSculLQUBN9ebWd3b/+gfugfNfzjk9Nmo2fz0gjsilzl5jnmFpXU2CVJCp8LgzyLFfbj6f0i77+gsTLXTzQrMMr4WMtUCk7O6oyaraAdLMW2IVxDC9YaNb+GSS7KDDUJxa0dhEFBUcUNSaFw7g9LiwUXUz7GgUPNM7RRtRxzzi6dk7A0N+5oYkv394uKZ9bOstjdzDhN7Ga2MP/LBiWlt1EldVESarH6KC0Vo5wtdmaJNChIzRxwYaSblYkJN1yQa8Z3HYSbG29D77odBu3wMYA6nMMFXEEIN3AHD9CBLghI4BXevYn35n2suqp569LO4I+8zx84xIo4</latexit><latexit sha1_base64="RJOSdSFE7vrq+W71r6ks/ig5Ka8=">AAAChnicdZFNSwMxEIaz61ddtVY9egkWQRDKbhHUg1L04rGC/YBuKdk0bYPZZElmlbLs//H3ePPfmLZ70H4MBF7mycwk70SJ4AZ8/8dxt7Z3dvdK+97B4VH5uHJy2DYq1ZS1qBJKdyNimOCStYCDYN1EMxJHgnWi9+cZ73wwbbiSbzBNWD8mY8lHnBKwqUHlK8zCZMIHfpjjUCg51nw8AaK1+sQFCtYgr2D1VeaFQwVmUzO+eU7Gr4M8zJcpXvQbVKp+zZ8HXhVBIaqoiOag8m0LaRozCVQQY3qBn0A/Ixo4FSz3wtSwhNB3MmY9KyWJmelnc0dzfGkzQzxS2h4JeJ79W5GR2JhpHNmbMYGJWWaz5DrWS2F018+4TFJgki4GjVKBQeHZevCQa0ZBTK0gVHP7VkwnRBMKdomeNSFY/vKqaNdrgV8LXn1UQufoAl2hAN2iBnpBTdRC1Ck7N86D8+ieufduY2GX6xS+naJ/4T79AojLyho=</latexit><latexit sha1_base64="RJOSdSFE7vrq+W71r6ks/ig5Ka8=">AAAChnicdZFNSwMxEIaz61ddtVY9egkWQRDKbhHUg1L04rGC/YBuKdk0bYPZZElmlbLs//H3ePPfmLZ70H4MBF7mycwk70SJ4AZ8/8dxt7Z3dvdK+97B4VH5uHJy2DYq1ZS1qBJKdyNimOCStYCDYN1EMxJHgnWi9+cZ73wwbbiSbzBNWD8mY8lHnBKwqUHlK8zCZMIHfpjjUCg51nw8AaK1+sQFCtYgr2D1VeaFQwVmUzO+eU7Gr4M8zJcpXvQbVKp+zZ8HXhVBIaqoiOag8m0LaRozCVQQY3qBn0A/Ixo4FSz3wtSwhNB3MmY9KyWJmelnc0dzfGkzQzxS2h4JeJ79W5GR2JhpHNmbMYGJWWaz5DrWS2F018+4TFJgki4GjVKBQeHZevCQa0ZBTK0gVHP7VkwnRBMKdomeNSFY/vKqaNdrgV8LXn1UQufoAl2hAN2iBnpBTdRC1Ck7N86D8+ieufduY2GX6xS+naJ/4T79AojLyho=</latexit><latexit sha1_base64="AxqXh9jb55JtYkjiJzL+uS0rKbk="></latexit><latexit sha1_base64="oRuTpESTgyD8kQxwdHzNZbGhzyI="></latexit><latexit sha1_base64="oRuTpESTgyD8kQxwdHzNZbGhzyI="></latexit><latexit sha1_base64="oRuTpESTgyD8kQxwdHzNZbGhzyI="></latexit><latexit sha1_base64="oRuTpESTgyD8kQxwdHzNZbGhzyI="></latexit><latexit sha1_base64="oRuTpESTgyD8kQxwdHzNZbGhzyI="></latexit><latexit sha1_base64="oRuTpESTgyD8kQxwdHzNZbGhzyI="></latexit>

V ar [Ō] = V ar[O]
� 2⌧O
Ncnfg

�

<latexit sha1_base64="LtRoBuOpQF+od6amrbI5sotPMzo="></latexit><latexit sha1_base64="LtRoBuOpQF+od6amrbI5sotPMzo="></latexit><latexit sha1_base64="LtRoBuOpQF+od6amrbI5sotPMzo="></latexit><latexit sha1_base64="LtRoBuOpQF+od6amrbI5sotPMzo="></latexit>

V ar [O] = h
�
O � hOi

�2i
<latexit sha1_base64="C5UcgGyyGJ72Va6/7Ufa8ML2U2g=">AAACKXicbVBNS8NAEN3Ur1q/oh69LBahHixJERRBKHrx1gr2A5JYNttNu3SzCbsboYT+HS/+FS8Kinr1j7htI2rrg2HfvJlhdp4fMyqVZb0buYXFpeWV/GphbX1jc8vc3mnKKBGYNHDEItH2kSSMctJQVDHSjgVBoc9Iyx9cjuutOyIkjfiNGsbEC1GP04BipLTUMatNJNwz6KS1kaffcx0uQ7zHCHR92ivVjr7Tmit+9MPbSpZ2zKJVtiaA88TOSBFkqHfMZ7cb4SQkXGGGpHRsK1ZeioSimJFRwU0kiREeoB5xNOUoJNJLJ5eO4IFWujCIhA6u4ET9PZGiUMph6OvOEKm+nK2Nxf9qTqKCUy+lPE4U4Xi6KEgYVBEc2wa7VBCs2FAThAXVf4W4jwTCSptb0CbYsyfPk2albFtl+/q4WL3I7MiDPbAPSsAGJ6AKrkAdNAAG9+ARvIBX48F4Mt6Mj2lrzshmdsEfGJ9fwBSlIg==</latexit><latexit sha1_base64="C5UcgGyyGJ72Va6/7Ufa8ML2U2g=">AAACKXicbVBNS8NAEN3Ur1q/oh69LBahHixJERRBKHrx1gr2A5JYNttNu3SzCbsboYT+HS/+FS8Kinr1j7htI2rrg2HfvJlhdp4fMyqVZb0buYXFpeWV/GphbX1jc8vc3mnKKBGYNHDEItH2kSSMctJQVDHSjgVBoc9Iyx9cjuutOyIkjfiNGsbEC1GP04BipLTUMatNJNwz6KS1kaffcx0uQ7zHCHR92ivVjr7Tmit+9MPbSpZ2zKJVtiaA88TOSBFkqHfMZ7cb4SQkXGGGpHRsK1ZeioSimJFRwU0kiREeoB5xNOUoJNJLJ5eO4IFWujCIhA6u4ET9PZGiUMph6OvOEKm+nK2Nxf9qTqKCUy+lPE4U4Xi6KEgYVBEc2wa7VBCs2FAThAXVf4W4jwTCSptb0CbYsyfPk2albFtl+/q4WL3I7MiDPbAPSsAGJ6AKrkAdNAAG9+ARvIBX48F4Mt6Mj2lrzshmdsEfGJ9fwBSlIg==</latexit><latexit sha1_base64="C5UcgGyyGJ72Va6/7Ufa8ML2U2g=">AAACKXicbVBNS8NAEN3Ur1q/oh69LBahHixJERRBKHrx1gr2A5JYNttNu3SzCbsboYT+HS/+FS8Kinr1j7htI2rrg2HfvJlhdp4fMyqVZb0buYXFpeWV/GphbX1jc8vc3mnKKBGYNHDEItH2kSSMctJQVDHSjgVBoc9Iyx9cjuutOyIkjfiNGsbEC1GP04BipLTUMatNJNwz6KS1kaffcx0uQ7zHCHR92ivVjr7Tmit+9MPbSpZ2zKJVtiaA88TOSBFkqHfMZ7cb4SQkXGGGpHRsK1ZeioSimJFRwU0kiREeoB5xNOUoJNJLJ5eO4IFWujCIhA6u4ET9PZGiUMph6OvOEKm+nK2Nxf9qTqKCUy+lPE4U4Xi6KEgYVBEc2wa7VBCs2FAThAXVf4W4jwTCSptb0CbYsyfPk2albFtl+/q4WL3I7MiDPbAPSsAGJ6AKrkAdNAAG9+ARvIBX48F4Mt6Mj2lrzshmdsEfGJ9fwBSlIg==</latexit><latexit sha1_base64="C5UcgGyyGJ72Va6/7Ufa8ML2U2g=">AAACKXicbVBNS8NAEN3Ur1q/oh69LBahHixJERRBKHrx1gr2A5JYNttNu3SzCbsboYT+HS/+FS8Kinr1j7htI2rrg2HfvJlhdp4fMyqVZb0buYXFpeWV/GphbX1jc8vc3mnKKBGYNHDEItH2kSSMctJQVDHSjgVBoc9Iyx9cjuutOyIkjfiNGsbEC1GP04BipLTUMatNJNwz6KS1kaffcx0uQ7zHCHR92ivVjr7Tmit+9MPbSpZ2zKJVtiaA88TOSBFkqHfMZ7cb4SQkXGGGpHRsK1ZeioSimJFRwU0kiREeoB5xNOUoJNJLJ5eO4IFWujCIhA6u4ET9PZGiUMph6OvOEKm+nK2Nxf9qTqKCUy+lPE4U4Xi6KEgYVBEc2wa7VBCs2FAThAXVf4W4jwTCSptb0CbYsyfPk2albFtl+/q4WL3I7MiDPbAPSsAGJ6AKrkAdNAAG9+ARvIBX48F4Mt6Mj2lrzshmdsEfGJ9fwBSlIg==</latexit>

1p
Ncnfg

<latexit sha1_base64="U0I6g+mUzVHdobK6qnBmWv7L4pY=">AAACAnicbVBNS8NAEN3Ur1q/op7ES7AInkoigh6LXjxJBfsBbQib7aZdutnE3YlQluDFv+LFgyJe/RXe/Ddu2xy09cHA470ZZuaFKWcKXPfbKi0tr6yuldcrG5tb2zv27l5LJZkktEkSnshOiBXlTNAmMOC0k0qK45DTdji6mvjtByoVS8QdjFPqx3ggWMQIBiMF9kEvkphoL9c9dS9B3wSaiGiQ53lgV92aO4WzSLyCVFGBRmB/9foJyWIqgHCsVNdzU/A1lsAIp3mllymaYjLCA9o1VOCYKl9PX8idY6P0nSiRpgQ4U/X3hMaxUuM4NJ0xhqGa9ybif143g+jC10ykGVBBZouijDuQOJM8nD6TlAAfG4KJZOZWhwyxyQRMahUTgjf/8iJpndY8t+bdnlXrl0UcZXSIjtAJ8tA5qqNr1EBNRNAjekav6M16sl6sd+tj1lqyipl99AfW5w99E5gf</latexit><latexit sha1_base64="U0I6g+mUzVHdobK6qnBmWv7L4pY=">AAACAnicbVBNS8NAEN3Ur1q/op7ES7AInkoigh6LXjxJBfsBbQib7aZdutnE3YlQluDFv+LFgyJe/RXe/Ddu2xy09cHA470ZZuaFKWcKXPfbKi0tr6yuldcrG5tb2zv27l5LJZkktEkSnshOiBXlTNAmMOC0k0qK45DTdji6mvjtByoVS8QdjFPqx3ggWMQIBiMF9kEvkphoL9c9dS9B3wSaiGiQ53lgV92aO4WzSLyCVFGBRmB/9foJyWIqgHCsVNdzU/A1lsAIp3mllymaYjLCA9o1VOCYKl9PX8idY6P0nSiRpgQ4U/X3hMaxUuM4NJ0xhqGa9ybif143g+jC10ykGVBBZouijDuQOJM8nD6TlAAfG4KJZOZWhwyxyQRMahUTgjf/8iJpndY8t+bdnlXrl0UcZXSIjtAJ8tA5qqNr1EBNRNAjekav6M16sl6sd+tj1lqyipl99AfW5w99E5gf</latexit><latexit sha1_base64="U0I6g+mUzVHdobK6qnBmWv7L4pY=">AAACAnicbVBNS8NAEN3Ur1q/op7ES7AInkoigh6LXjxJBfsBbQib7aZdutnE3YlQluDFv+LFgyJe/RXe/Ddu2xy09cHA470ZZuaFKWcKXPfbKi0tr6yuldcrG5tb2zv27l5LJZkktEkSnshOiBXlTNAmMOC0k0qK45DTdji6mvjtByoVS8QdjFPqx3ggWMQIBiMF9kEvkphoL9c9dS9B3wSaiGiQ53lgV92aO4WzSLyCVFGBRmB/9foJyWIqgHCsVNdzU/A1lsAIp3mllymaYjLCA9o1VOCYKl9PX8idY6P0nSiRpgQ4U/X3hMaxUuM4NJ0xhqGa9ybif143g+jC10ykGVBBZouijDuQOJM8nD6TlAAfG4KJZOZWhwyxyQRMahUTgjf/8iJpndY8t+bdnlXrl0UcZXSIjtAJ8tA5qqNr1EBNRNAjekav6M16sl6sd+tj1lqyipl99AfW5w99E5gf</latexit><latexit sha1_base64="U0I6g+mUzVHdobK6qnBmWv7L4pY=">AAACAnicbVBNS8NAEN3Ur1q/op7ES7AInkoigh6LXjxJBfsBbQib7aZdutnE3YlQluDFv+LFgyJe/RXe/Ddu2xy09cHA470ZZuaFKWcKXPfbKi0tr6yuldcrG5tb2zv27l5LJZkktEkSnshOiBXlTNAmMOC0k0qK45DTdji6mvjtByoVS8QdjFPqx3ggWMQIBiMF9kEvkphoL9c9dS9B3wSaiGiQ53lgV92aO4WzSLyCVFGBRmB/9foJyWIqgHCsVNdzU/A1lsAIp3mllymaYjLCA9o1VOCYKl9PX8idY6P0nSiRpgQ4U/X3hMaxUuM4NJ0xhqGa9ybif143g+jC10ykGVBBZouijDuQOJM8nD6TlAAfG4KJZOZWhwyxyQRMahUTgjf/8iJpndY8t+bdnlXrl0UcZXSIjtAJ8tA5qqNr1EBNRNAjekav6M16sl6sd+tj1lqyipl99AfW5w99E5gf</latexit>

{�i}
<latexit sha1_base64="RIaUI/Ifsmf5WpymKKLvaFVck+s=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cK9gObUDbbTbt0swm7E6GE/gsvHhTx6r/x5r9x2+agrQ8GHu/NMDMvTKUw6LrfTmltfWNzq7xd2dnd2z+oHh61TZJpxlsskYnuhtRwKRRvoUDJu6nmNA4l74Tj25nfeeLaiEQ94CTlQUyHSkSCUbTSo5/76Uj0hT/tV2tu3Z2DrBKvIDUo0OxXv/xBwrKYK2SSGtPz3BSDnGoUTPJpxc8MTykb0yHvWapozE2Qzy+ekjOrDEiUaFsKyVz9PZHT2JhJHNrOmOLILHsz8T+vl2F0HeRCpRlyxRaLokwSTMjsfTIQmjOUE0so08LeStiIasrQhlSxIXjLL6+S9kXdc+ve/WWtcVPEUYYTOIVz8OAKGnAHTWgBAwXP8ApvjnFenHfnY9FacoqZY/gD5/MHvxGQ8w==</latexit><latexit sha1_base64="RIaUI/Ifsmf5WpymKKLvaFVck+s=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cK9gObUDbbTbt0swm7E6GE/gsvHhTx6r/x5r9x2+agrQ8GHu/NMDMvTKUw6LrfTmltfWNzq7xd2dnd2z+oHh61TZJpxlsskYnuhtRwKRRvoUDJu6nmNA4l74Tj25nfeeLaiEQ94CTlQUyHSkSCUbTSo5/76Uj0hT/tV2tu3Z2DrBKvIDUo0OxXv/xBwrKYK2SSGtPz3BSDnGoUTPJpxc8MTykb0yHvWapozE2Qzy+ekjOrDEiUaFsKyVz9PZHT2JhJHNrOmOLILHsz8T+vl2F0HeRCpRlyxRaLokwSTMjsfTIQmjOUE0so08LeStiIasrQhlSxIXjLL6+S9kXdc+ve/WWtcVPEUYYTOIVz8OAKGnAHTWgBAwXP8ApvjnFenHfnY9FacoqZY/gD5/MHvxGQ8w==</latexit><latexit sha1_base64="RIaUI/Ifsmf5WpymKKLvaFVck+s=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cK9gObUDbbTbt0swm7E6GE/gsvHhTx6r/x5r9x2+agrQ8GHu/NMDMvTKUw6LrfTmltfWNzq7xd2dnd2z+oHh61TZJpxlsskYnuhtRwKRRvoUDJu6nmNA4l74Tj25nfeeLaiEQ94CTlQUyHSkSCUbTSo5/76Uj0hT/tV2tu3Z2DrBKvIDUo0OxXv/xBwrKYK2SSGtPz3BSDnGoUTPJpxc8MTykb0yHvWapozE2Qzy+ekjOrDEiUaFsKyVz9PZHT2JhJHNrOmOLILHsz8T+vl2F0HeRCpRlyxRaLokwSTMjsfTIQmjOUE0so08LeStiIasrQhlSxIXjLL6+S9kXdc+ve/WWtcVPEUYYTOIVz8OAKGnAHTWgBAwXP8ApvjnFenHfnY9FacoqZY/gD5/MHvxGQ8w==</latexit><latexit sha1_base64="RIaUI/Ifsmf5WpymKKLvaFVck+s=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cK9gObUDbbTbt0swm7E6GE/gsvHhTx6r/x5r9x2+agrQ8GHu/NMDMvTKUw6LrfTmltfWNzq7xd2dnd2z+oHh61TZJpxlsskYnuhtRwKRRvoUDJu6nmNA4l74Tj25nfeeLaiEQ94CTlQUyHSkSCUbTSo5/76Uj0hT/tV2tu3Z2DrBKvIDUo0OxXv/xBwrKYK2SSGtPz3BSDnGoUTPJpxc8MTykb0yHvWapozE2Qzy+ekjOrDEiUaFsKyVz9PZHT2JhJHNrOmOLILHsz8T+vl2F0HeRCpRlyxRaLokwSTMjsfTIQmjOUE0so08LeStiIasrQhlSxIXjLL6+S9kXdc+ve/WWtcVPEUYYTOIVz8OAKGnAHTWgBAwXP8ApvjnFenHfnY9FacoqZY/gD5/MHvxGQ8w==</latexit>
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QFT on the lattice: symmetries
๏ Translational Symmetry:                                                                                                       

Broken to discrete symmetry, but nicely restored in the continuum limit

๏ Rotational Symmetry:                                                                                                           
Similar to translational symmetry. Finite number of irreducible representations (quantum 
numbers) instead of spin, but correct states are obtained in the continuum limit
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In the first lecture:

๏ We have learned/reminded ourselves how to quantize: 

➡ Quantum Mechanics 

➡ Scalar Field Theory 

๏ Mapping to Classical Statistical Mechanics  

๏ Monte Carlo Sampling of Spin Systems  Quantum Fields

๏ Monte Carlo Errors, other sources of errors

⟶

x
<latexit sha1_base64="f2yzimwbR/Dgjzp6tZ360fHRqNI=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cW7Ae0oWy2k3btZhN2N2IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3H1FpHst7M0nQj+hQ8pAzaqzUeOqXK27VnYOsEi8nFchR75e/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasJrP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSuqh6btVrXFZqN3kcRTiBUzgHD66gBndQhyYwQHiGV3hzHpwX5935WLQWnHzmGP7A+fwB5jmM/A==</latexit><latexit sha1_base64="f2yzimwbR/Dgjzp6tZ360fHRqNI=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cW7Ae0oWy2k3btZhN2N2IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3H1FpHst7M0nQj+hQ8pAzaqzUeOqXK27VnYOsEi8nFchR75e/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasJrP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSuqh6btVrXFZqN3kcRTiBUzgHD66gBndQhyYwQHiGV3hzHpwX5935WLQWnHzmGP7A+fwB5jmM/A==</latexit><latexit sha1_base64="f2yzimwbR/Dgjzp6tZ360fHRqNI=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cW7Ae0oWy2k3btZhN2N2IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3H1FpHst7M0nQj+hQ8pAzaqzUeOqXK27VnYOsEi8nFchR75e/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasJrP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSuqh6btVrXFZqN3kcRTiBUzgHD66gBndQhyYwQHiGV3hzHpwX5935WLQWnHzmGP7A+fwB5jmM/A==</latexit><latexit sha1_base64="f2yzimwbR/Dgjzp6tZ360fHRqNI=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cW7Ae0oWy2k3btZhN2N2IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3H1FpHst7M0nQj+hQ8pAzaqzUeOqXK27VnYOsEi8nFchR75e/eoOYpRFKwwTVuuu5ifEzqgxnAqelXqoxoWxMh9i1VNIItZ/ND52SM6sMSBgrW9KQufp7IqOR1pMosJ0RNSO97M3E/7xuasJrP+MySQ1KtlgUpoKYmMy+JgOukBkxsYQyxe2thI2ooszYbEo2BG/55VXSuqh6btVrXFZqN3kcRTiBUzgHD66gBndQhyYwQHiGV3hzHpwX5935WLQWnHzmGP7A+fwB5jmM/A==</latexit>

x0
<latexit sha1_base64="/J7wdTLRRdTvqpShvWZ6V9mt6r4=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbRU0lE0GPRi8cq9gPaUDbbSbt0swm7G7GE/gMvHhTx6j/y5r9x2+agrQ8GHu/NMDMvSATXxnW/ncLK6tr6RnGztLW9s7tX3j9o6jhVDBssFrFqB1Sj4BIbhhuB7UQhjQKBrWB0M/Vbj6g0j+WDGSfoR3QgecgZNVa6fzrtlStu1Z2BLBMvJxXIUe+Vv7r9mKURSsME1brjuYnxM6oMZwInpW6qMaFsRAfYsVTSCLWfzS6dkBOr9EkYK1vSkJn6eyKjkdbjKLCdETVDvehNxf+8TmrCKz/jMkkNSjZfFKaCmJhM3yZ9rpAZMbaEMsXtrYQNqaLM2HBKNgRv8eVl0jyvem7Vu7uo1K7zOIpwBMdwBh5cQg1uoQ4NYBDCM7zCmzNyXpx352PeWnDymUP4A+fzB0bAjS0=</latexit><latexit sha1_base64="/J7wdTLRRdTvqpShvWZ6V9mt6r4=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbRU0lE0GPRi8cq9gPaUDbbSbt0swm7G7GE/gMvHhTx6j/y5r9x2+agrQ8GHu/NMDMvSATXxnW/ncLK6tr6RnGztLW9s7tX3j9o6jhVDBssFrFqB1Sj4BIbhhuB7UQhjQKBrWB0M/Vbj6g0j+WDGSfoR3QgecgZNVa6fzrtlStu1Z2BLBMvJxXIUe+Vv7r9mKURSsME1brjuYnxM6oMZwInpW6qMaFsRAfYsVTSCLWfzS6dkBOr9EkYK1vSkJn6eyKjkdbjKLCdETVDvehNxf+8TmrCKz/jMkkNSjZfFKaCmJhM3yZ9rpAZMbaEMsXtrYQNqaLM2HBKNgRv8eVl0jyvem7Vu7uo1K7zOIpwBMdwBh5cQg1uoQ4NYBDCM7zCmzNyXpx352PeWnDymUP4A+fzB0bAjS0=</latexit><latexit sha1_base64="/J7wdTLRRdTvqpShvWZ6V9mt6r4=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbRU0lE0GPRi8cq9gPaUDbbSbt0swm7G7GE/gMvHhTx6j/y5r9x2+agrQ8GHu/NMDMvSATXxnW/ncLK6tr6RnGztLW9s7tX3j9o6jhVDBssFrFqB1Sj4BIbhhuB7UQhjQKBrWB0M/Vbj6g0j+WDGSfoR3QgecgZNVa6fzrtlStu1Z2BLBMvJxXIUe+Vv7r9mKURSsME1brjuYnxM6oMZwInpW6qMaFsRAfYsVTSCLWfzS6dkBOr9EkYK1vSkJn6eyKjkdbjKLCdETVDvehNxf+8TmrCKz/jMkkNSjZfFKaCmJhM3yZ9rpAZMbaEMsXtrYQNqaLM2HBKNgRv8eVl0jyvem7Vu7uo1K7zOIpwBMdwBh5cQg1uoQ4NYBDCM7zCmzNyXpx352PeWnDymUP4A+fzB0bAjS0=</latexit><latexit sha1_base64="/J7wdTLRRdTvqpShvWZ6V9mt6r4=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbRU0lE0GPRi8cq9gPaUDbbSbt0swm7G7GE/gMvHhTx6j/y5r9x2+agrQ8GHu/NMDMvSATXxnW/ncLK6tr6RnGztLW9s7tX3j9o6jhVDBssFrFqB1Sj4BIbhhuB7UQhjQKBrWB0M/Vbj6g0j+WDGSfoR3QgecgZNVa6fzrtlStu1Z2BLBMvJxXIUe+Vv7r9mKURSsME1brjuYnxM6oMZwInpW6qMaFsRAfYsVTSCLWfzS6dkBOr9EkYK1vSkJn6eyKjkdbjKLCdETVDvehNxf+8TmrCKz/jMkkNSjZfFKaCmJhM3yZ9rpAZMbaEMsXtrYQNqaLM2HBKNgRv8eVl0jyvem7Vu7uo1K7zOIpwBMdwBh5cQg1uoQ4NYBDCM7zCmzNyXpx352PeWnDymUP4A+fzB0bAjS0=</latexit>

t0
<latexit sha1_base64="Rt4qVo3vX7Y0Mcr3E5hIWUikGSk=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbRU0mkoMeiF49V7Ae0oWy2m3bpZhN2J0IJ/QdePCji1X/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6xEnC/YgOlQgFo2ilBzzvlytu1Z2DrBIvJxXI0eiXv3qDmKURV8gkNabruQn6GdUomOTTUi81PKFsTIe8a6miETd+Nr90Ss6sMiBhrG0pJHP190RGI2MmUWA7I4ojs+zNxP+8borhtZ8JlaTIFVssClNJMCazt8lAaM5QTiyhTAt7K2EjqilDG07JhuAtv7xKWpdVz61697VK/SaPowgncAoX4MEV1OEOGtAEBiE8wyu8OWPnxXl3PhatBSefOYY/cD5/AECsjSk=</latexit><latexit sha1_base64="Rt4qVo3vX7Y0Mcr3E5hIWUikGSk=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbRU0mkoMeiF49V7Ae0oWy2m3bpZhN2J0IJ/QdePCji1X/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6xEnC/YgOlQgFo2ilBzzvlytu1Z2DrBIvJxXI0eiXv3qDmKURV8gkNabruQn6GdUomOTTUi81PKFsTIe8a6miETd+Nr90Ss6sMiBhrG0pJHP190RGI2MmUWA7I4ojs+zNxP+8borhtZ8JlaTIFVssClNJMCazt8lAaM5QTiyhTAt7K2EjqilDG07JhuAtv7xKWpdVz61697VK/SaPowgncAoX4MEV1OEOGtAEBiE8wyu8OWPnxXl3PhatBSefOYY/cD5/AECsjSk=</latexit><latexit sha1_base64="Rt4qVo3vX7Y0Mcr3E5hIWUikGSk=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbRU0mkoMeiF49V7Ae0oWy2m3bpZhN2J0IJ/QdePCji1X/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6xEnC/YgOlQgFo2ilBzzvlytu1Z2DrBIvJxXI0eiXv3qDmKURV8gkNabruQn6GdUomOTTUi81PKFsTIe8a6miETd+Nr90Ss6sMiBhrG0pJHP190RGI2MmUWA7I4ojs+zNxP+8borhtZ8JlaTIFVssClNJMCazt8lAaM5QTiyhTAt7K2EjqilDG07JhuAtv7xKWpdVz61697VK/SaPowgncAoX4MEV1OEOGtAEBiE8wyu8OWPnxXl3PhatBSefOYY/cD5/AECsjSk=</latexit><latexit sha1_base64="Rt4qVo3vX7Y0Mcr3E5hIWUikGSk=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbRU0mkoMeiF49V7Ae0oWy2m3bpZhN2J0IJ/QdePCji1X/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6xEnC/YgOlQgFo2ilBzzvlytu1Z2DrBIvJxXI0eiXv3qDmKURV8gkNabruQn6GdUomOTTUi81PKFsTIe8a6miETd+Nr90Ss6sMiBhrG0pJHP190RGI2MmUWA7I4ojs+zNxP+8borhtZ8JlaTIFVssClNJMCazt8lAaM5QTiyhTAt7K2EjqilDG07JhuAtv7xKWpdVz61697VK/SaPowgncAoX4MEV1OEOGtAEBiE8wyu8OWPnxXl3PhatBSefOYY/cD5/AECsjSk=</latexit>

t
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Stochastische Bestimmung von π

• Abschätzungs-Vorschrift:
1 Verteile zufällig N Punkte
gleichmäßig auf der
Viereck-Fläche

2 Zähle die, die im Kreis liegen
3 dann ist

π =
4AKreis
AViereck

≈
4Ninnen
N

• Für sehr große N wird π sehr gut
approximiert 10.80.60.40.20

1

0.8

0.6

0.4

0.2

0

⇒ "Wir würfeln π aus", unsere erste Monte-Carlo Methode
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In the lecture on Friday:
๏ We shall generalize this approach to Quantum Chromodynamics (QCD)

๏ We shall see how the numerical sampling is done in practice

➡ for scalar field theory

➡ for QCD

๏ Why is QCD numerically so expensive? 

๏ QED corrections to hadronic observables
Quarks

a {
Gluon
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๏ Calculating 1-dim integral: 

➡  

๏ Again, throw N random points on the rectangular surface:

๏ Count those under the value of the function  

๏ Then the value of the integral is obtained by:

๏

f(x)
2r

Monte-Carlo Integration

• Betrachten

I =

∫ 1

0
f (x) dx

• wiederum:
1 Verteile zufällig N Punkte
gleichmäßig auf der
Rechteck-Fläche

2 Zähle die, die unterhalb f (x)
liegen

3 dann ist

I ≈ ⟨I⟩N = 2, 5× 1 Ninnen
N

f(x) = (cos(7x) + sin(3x))2

10.80.60.40.20

2.5

2

1.5

1

0.5

0

I = 0.8291597

• je größer N, desto besser die Approximation
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Monte-Carlo Integration

• Betrachten

I =

∫ 1

0
f (x) dx

• wiederum:
1 Verteile zufällig N Punkte
gleichmäßig auf der
Rechteck-Fläche

2 Zähle die, die unterhalb f (x)
liegen

3 dann ist

I ≈ ⟨I⟩N = 2, 5× 1 Ninnen
N

10.80.60.40.20

2.5

2

1.5

1

0.5

0

N = 200 : I ≈ 0.7625

• je größer N, desto besser die Approximation
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I =

Z 1

0
f(x)dx

Monte-Carlo Integration

• Betrachten

I =

∫ 1

0
f (x) dx

• wiederum:
1 Verteile zufällig N Punkte
gleichmäßig auf der
Rechteck-Fläche

2 Zähle die, die unterhalb f (x)
liegen

3 dann ist

I ≈ ⟨I⟩N = 2, 5× 1 Ninnen
N

10.80.60.40.20

2.5

2

1.5

1

0.5

0

N = 200 : I ≈ 0.7625

• je größer N, desto besser die Approximation
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๏ For larger N, better and better approximation of the integral

๏ Monte Carlo error in d-dim:

๏ Numerical integration error (midpoint rule) in d-dim:

๏ For d>4, Monte Carlo is better than Numerical Integration!

⇡ 1p
N

⇡ 1

N2/d

Monte-Carlo contra Numerische Integration

• Betrachten

I =

∫ 1

0
f (x) dx

• numerisch: Mittelpunktsverfahren
• äquidistante Stützstellen
x0 = 0, x1, ..., xN = 1

I ≈
N

∑

i=1
h f (xi − xi−1

2 )

• Approximations-Fehler zu
führender Ordnung ∝ 1/N2

f(x) = (cos(7x) + sin(3x))2

10.80.60.40.20

2.5

2

1.5

1

0.5

0

N = 5, I ≈ 0.8689142

• je größer N, desto besser die Approximation
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Monte-Carlo contra Numerische Integration

• Betrachten

I =

∫ 1

0
f (x) dx

• numerisch: Mittelpunktsverfahren
• äquidistante Stützstellen
x0 = 0, x1, ..., xN = 1

I ≈
N

∑

i=1
h f (xi − xi−1

2 )

• Approximations-Fehler zu
führender Ordnung ∝ 1/N2

f(x) = (cos(7x) + sin(3x))2

10.80.60.40.20

2.5

2

1.5

1

0.5

0

N = 10, I ≈ 0.8376995

• je größer N, desto besser die Approximation
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Monte-Carlo contra Numerische Integration

• Betrachten

I =

∫ 1

0
f (x) dx

• numerisch: Mittelpunktsverfahren
• äquidistante Stützstellen
x0 = 0, x1, ..., xN = 1

I ≈
N

∑

i=1
h f (xi − xi−1

2 )

• Approximations-Fehler zu
führender Ordnung ∝ 1/N2

f(x) = (cos(7x) + sin(3x))2

10.80.60.40.20

2.5

2

1.5

1

0.5

0

N = 20, I ≈ 0.83112

• je größer N, desto besser die Approximation
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A tool for Lattice Simulations: Monte Carlo methods

I ⇡ hIiN = 2.5⇥ 1⇥ Ninside

N
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Classical statistical Mechanics: Ising Model
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Classical statistical Mechanics: Ising Model
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๏ Ising model Hamiltonian (without external magnetic field): 

 nearest neighbours

๏ Generate configurations of spins with probability   ~  (importance sampling)

๏ Expectation value of the observables as averages over ensemble of spin configurations 

๏ How do we generate the ensemble  ?

H = − J ∑
⟨x,y⟩

sxsy; ⟨x, y⟩ −

e− H
T

{s̄k}

Expectation values in the MC approach: spin systems

hOi ⇡ Ō =
1

Ncnfg

NcnfgX

k=1

O[s̄k] + O(
1p

Ncnfg
)
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๏ Numerical approach exploits the analogy:  

Euclidean QFT                              Statistical Mechanics 

๏  Path integrals are computed by importance sampling 

๏ Generate ensemble of field configurations 

๏ Expectation values                are averages over the ensemble

๏ How do we generate ensemble               with the correct probability distribution? 

P[�i] / e�SE [�]
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<latexit sha1_base64="RIaUI/Ifsmf5WpymKKLvaFVck+s=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cK9gObUDbbTbt0swm7E6GE/gsvHhTx6r/x5r9x2+agrQ8GHu/NMDMvTKUw6LrfTmltfWNzq7xd2dnd2z+oHh61TZJpxlsskYnuhtRwKRRvoUDJu6nmNA4l74Tj25nfeeLaiEQ94CTlQUyHSkSCUbTSo5/76Uj0hT/tV2tu3Z2DrBKvIDUo0OxXv/xBwrKYK2SSGtPz3BSDnGoUTPJpxc8MTykb0yHvWapozE2Qzy+ekjOrDEiUaFsKyVz9PZHT2JhJHNrOmOLILHsz8T+vl2F0HeRCpRlyxRaLokwSTMjsfTIQmjOUE0so08LeStiIasrQhlSxIXjLL6+S9kXdc+ve/WWtcVPEUYYTOIVz8OAKGnAHTWgBAwXP8ApvjnFenHfnY9FacoqZY/gD5/MHvxGQ8w==</latexit><latexit sha1_base64="RIaUI/Ifsmf5WpymKKLvaFVck+s=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cK9gObUDbbTbt0swm7E6GE/gsvHhTx6r/x5r9x2+agrQ8GHu/NMDMvTKUw6LrfTmltfWNzq7xd2dnd2z+oHh61TZJpxlsskYnuhtRwKRRvoUDJu6nmNA4l74Tj25nfeeLaiEQ94CTlQUyHSkSCUbTSo5/76Uj0hT/tV2tu3Z2DrBKvIDUo0OxXv/xBwrKYK2SSGtPz3BSDnGoUTPJpxc8MTykb0yHvWapozE2Qzy+ekjOrDEiUaFsKyVz9PZHT2JhJHNrOmOLILHsz8T+vl2F0HeRCpRlyxRaLokwSTMjsfTIQmjOUE0so08LeStiIasrQhlSxIXjLL6+S9kXdc+ve/WWtcVPEUYYTOIVz8OAKGnAHTWgBAwXP8ApvjnFenHfnY9FacoqZY/gD5/MHvxGQ8w==</latexit><latexit sha1_base64="RIaUI/Ifsmf5WpymKKLvaFVck+s=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cK9gObUDbbTbt0swm7E6GE/gsvHhTx6r/x5r9x2+agrQ8GHu/NMDMvTKUw6LrfTmltfWNzq7xd2dnd2z+oHh61TZJpxlsskYnuhtRwKRRvoUDJu6nmNA4l74Tj25nfeeLaiEQ94CTlQUyHSkSCUbTSo5/76Uj0hT/tV2tu3Z2DrBKvIDUo0OxXv/xBwrKYK2SSGtPz3BSDnGoUTPJpxc8MTykb0yHvWapozE2Qzy+ekjOrDEiUaFsKyVz9PZHT2JhJHNrOmOLILHsz8T+vl2F0HeRCpRlyxRaLokwSTMjsfTIQmjOUE0so08LeStiIasrQhlSxIXjLL6+S9kXdc+ve/WWtcVPEUYYTOIVz8OAKGnAHTWgBAwXP8ApvjnFenHfnY9FacoqZY/gD5/MHvxGQ8w==</latexit><latexit sha1_base64="RIaUI/Ifsmf5WpymKKLvaFVck+s=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cK9gObUDbbTbt0swm7E6GE/gsvHhTx6r/x5r9x2+agrQ8GHu/NMDMvTKUw6LrfTmltfWNzq7xd2dnd2z+oHh61TZJpxlsskYnuhtRwKRRvoUDJu6nmNA4l74Tj25nfeeLaiEQ94CTlQUyHSkSCUbTSo5/76Uj0hT/tV2tu3Z2DrBKvIDUo0OxXv/xBwrKYK2SSGtPz3BSDnGoUTPJpxc8MTykb0yHvWapozE2Qzy+ekjOrDEiUaFsKyVz9PZHT2JhJHNrOmOLILHsz8T+vl2F0HeRCpRlyxRaLokwSTMjsfTIQmjOUE0so08LeStiIasrQhlSxIXjLL6+S9kXdc+ve/WWtcVPEUYYTOIVz8OAKGnAHTWgBAwXP8ApvjnFenHfnY9FacoqZY/gD5/MHvxGQ8w==</latexit>

hO[�]i
<latexit sha1_base64="AzLTCHbYbMAzuXgcmPXNGjsR3FI=">AAACAnicbVA9SwNBEJ2LXzF+Ra3EZjEIVuFOBC2DNnZGMDGQO8LeZpIs2ds7dveEcAQb/4qNhSK2/go7/42b5ApNfDDweG+GmXlhIrg2rvvtFJaWV1bXiuuljc2t7Z3y7l5Tx6li2GCxiFUrpBoFl9gw3AhsJQppFAq8D4dXE//+AZXmsbwzowSDiPYl73FGjZU65QNfUNkXSLKbcdtPBjzw1UzolCtu1Z2CLBIvJxXIUe+Uv/xuzNIIpWGCat323MQEGVWGM4Hjkp9qTCgb0j62LZU0Qh1k0xfG5NgqXdKLlS1pyFT9PZHRSOtRFNrOiJqBnvcm4n9eOzW9iyDjMkkNSjZb1EsFMTGZ5EG6XCEzYmQJZYrbWwkbUEWZsamVbAje/MuLpHla9dyqd3tWqV3mcRThEI7gBDw4hxpcQx0awOARnuEV3pwn58V5dz5mrQUnn9mHP3A+fwD7opcl</latexit><latexit sha1_base64="AzLTCHbYbMAzuXgcmPXNGjsR3FI=">AAACAnicbVA9SwNBEJ2LXzF+Ra3EZjEIVuFOBC2DNnZGMDGQO8LeZpIs2ds7dveEcAQb/4qNhSK2/go7/42b5ApNfDDweG+GmXlhIrg2rvvtFJaWV1bXiuuljc2t7Z3y7l5Tx6li2GCxiFUrpBoFl9gw3AhsJQppFAq8D4dXE//+AZXmsbwzowSDiPYl73FGjZU65QNfUNkXSLKbcdtPBjzw1UzolCtu1Z2CLBIvJxXIUe+Uv/xuzNIIpWGCat323MQEGVWGM4Hjkp9qTCgb0j62LZU0Qh1k0xfG5NgqXdKLlS1pyFT9PZHRSOtRFNrOiJqBnvcm4n9eOzW9iyDjMkkNSjZb1EsFMTGZ5EG6XCEzYmQJZYrbWwkbUEWZsamVbAje/MuLpHla9dyqd3tWqV3mcRThEI7gBDw4hxpcQx0awOARnuEV3pwn58V5dz5mrQUnn9mHP3A+fwD7opcl</latexit><latexit sha1_base64="AzLTCHbYbMAzuXgcmPXNGjsR3FI=">AAACAnicbVA9SwNBEJ2LXzF+Ra3EZjEIVuFOBC2DNnZGMDGQO8LeZpIs2ds7dveEcAQb/4qNhSK2/go7/42b5ApNfDDweG+GmXlhIrg2rvvtFJaWV1bXiuuljc2t7Z3y7l5Tx6li2GCxiFUrpBoFl9gw3AhsJQppFAq8D4dXE//+AZXmsbwzowSDiPYl73FGjZU65QNfUNkXSLKbcdtPBjzw1UzolCtu1Z2CLBIvJxXIUe+Uv/xuzNIIpWGCat323MQEGVWGM4Hjkp9qTCgb0j62LZU0Qh1k0xfG5NgqXdKLlS1pyFT9PZHRSOtRFNrOiJqBnvcm4n9eOzW9iyDjMkkNSjZb1EsFMTGZ5EG6XCEzYmQJZYrbWwkbUEWZsamVbAje/MuLpHla9dyqd3tWqV3mcRThEI7gBDw4hxpcQx0awOARnuEV3pwn58V5dz5mrQUnn9mHP3A+fwD7opcl</latexit><latexit sha1_base64="AzLTCHbYbMAzuXgcmPXNGjsR3FI=">AAACAnicbVA9SwNBEJ2LXzF+Ra3EZjEIVuFOBC2DNnZGMDGQO8LeZpIs2ds7dveEcAQb/4qNhSK2/go7/42b5ApNfDDweG+GmXlhIrg2rvvtFJaWV1bXiuuljc2t7Z3y7l5Tx6li2GCxiFUrpBoFl9gw3AhsJQppFAq8D4dXE//+AZXmsbwzowSDiPYl73FGjZU65QNfUNkXSLKbcdtPBjzw1UzolCtu1Z2CLBIvJxXIUe+Uv/xuzNIIpWGCat323MQEGVWGM4Hjkp9qTCgb0j62LZU0Qh1k0xfG5NgqXdKLlS1pyFT9PZHRSOtRFNrOiJqBnvcm4n9eOzW9iyDjMkkNSjZb1EsFMTGZ5EG6XCEzYmQJZYrbWwkbUEWZsamVbAje/MuLpHla9dyqd3tWqV3mcRThEI7gBDw4hxpcQx0awOARnuEV3pwn58V5dz5mrQUnn9mHP3A+fwD7opcl</latexit>

Expectation values in the MC approach: QFT
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๏ Recursive procedure that generates           with specific algorithm s.t. aimed distribution is 
asymptotically obtained 

๏ Markov chains that converge exponentially to the equilibrium distr.

๏ The configurations            are correlated by construction

                  — integrated autocorrelation time

๏ The error of the estimator scales as                     (Monte Carlo) 

๏ The variance of the actual observable 

                property of QFT itself, should not depend of the Markov chain.

Markov processes

{�i}
<latexit sha1_base64="RIaUI/Ifsmf5WpymKKLvaFVck+s=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cK9gObUDbbTbt0swm7E6GE/gsvHhTx6r/x5r9x2+agrQ8GHu/NMDMvTKUw6LrfTmltfWNzq7xd2dnd2z+oHh61TZJpxlsskYnuhtRwKRRvoUDJu6nmNA4l74Tj25nfeeLaiEQ94CTlQUyHSkSCUbTSo5/76Uj0hT/tV2tu3Z2DrBKvIDUo0OxXv/xBwrKYK2SSGtPz3BSDnGoUTPJpxc8MTykb0yHvWapozE2Qzy+ekjOrDEiUaFsKyVz9PZHT2JhJHNrOmOLILHsz8T+vl2F0HeRCpRlyxRaLokwSTMjsfTIQmjOUE0so08LeStiIasrQhlSxIXjLL6+S9kXdc+ve/WWtcVPEUYYTOIVz8OAKGnAHTWgBAwXP8ApvjnFenHfnY9FacoqZY/gD5/MHvxGQ8w==</latexit><latexit sha1_base64="RIaUI/Ifsmf5WpymKKLvaFVck+s=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cK9gObUDbbTbt0swm7E6GE/gsvHhTx6r/x5r9x2+agrQ8GHu/NMDMvTKUw6LrfTmltfWNzq7xd2dnd2z+oHh61TZJpxlsskYnuhtRwKRRvoUDJu6nmNA4l74Tj25nfeeLaiEQ94CTlQUyHSkSCUbTSo5/76Uj0hT/tV2tu3Z2DrBKvIDUo0OxXv/xBwrKYK2SSGtPz3BSDnGoUTPJpxc8MTykb0yHvWapozE2Qzy+ekjOrDEiUaFsKyVz9PZHT2JhJHNrOmOLILHsz8T+vl2F0HeRCpRlyxRaLokwSTMjsfTIQmjOUE0so08LeStiIasrQhlSxIXjLL6+S9kXdc+ve/WWtcVPEUYYTOIVz8OAKGnAHTWgBAwXP8ApvjnFenHfnY9FacoqZY/gD5/MHvxGQ8w==</latexit><latexit sha1_base64="RIaUI/Ifsmf5WpymKKLvaFVck+s=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cK9gObUDbbTbt0swm7E6GE/gsvHhTx6r/x5r9x2+agrQ8GHu/NMDMvTKUw6LrfTmltfWNzq7xd2dnd2z+oHh61TZJpxlsskYnuhtRwKRRvoUDJu6nmNA4l74Tj25nfeeLaiEQ94CTlQUyHSkSCUbTSo5/76Uj0hT/tV2tu3Z2DrBKvIDUo0OxXv/xBwrKYK2SSGtPz3BSDnGoUTPJpxc8MTykb0yHvWapozE2Qzy+ekjOrDEiUaFsKyVz9PZHT2JhJHNrOmOLILHsz8T+vl2F0HeRCpRlyxRaLokwSTMjsfTIQmjOUE0so08LeStiIasrQhlSxIXjLL6+S9kXdc+ve/WWtcVPEUYYTOIVz8OAKGnAHTWgBAwXP8ApvjnFenHfnY9FacoqZY/gD5/MHvxGQ8w==</latexit><latexit sha1_base64="RIaUI/Ifsmf5WpymKKLvaFVck+s=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cK9gObUDbbTbt0swm7E6GE/gsvHhTx6r/x5r9x2+agrQ8GHu/NMDMvTKUw6LrfTmltfWNzq7xd2dnd2z+oHh61TZJpxlsskYnuhtRwKRRvoUDJu6nmNA4l74Tj25nfeeLaiEQ94CTlQUyHSkSCUbTSo5/76Uj0hT/tV2tu3Z2DrBKvIDUo0OxXv/xBwrKYK2SSGtPz3BSDnGoUTPJpxc8MTykb0yHvWapozE2Qzy+ekjOrDEiUaFsKyVz9PZHT2JhJHNrOmOLILHsz8T+vl2F0HeRCpRlyxRaLokwSTMjsfTIQmjOUE0so08LeStiIasrQhlSxIXjLL6+S9kXdc+ve/WWtcVPEUYYTOIVz8OAKGnAHTWgBAwXP8ApvjnFenHfnY9FacoqZY/gD5/MHvxGQ8w==</latexit>

{�0} �! {�1} �! {�2} �! · · · �! {�i} �! {�i+1} �! . . .
<latexit sha1_base64="oRuTpESTgyD8kQxwdHzNZbGhzyI="></latexit><latexit sha1_base64="oRuTpESTgyD8kQxwdHzNZbGhzyI="></latexit><latexit sha1_base64="oRuTpESTgyD8kQxwdHzNZbGhzyI="></latexit><latexit sha1_base64="hP+6LrUf2d3tZaldqaQQvEKMXyw=">AAAB2XicbZDNSgMxFIXv1L86Vq1rN8EiuCozbnQpuHFZwbZCO5RM5k4bmskMyR2hDH0BF25EfC93vo3pz0JbDwQ+zknIvSculLQUBN9ebWd3b/+gfugfNfzjk9Nmo2fz0gjsilzl5jnmFpXU2CVJCp8LgzyLFfbj6f0i77+gsTLXTzQrMMr4WMtUCk7O6oyaraAdLMW2IVxDC9YaNb+GSS7KDDUJxa0dhEFBUcUNSaFw7g9LiwUXUz7GgUPNM7RRtRxzzi6dk7A0N+5oYkv394uKZ9bOstjdzDhN7Ga2MP/LBiWlt1EldVESarH6KC0Vo5wtdmaJNChIzRxwYaSblYkJN1yQa8Z3HYSbG29D77odBu3wMYA6nMMFXEEIN3AHD9CBLghI4BXevYn35n2suqp569LO4I+8zx84xIo4</latexit><latexit sha1_base64="RJOSdSFE7vrq+W71r6ks/ig5Ka8=">AAAChnicdZFNSwMxEIaz61ddtVY9egkWQRDKbhHUg1L04rGC/YBuKdk0bYPZZElmlbLs//H3ePPfmLZ70H4MBF7mycwk70SJ4AZ8/8dxt7Z3dvdK+97B4VH5uHJy2DYq1ZS1qBJKdyNimOCStYCDYN1EMxJHgnWi9+cZ73wwbbiSbzBNWD8mY8lHnBKwqUHlK8zCZMIHfpjjUCg51nw8AaK1+sQFCtYgr2D1VeaFQwVmUzO+eU7Gr4M8zJcpXvQbVKp+zZ8HXhVBIaqoiOag8m0LaRozCVQQY3qBn0A/Ixo4FSz3wtSwhNB3MmY9KyWJmelnc0dzfGkzQzxS2h4JeJ79W5GR2JhpHNmbMYGJWWaz5DrWS2F018+4TFJgki4GjVKBQeHZevCQa0ZBTK0gVHP7VkwnRBMKdomeNSFY/vKqaNdrgV8LXn1UQufoAl2hAN2iBnpBTdRC1Ck7N86D8+ieufduY2GX6xS+naJ/4T79AojLyho=</latexit><latexit sha1_base64="RJOSdSFE7vrq+W71r6ks/ig5Ka8=">AAAChnicdZFNSwMxEIaz61ddtVY9egkWQRDKbhHUg1L04rGC/YBuKdk0bYPZZElmlbLs//H3ePPfmLZ70H4MBF7mycwk70SJ4AZ8/8dxt7Z3dvdK+97B4VH5uHJy2DYq1ZS1qBJKdyNimOCStYCDYN1EMxJHgnWi9+cZ73wwbbiSbzBNWD8mY8lHnBKwqUHlK8zCZMIHfpjjUCg51nw8AaK1+sQFCtYgr2D1VeaFQwVmUzO+eU7Gr4M8zJcpXvQbVKp+zZ8HXhVBIaqoiOag8m0LaRozCVQQY3qBn0A/Ixo4FSz3wtSwhNB3MmY9KyWJmelnc0dzfGkzQzxS2h4JeJ79W5GR2JhpHNmbMYGJWWaz5DrWS2F018+4TFJgki4GjVKBQeHZevCQa0ZBTK0gVHP7VkwnRBMKdomeNSFY/vKqaNdrgV8LXn1UQufoAl2hAN2iBnpBTdRC1Ck7N86D8+ieufduY2GX6xS+naJ/4T79AojLyho=</latexit><latexit sha1_base64="AxqXh9jb55JtYkjiJzL+uS0rKbk="></latexit><latexit sha1_base64="oRuTpESTgyD8kQxwdHzNZbGhzyI="></latexit><latexit sha1_base64="oRuTpESTgyD8kQxwdHzNZbGhzyI="></latexit><latexit sha1_base64="oRuTpESTgyD8kQxwdHzNZbGhzyI="></latexit><latexit sha1_base64="oRuTpESTgyD8kQxwdHzNZbGhzyI="></latexit><latexit sha1_base64="oRuTpESTgyD8kQxwdHzNZbGhzyI="></latexit><latexit sha1_base64="oRuTpESTgyD8kQxwdHzNZbGhzyI="></latexit>

V ar [Ō] = V ar[O]
� 2⌧O
Ncnfg

�

<latexit sha1_base64="LtRoBuOpQF+od6amrbI5sotPMzo="></latexit><latexit sha1_base64="LtRoBuOpQF+od6amrbI5sotPMzo="></latexit><latexit sha1_base64="LtRoBuOpQF+od6amrbI5sotPMzo="></latexit><latexit sha1_base64="LtRoBuOpQF+od6amrbI5sotPMzo="></latexit>

V ar [O] = h
�
O � hOi

�2i
<latexit sha1_base64="C5UcgGyyGJ72Va6/7Ufa8ML2U2g=">AAACKXicbVBNS8NAEN3Ur1q/oh69LBahHixJERRBKHrx1gr2A5JYNttNu3SzCbsboYT+HS/+FS8Kinr1j7htI2rrg2HfvJlhdp4fMyqVZb0buYXFpeWV/GphbX1jc8vc3mnKKBGYNHDEItH2kSSMctJQVDHSjgVBoc9Iyx9cjuutOyIkjfiNGsbEC1GP04BipLTUMatNJNwz6KS1kaffcx0uQ7zHCHR92ivVjr7Tmit+9MPbSpZ2zKJVtiaA88TOSBFkqHfMZ7cb4SQkXGGGpHRsK1ZeioSimJFRwU0kiREeoB5xNOUoJNJLJ5eO4IFWujCIhA6u4ET9PZGiUMph6OvOEKm+nK2Nxf9qTqKCUy+lPE4U4Xi6KEgYVBEc2wa7VBCs2FAThAXVf4W4jwTCSptb0CbYsyfPk2albFtl+/q4WL3I7MiDPbAPSsAGJ6AKrkAdNAAG9+ARvIBX48F4Mt6Mj2lrzshmdsEfGJ9fwBSlIg==</latexit><latexit sha1_base64="C5UcgGyyGJ72Va6/7Ufa8ML2U2g=">AAACKXicbVBNS8NAEN3Ur1q/oh69LBahHixJERRBKHrx1gr2A5JYNttNu3SzCbsboYT+HS/+FS8Kinr1j7htI2rrg2HfvJlhdp4fMyqVZb0buYXFpeWV/GphbX1jc8vc3mnKKBGYNHDEItH2kSSMctJQVDHSjgVBoc9Iyx9cjuutOyIkjfiNGsbEC1GP04BipLTUMatNJNwz6KS1kaffcx0uQ7zHCHR92ivVjr7Tmit+9MPbSpZ2zKJVtiaA88TOSBFkqHfMZ7cb4SQkXGGGpHRsK1ZeioSimJFRwU0kiREeoB5xNOUoJNJLJ5eO4IFWujCIhA6u4ET9PZGiUMph6OvOEKm+nK2Nxf9qTqKCUy+lPE4U4Xi6KEgYVBEc2wa7VBCs2FAThAXVf4W4jwTCSptb0CbYsyfPk2albFtl+/q4WL3I7MiDPbAPSsAGJ6AKrkAdNAAG9+ARvIBX48F4Mt6Mj2lrzshmdsEfGJ9fwBSlIg==</latexit><latexit sha1_base64="C5UcgGyyGJ72Va6/7Ufa8ML2U2g=">AAACKXicbVBNS8NAEN3Ur1q/oh69LBahHixJERRBKHrx1gr2A5JYNttNu3SzCbsboYT+HS/+FS8Kinr1j7htI2rrg2HfvJlhdp4fMyqVZb0buYXFpeWV/GphbX1jc8vc3mnKKBGYNHDEItH2kSSMctJQVDHSjgVBoc9Iyx9cjuutOyIkjfiNGsbEC1GP04BipLTUMatNJNwz6KS1kaffcx0uQ7zHCHR92ivVjr7Tmit+9MPbSpZ2zKJVtiaA88TOSBFkqHfMZ7cb4SQkXGGGpHRsK1ZeioSimJFRwU0kiREeoB5xNOUoJNJLJ5eO4IFWujCIhA6u4ET9PZGiUMph6OvOEKm+nK2Nxf9qTqKCUy+lPE4U4Xi6KEgYVBEc2wa7VBCs2FAThAXVf4W4jwTCSptb0CbYsyfPk2albFtl+/q4WL3I7MiDPbAPSsAGJ6AKrkAdNAAG9+ARvIBX48F4Mt6Mj2lrzshmdsEfGJ9fwBSlIg==</latexit><latexit sha1_base64="C5UcgGyyGJ72Va6/7Ufa8ML2U2g=">AAACKXicbVBNS8NAEN3Ur1q/oh69LBahHixJERRBKHrx1gr2A5JYNttNu3SzCbsboYT+HS/+FS8Kinr1j7htI2rrg2HfvJlhdp4fMyqVZb0buYXFpeWV/GphbX1jc8vc3mnKKBGYNHDEItH2kSSMctJQVDHSjgVBoc9Iyx9cjuutOyIkjfiNGsbEC1GP04BipLTUMatNJNwz6KS1kaffcx0uQ7zHCHR92ivVjr7Tmit+9MPbSpZ2zKJVtiaA88TOSBFkqHfMZ7cb4SQkXGGGpHRsK1ZeioSimJFRwU0kiREeoB5xNOUoJNJLJ5eO4IFWujCIhA6u4ET9PZGiUMph6OvOEKm+nK2Nxf9qTqKCUy+lPE4U4Xi6KEgYVBEc2wa7VBCs2FAThAXVf4W4jwTCSptb0CbYsyfPk2albFtl+/q4WL3I7MiDPbAPSsAGJ6AKrkAdNAAG9+ARvIBX48F4Mt6Mj2lrzshmdsEfGJ9fwBSlIg==</latexit>

1p
Ncnfg
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๏ Probability for a random transition : 

                                               

๏  Sequence of probabilities in Markov chain,   depends only on 

                         

๏ Probabilities of  being initial or final configuration in a random update are equal

                      

๏ The above is known as a “balance equation”

ϕ → ϕ′ 

R(ϕ′ ← ϕ)

Pk+1(ϕ′ ) Pk(ϕ)

Pk+1(ϕ′ ) = ∫ [dϕ] Pk(ϕ) R(ϕ′ ← ϕ)

ϕ′ 

∑
ϕ

R(ϕ′ ← ϕ)P(ϕ) = ∑
ϕ

R(ϕ ← ϕ′ )P(ϕ′ )

Detailed Balance
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๏ Calculate the sum using normalization of 

  

๏ Obtain that equilibrium distribution  is a fixed point of the Markov Process

 

๏ The solution of the balance equation can be obtained if detailed balance is fulfilled

     

R

0 ≤ R(ϕ ← ϕ′ ) ≤ 1, ∑
ϕ

R(ϕ ← ϕ′ ) = 1

P(ϕ′ )

∑
ϕ

R(ϕ′ ← ϕ)P(ϕ) = P(ϕ′ )

R(ϕ′ ← ϕ)P(ϕ) = R(ϕ ← ϕ′ )P(ϕ′ )

Detailed Balance
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• The Metropolis Algorithm:

• Given    , propose       in a reversible, area-preserving way 

• Accept the proposal as new entry with probability      ,    
otherwise add       to the chain again.

•   p = min
�
1,

⇡(�0)

⇡(�)

�
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<latexit sha1_base64="0KIeV0nEWa4qBwhpCBRrXNvDA+Y=">AAAB9XicbVDLSgMxFL1TX7W+qi7dBIvoqsyIoMuiG5cV7AM6Y8mkmTY0yQxJRilD/8ONC0Xc+i/u/Bsz7Sy09UDgcM693JMTJpxp47rfTmlldW19o7xZ2dre2d2r7h+0dZwqQlsk5rHqhlhTziRtGWY47SaKYhFy2gnHN7nfeaRKs1jem0lCA4GHkkWMYGOlB19gM1Ii85MRO532qzW37s6AlolXkBoUaParX/4gJqmg0hCOte55bmKCDCvDCKfTip9qmmAyxkPas1RiQXWQzVJP0YlVBiiKlX3SoJn6eyPDQuuJCO1knlIvern4n9dLTXQVZEwmqaGSzA9FKUcmRnkFaMAUJYZPLMFEMZsVkRFWmBhbVMWW4C1+eZm0z+ueW/fuLmqN66KOMhzBMZyBB5fQgFtoQgsIKHiGV3hznpwX5935mI+WnGLnEP7A+fwBvnCSpw==</latexit><latexit sha1_base64="0KIeV0nEWa4qBwhpCBRrXNvDA+Y=">AAAB9XicbVDLSgMxFL1TX7W+qi7dBIvoqsyIoMuiG5cV7AM6Y8mkmTY0yQxJRilD/8ONC0Xc+i/u/Bsz7Sy09UDgcM693JMTJpxp47rfTmlldW19o7xZ2dre2d2r7h+0dZwqQlsk5rHqhlhTziRtGWY47SaKYhFy2gnHN7nfeaRKs1jem0lCA4GHkkWMYGOlB19gM1Ii85MRO532qzW37s6AlolXkBoUaParX/4gJqmg0hCOte55bmKCDCvDCKfTip9qmmAyxkPas1RiQXWQzVJP0YlVBiiKlX3SoJn6eyPDQuuJCO1knlIvern4n9dLTXQVZEwmqaGSzA9FKUcmRnkFaMAUJYZPLMFEMZsVkRFWmBhbVMWW4C1+eZm0z+ueW/fuLmqN66KOMhzBMZyBB5fQgFtoQgsIKHiGV3hznpwX5935mI+WnGLnEP7A+fwBvnCSpw==</latexit><latexit sha1_base64="0KIeV0nEWa4qBwhpCBRrXNvDA+Y=">AAAB9XicbVDLSgMxFL1TX7W+qi7dBIvoqsyIoMuiG5cV7AM6Y8mkmTY0yQxJRilD/8ONC0Xc+i/u/Bsz7Sy09UDgcM693JMTJpxp47rfTmlldW19o7xZ2dre2d2r7h+0dZwqQlsk5rHqhlhTziRtGWY47SaKYhFy2gnHN7nfeaRKs1jem0lCA4GHkkWMYGOlB19gM1Ii85MRO532qzW37s6AlolXkBoUaParX/4gJqmg0hCOte55bmKCDCvDCKfTip9qmmAyxkPas1RiQXWQzVJP0YlVBiiKlX3SoJn6eyPDQuuJCO1knlIvern4n9dLTXQVZEwmqaGSzA9FKUcmRnkFaMAUJYZPLMFEMZsVkRFWmBhbVMWW4C1+eZm0z+ueW/fuLmqN66KOMhzBMZyBB5fQgFtoQgsIKHiGV3hznpwX5935mI+WnGLnEP7A+fwBvnCSpw==</latexit><latexit sha1_base64="0KIeV0nEWa4qBwhpCBRrXNvDA+Y=">AAAB9XicbVDLSgMxFL1TX7W+qi7dBIvoqsyIoMuiG5cV7AM6Y8mkmTY0yQxJRilD/8ONC0Xc+i/u/Bsz7Sy09UDgcM693JMTJpxp47rfTmlldW19o7xZ2dre2d2r7h+0dZwqQlsk5rHqhlhTziRtGWY47SaKYhFy2gnHN7nfeaRKs1jem0lCA4GHkkWMYGOlB19gM1Ii85MRO532qzW37s6AlolXkBoUaParX/4gJqmg0hCOte55bmKCDCvDCKfTip9qmmAyxkPas1RiQXWQzVJP0YlVBiiKlX3SoJn6eyPDQuuJCO1knlIvern4n9dLTXQVZEwmqaGSzA9FKUcmRnkFaMAUJYZPLMFEMZsVkRFWmBhbVMWW4C1+eZm0z+ueW/fuLmqN66KOMhzBMZyBB5fQgFtoQgsIKHiGV3hznpwX5935mI+WnGLnEP7A+fwBvnCSpw==</latexit>

�
<latexit sha1_base64="7gFoSIaHTVhssoMuc91QZhPC8Wc=">AAAB9HicbVDLSgMxFL1TX7W+qi7dBIvgqsyIoMuiG5cV7AM6Q8mkmTY0yUyTTKEM/Q43LhRx68e482/MtLPQ1gOBwzn3ck9OmHCmjet+O6WNza3tnfJuZW//4PCoenzS1nGqCG2RmMeqG2JNOZO0ZZjhtJsoikXIaScc3+d+Z0qVZrF8MrOEBgIPJYsYwcZKgS+wGSmR+cmIzfvVmlt3F0DrxCtIDQo0+9UvfxCTVFBpCMda9zw3MUGGlWGE03nFTzVNMBnjIe1ZKrGgOsgWoefowioDFMXKPmnQQv29kWGh9UyEdjIPqVe9XPzP66Umug0yJpPUUEmWh6KUIxOjvAE0YIoSw2eWYKKYzYrICCtMjO2pYkvwVr+8TtpXdc+te4/XtcZdUUcZzuAcLsGDG2jAAzShBQQm8Ayv8OZMnRfn3flYjpacYucU/sD5/AFZNJJ2</latexit><latexit sha1_base64="7gFoSIaHTVhssoMuc91QZhPC8Wc=">AAAB9HicbVDLSgMxFL1TX7W+qi7dBIvgqsyIoMuiG5cV7AM6Q8mkmTY0yUyTTKEM/Q43LhRx68e482/MtLPQ1gOBwzn3ck9OmHCmjet+O6WNza3tnfJuZW//4PCoenzS1nGqCG2RmMeqG2JNOZO0ZZjhtJsoikXIaScc3+d+Z0qVZrF8MrOEBgIPJYsYwcZKgS+wGSmR+cmIzfvVmlt3F0DrxCtIDQo0+9UvfxCTVFBpCMda9zw3MUGGlWGE03nFTzVNMBnjIe1ZKrGgOsgWoefowioDFMXKPmnQQv29kWGh9UyEdjIPqVe9XPzP66Umug0yJpPUUEmWh6KUIxOjvAE0YIoSw2eWYKKYzYrICCtMjO2pYkvwVr+8TtpXdc+te4/XtcZdUUcZzuAcLsGDG2jAAzShBQQm8Ayv8OZMnRfn3flYjpacYucU/sD5/AFZNJJ2</latexit><latexit sha1_base64="7gFoSIaHTVhssoMuc91QZhPC8Wc=">AAAB9HicbVDLSgMxFL1TX7W+qi7dBIvgqsyIoMuiG5cV7AM6Q8mkmTY0yUyTTKEM/Q43LhRx68e482/MtLPQ1gOBwzn3ck9OmHCmjet+O6WNza3tnfJuZW//4PCoenzS1nGqCG2RmMeqG2JNOZO0ZZjhtJsoikXIaScc3+d+Z0qVZrF8MrOEBgIPJYsYwcZKgS+wGSmR+cmIzfvVmlt3F0DrxCtIDQo0+9UvfxCTVFBpCMda9zw3MUGGlWGE03nFTzVNMBnjIe1ZKrGgOsgWoefowioDFMXKPmnQQv29kWGh9UyEdjIPqVe9XPzP66Umug0yJpPUUEmWh6KUIxOjvAE0YIoSw2eWYKKYzYrICCtMjO2pYkvwVr+8TtpXdc+te4/XtcZdUUcZzuAcLsGDG2jAAzShBQQm8Ayv8OZMnRfn3flYjpacYucU/sD5/AFZNJJ2</latexit><latexit sha1_base64="7gFoSIaHTVhssoMuc91QZhPC8Wc=">AAAB9HicbVDLSgMxFL1TX7W+qi7dBIvgqsyIoMuiG5cV7AM6Q8mkmTY0yUyTTKEM/Q43LhRx68e482/MtLPQ1gOBwzn3ck9OmHCmjet+O6WNza3tnfJuZW//4PCoenzS1nGqCG2RmMeqG2JNOZO0ZZjhtJsoikXIaScc3+d+Z0qVZrF8MrOEBgIPJYsYwcZKgS+wGSmR+cmIzfvVmlt3F0DrxCtIDQo0+9UvfxCTVFBpCMda9zw3MUGGlWGE03nFTzVNMBnjIe1ZKrGgOsgWoefowioDFMXKPmnQQv29kWGh9UyEdjIPqVe9XPzP66Umug0yJpPUUEmWh6KUIxOjvAE0YIoSw2eWYKKYzYrICCtMjO2pYkvwVr+8TtpXdc+te4/XtcZdUUcZzuAcLsGDG2jAAzShBQQm8Ayv8OZMnRfn3flYjpacYucU/sD5/AFZNJJ2</latexit>

The MR2T2 algorithm
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• The Metropolis Algorithm:

• Given    , propose       in a reversible, area-preserving way 

• Accept the proposal as new entry with probability      ,    
otherwise add       to the chain again.

•   p = min
�
1,

⇡(�0)

⇡(�)

�

<latexit sha1_base64="mve7LspSa7fkMNvjDeH7MgLFkVw=">AAACK3icbZDLSgMxFIYz3q23UZdugkVsQcqMCLoRRDcuFWwVOkPJpJk2mGRCkhHKMO/jxldxoQsvuPU9zLSjaOsPgY//nMPJ+SPJqDae9+ZMTc/Mzs0vLFaWlldW19z1jZZOUoVJEycsUTcR0oRRQZqGGkZupCKIR4xcR7dnRf36jihNE3FlBpKEHPUEjSlGxlod9zTgyPQVz2R+DL+ZU5HDIKK9mr8Hg1ghnAWS1gLZp7v1/IfredFT77hVr+ENBSfBL6EKSl103Kegm+CUE2EwQ1q3fU+aMEPKUMxIXglSTSTCt6hH2hYF4kSH2fDWHO5YpwvjRNknDBy6vycyxLUe8Mh2Ftfo8Vph/ldrpyY+CjMqZGqIwKNFccqgSWARHOxSRbBhAwsIK2r/CnEf2WyMjbdiQ/DHT56E1n7D9xr+5UH15LSMYwFsgW1QAz44BCfgHFyAJsDgHjyCF/DqPDjPzrvzMWqdcsqZTfBHzucX5XynaQ==</latexit><latexit sha1_base64="mve7LspSa7fkMNvjDeH7MgLFkVw=">AAACK3icbZDLSgMxFIYz3q23UZdugkVsQcqMCLoRRDcuFWwVOkPJpJk2mGRCkhHKMO/jxldxoQsvuPU9zLSjaOsPgY//nMPJ+SPJqDae9+ZMTc/Mzs0vLFaWlldW19z1jZZOUoVJEycsUTcR0oRRQZqGGkZupCKIR4xcR7dnRf36jihNE3FlBpKEHPUEjSlGxlod9zTgyPQVz2R+DL+ZU5HDIKK9mr8Hg1ghnAWS1gLZp7v1/IfredFT77hVr+ENBSfBL6EKSl103Kegm+CUE2EwQ1q3fU+aMEPKUMxIXglSTSTCt6hH2hYF4kSH2fDWHO5YpwvjRNknDBy6vycyxLUe8Mh2Ftfo8Vph/ldrpyY+CjMqZGqIwKNFccqgSWARHOxSRbBhAwsIK2r/CnEf2WyMjbdiQ/DHT56E1n7D9xr+5UH15LSMYwFsgW1QAz44BCfgHFyAJsDgHjyCF/DqPDjPzrvzMWqdcsqZTfBHzucX5XynaQ==</latexit><latexit sha1_base64="mve7LspSa7fkMNvjDeH7MgLFkVw=">AAACK3icbZDLSgMxFIYz3q23UZdugkVsQcqMCLoRRDcuFWwVOkPJpJk2mGRCkhHKMO/jxldxoQsvuPU9zLSjaOsPgY//nMPJ+SPJqDae9+ZMTc/Mzs0vLFaWlldW19z1jZZOUoVJEycsUTcR0oRRQZqGGkZupCKIR4xcR7dnRf36jihNE3FlBpKEHPUEjSlGxlod9zTgyPQVz2R+DL+ZU5HDIKK9mr8Hg1ghnAWS1gLZp7v1/IfredFT77hVr+ENBSfBL6EKSl103Kegm+CUE2EwQ1q3fU+aMEPKUMxIXglSTSTCt6hH2hYF4kSH2fDWHO5YpwvjRNknDBy6vycyxLUe8Mh2Ftfo8Vph/ldrpyY+CjMqZGqIwKNFccqgSWARHOxSRbBhAwsIK2r/CnEf2WyMjbdiQ/DHT56E1n7D9xr+5UH15LSMYwFsgW1QAz44BCfgHFyAJsDgHjyCF/DqPDjPzrvzMWqdcsqZTfBHzucX5XynaQ==</latexit><latexit sha1_base64="mve7LspSa7fkMNvjDeH7MgLFkVw=">AAACK3icbZDLSgMxFIYz3q23UZdugkVsQcqMCLoRRDcuFWwVOkPJpJk2mGRCkhHKMO/jxldxoQsvuPU9zLSjaOsPgY//nMPJ+SPJqDae9+ZMTc/Mzs0vLFaWlldW19z1jZZOUoVJEycsUTcR0oRRQZqGGkZupCKIR4xcR7dnRf36jihNE3FlBpKEHPUEjSlGxlod9zTgyPQVz2R+DL+ZU5HDIKK9mr8Hg1ghnAWS1gLZp7v1/IfredFT77hVr+ENBSfBL6EKSl103Kegm+CUE2EwQ1q3fU+aMEPKUMxIXglSTSTCt6hH2hYF4kSH2fDWHO5YpwvjRNknDBy6vycyxLUe8Mh2Ftfo8Vph/ldrpyY+CjMqZGqIwKNFccqgSWARHOxSRbBhAwsIK2r/CnEf2WyMjbdiQ/DHT56E1n7D9xr+5UH15LSMYwFsgW1QAz44BCfgHFyAJsDgHjyCF/DqPDjPzrvzMWqdcsqZTfBHzucX5XynaQ==</latexit>

p
<latexit sha1_base64="RythJF5yCVU0XyHe30P1z1OyWu8=">AAAB8XicbVDLSgMxFL2pr1pfVZdugkVwVWZE0GXRjcsK9oHtUDJppg1NMkOSEcrQv3DjQhG3/o07/8ZMOwttPRA4nHMvOfeEieDGet43Kq2tb2xulbcrO7t7+wfVw6O2iVNNWYvGItbdkBgmuGIty61g3UQzIkPBOuHkNvc7T0wbHqsHO01YIMlI8YhTYp302JfEjrXMktmgWvPq3hx4lfgFqUGB5qD61R/GNJVMWSqIMT3fS2yQEW05FWxW6aeGJYROyIj1HFVEMhNk88QzfOaUIY5i7Z6yeK7+3siINGYqQzeZJzTLXi7+5/VSG10HGVdJapmii4+iVGAb4/x8POSaUSumjhCqucuK6ZhoQq0rqeJK8JdPXiXti7rv1f37y1rjpqijDCdwCufgwxU04A6a0AIKCp7hFd6QQS/oHX0sRkuo2DmGP0CfPxRRkSs=</latexit><latexit sha1_base64="RythJF5yCVU0XyHe30P1z1OyWu8=">AAAB8XicbVDLSgMxFL2pr1pfVZdugkVwVWZE0GXRjcsK9oHtUDJppg1NMkOSEcrQv3DjQhG3/o07/8ZMOwttPRA4nHMvOfeEieDGet43Kq2tb2xulbcrO7t7+wfVw6O2iVNNWYvGItbdkBgmuGIty61g3UQzIkPBOuHkNvc7T0wbHqsHO01YIMlI8YhTYp302JfEjrXMktmgWvPq3hx4lfgFqUGB5qD61R/GNJVMWSqIMT3fS2yQEW05FWxW6aeGJYROyIj1HFVEMhNk88QzfOaUIY5i7Z6yeK7+3siINGYqQzeZJzTLXi7+5/VSG10HGVdJapmii4+iVGAb4/x8POSaUSumjhCqucuK6ZhoQq0rqeJK8JdPXiXti7rv1f37y1rjpqijDCdwCufgwxU04A6a0AIKCp7hFd6QQS/oHX0sRkuo2DmGP0CfPxRRkSs=</latexit><latexit sha1_base64="RythJF5yCVU0XyHe30P1z1OyWu8=">AAAB8XicbVDLSgMxFL2pr1pfVZdugkVwVWZE0GXRjcsK9oHtUDJppg1NMkOSEcrQv3DjQhG3/o07/8ZMOwttPRA4nHMvOfeEieDGet43Kq2tb2xulbcrO7t7+wfVw6O2iVNNWYvGItbdkBgmuGIty61g3UQzIkPBOuHkNvc7T0wbHqsHO01YIMlI8YhTYp302JfEjrXMktmgWvPq3hx4lfgFqUGB5qD61R/GNJVMWSqIMT3fS2yQEW05FWxW6aeGJYROyIj1HFVEMhNk88QzfOaUIY5i7Z6yeK7+3siINGYqQzeZJzTLXi7+5/VSG10HGVdJapmii4+iVGAb4/x8POSaUSumjhCqucuK6ZhoQq0rqeJK8JdPXiXti7rv1f37y1rjpqijDCdwCufgwxU04A6a0AIKCp7hFd6QQS/oHX0sRkuo2DmGP0CfPxRRkSs=</latexit><latexit sha1_base64="RythJF5yCVU0XyHe30P1z1OyWu8=">AAAB8XicbVDLSgMxFL2pr1pfVZdugkVwVWZE0GXRjcsK9oHtUDJppg1NMkOSEcrQv3DjQhG3/o07/8ZMOwttPRA4nHMvOfeEieDGet43Kq2tb2xulbcrO7t7+wfVw6O2iVNNWYvGItbdkBgmuGIty61g3UQzIkPBOuHkNvc7T0wbHqsHO01YIMlI8YhTYp302JfEjrXMktmgWvPq3hx4lfgFqUGB5qD61R/GNJVMWSqIMT3fS2yQEW05FWxW6aeGJYROyIj1HFVEMhNk88QzfOaUIY5i7Z6yeK7+3siINGYqQzeZJzTLXi7+5/VSG10HGVdJapmii4+iVGAb4/x8POSaUSumjhCqucuK6ZhoQq0rqeJK8JdPXiXti7rv1f37y1rjpqijDCdwCufgwxU04A6a0AIKCp7hFd6QQS/oHX0sRkuo2DmGP0CfPxRRkSs=</latexit>

�
<latexit sha1_base64="7gFoSIaHTVhssoMuc91QZhPC8Wc=">AAAB9HicbVDLSgMxFL1TX7W+qi7dBIvgqsyIoMuiG5cV7AM6Q8mkmTY0yUyTTKEM/Q43LhRx68e482/MtLPQ1gOBwzn3ck9OmHCmjet+O6WNza3tnfJuZW//4PCoenzS1nGqCG2RmMeqG2JNOZO0ZZjhtJsoikXIaScc3+d+Z0qVZrF8MrOEBgIPJYsYwcZKgS+wGSmR+cmIzfvVmlt3F0DrxCtIDQo0+9UvfxCTVFBpCMda9zw3MUGGlWGE03nFTzVNMBnjIe1ZKrGgOsgWoefowioDFMXKPmnQQv29kWGh9UyEdjIPqVe9XPzP66Umug0yJpPUUEmWh6KUIxOjvAE0YIoSw2eWYKKYzYrICCtMjO2pYkvwVr+8TtpXdc+te4/XtcZdUUcZzuAcLsGDG2jAAzShBQQm8Ayv8OZMnRfn3flYjpacYucU/sD5/AFZNJJ2</latexit><latexit sha1_base64="7gFoSIaHTVhssoMuc91QZhPC8Wc=">AAAB9HicbVDLSgMxFL1TX7W+qi7dBIvgqsyIoMuiG5cV7AM6Q8mkmTY0yUyTTKEM/Q43LhRx68e482/MtLPQ1gOBwzn3ck9OmHCmjet+O6WNza3tnfJuZW//4PCoenzS1nGqCG2RmMeqG2JNOZO0ZZjhtJsoikXIaScc3+d+Z0qVZrF8MrOEBgIPJYsYwcZKgS+wGSmR+cmIzfvVmlt3F0DrxCtIDQo0+9UvfxCTVFBpCMda9zw3MUGGlWGE03nFTzVNMBnjIe1ZKrGgOsgWoefowioDFMXKPmnQQv29kWGh9UyEdjIPqVe9XPzP66Umug0yJpPUUEmWh6KUIxOjvAE0YIoSw2eWYKKYzYrICCtMjO2pYkvwVr+8TtpXdc+te4/XtcZdUUcZzuAcLsGDG2jAAzShBQQm8Ayv8OZMnRfn3flYjpacYucU/sD5/AFZNJJ2</latexit><latexit sha1_base64="7gFoSIaHTVhssoMuc91QZhPC8Wc=">AAAB9HicbVDLSgMxFL1TX7W+qi7dBIvgqsyIoMuiG5cV7AM6Q8mkmTY0yUyTTKEM/Q43LhRx68e482/MtLPQ1gOBwzn3ck9OmHCmjet+O6WNza3tnfJuZW//4PCoenzS1nGqCG2RmMeqG2JNOZO0ZZjhtJsoikXIaScc3+d+Z0qVZrF8MrOEBgIPJYsYwcZKgS+wGSmR+cmIzfvVmlt3F0DrxCtIDQo0+9UvfxCTVFBpCMda9zw3MUGGlWGE03nFTzVNMBnjIe1ZKrGgOsgWoefowioDFMXKPmnQQv29kWGh9UyEdjIPqVe9XPzP66Umug0yJpPUUEmWh6KUIxOjvAE0YIoSw2eWYKKYzYrICCtMjO2pYkvwVr+8TtpXdc+te4/XtcZdUUcZzuAcLsGDG2jAAzShBQQm8Ayv8OZMnRfn3flYjpacYucU/sD5/AFZNJJ2</latexit><latexit sha1_base64="7gFoSIaHTVhssoMuc91QZhPC8Wc=">AAAB9HicbVDLSgMxFL1TX7W+qi7dBIvgqsyIoMuiG5cV7AM6Q8mkmTY0yUyTTKEM/Q43LhRx68e482/MtLPQ1gOBwzn3ck9OmHCmjet+O6WNza3tnfJuZW//4PCoenzS1nGqCG2RmMeqG2JNOZO0ZZjhtJsoikXIaScc3+d+Z0qVZrF8MrOEBgIPJYsYwcZKgS+wGSmR+cmIzfvVmlt3F0DrxCtIDQo0+9UvfxCTVFBpCMda9zw3MUGGlWGE03nFTzVNMBnjIe1ZKrGgOsgWoefowioDFMXKPmnQQv29kWGh9UyEdjIPqVe9XPzP66Umug0yJpPUUEmWh6KUIxOjvAE0YIoSw2eWYKKYzYrICCtMjO2pYkvwVr+8TtpXdc+te4/XtcZdUUcZzuAcLsGDG2jAAzShBQQm8Ayv8OZMnRfn3flYjpacYucU/sD5/AFZNJJ2</latexit>

�0
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• The Metropolis Algorithm for Scalar F.T.:

• Given  propose 

• Choose a random number 

• If  always accept, 
otherwise add    to the chain again if

; 

ϕ ϕ′ 

r ∈ [0,1]

SE(ϕ′ ) < SE(ϕ),
ϕ′ 

e−ΔS > r
ΔS = SE(ϕ′ ) − SE(ϕ)

The MR2T2 algorithm
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QFT on the lattice: symmetries
๏ Translational Symmetry:                                                                                                       

Broken to discrete symmetry, but nicely restored in the continuum limit

๏ Rotational Symmetry:                                                                                                           
Similar to translational symmetry. Finite number of irreducible representations (quantum 
numbers) instead of spin, but correct states are obtained in the continuum limit

Quarks

a {
Gluon

Quarks

a {
Gluon

Quarks

a {
Gluon

Quarks

a {
Gluon

gauge

matter
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Strong interaction 
A little bit of history . . .

Describing strong interactions:

after 1963 [Quark model]:

�! quarks (qi = u, d , s, c, b, [t]) elementary constituens of:

mesons (qq̄)

barions (qqq),(q̄q̄q̄)
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A little bit of history . . .

Describing strong interactions:

Two puzzles:

1

2 Spectrum of baryons:

Wavefunction of 3 quarks, e.g. �++ = uuu to be totally symmetric
under spin/flavour quantum nr. (s=3/2, Q=2)

Fermi-Dirac statistics is obeyed if an additional degree of freedom is
intoduced:

COLOUR: SU(3) symmetry

�! Assumption: Baryon wavefunction is totally antisymmetric in
colour quantum numbers

Marina Marinković QCD: a non-perturbative perspective PSI , 26-27 July, 2014 3 / 36
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Quantum ChromodynamicsQuantum Chromodynamics

QCD Lagrangian

LQCD = � 1

4
F a
µ⌫F

a
µ⌫ +

X

f=u,d,s,...

 f

�
i�µ (@µ � igsA

a
µT

a) � mf

 
 f

S =

Z
d4x LQCD

Covariant derivative: Dµ = @µ � igsAµ
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Quantum Chromodynamics

QCD Lagrangian

LQCD = � 1

4
F a
µ⌫F

a
µ⌫ +

X

f=u,d,s,...

 f

�
i�µ (@µ � igsA

a
µT

a) � mf

 
 f

S =

Z
d4x LQCD

Bare QCD parameters (Nf+1)

gauge coupling gs
quark masses mu, md , . . .

p

u
u

d

g

g

g

s s

u

u
d

d

gg

g

g
g

g
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Quantum ChromodynamicsQuantum Chromodynamics
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Perturbative QCD

High energy regime: weakly coupled

Expand in ↵s : Feynman graphs

Fantastic successes: describes to a very high precision the high-energy regime of
strong interactions

Problems not accessible by perturbation theory

confinement
chiral symmetry breaking
hadron mass spectrum, . . .

Low energies �! since the ↵s is not small, the PT expansion is not valid

Marina Marinković QCD: a non-perturbative perspective PSI , 26-27 July, 2014 9 / 36

QCD: accessing Non-Perturbative regime

Wick rotation: Minkowski ! Euclidean x0 ! ixE

Analytical continuation of time-ordered correlators Euclidean ! Minkowski

xµM = (x0,~x) �! xEµ = (~x, xE ) ⌘ xµ

pµM = (p0,~p) �! xEµ = (~p, pE ) ⌘ pµ pE = ip0

Euclidean QCD Lagrangian (t ⌘ x
E $ � ix0)

LQCD = 1

2g2 F a
µ⌫F

a
µ⌫ +

X

f=u,d,s,...

 f

�
�µ (@µ + iAa

µT
a) +mf

 
 f

SQCD =

Z
d4x LQCD

No distinction between space and time!

Marina Marinković QCD: a non-perturbative perspective PSI , 26-27 July, 2014 10 / 36
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Path Integrals in Quantum ChromodynamicsFunctional Integral Formalism

Feynman’s QM Path Integral ! Quantum Field Theory

Each specific field configuration:

P( , ,A) ⇠ e
�S( , ,A)

Expectation value of an operator O( , ,A):

hO( , ,A)i = hhO( , ,A)iF iG

= 1

Z

Z
D
⇥
A
⇤
D
⇥
 , 

⇤
e
�S( , ,A)

O( , ,A)

Z =

Z
D
⇥
A
⇤
D
⇥
 , 

⇤
e
�S( , ,A)

Marina Marinković QCD: a non-perturbative perspective PSI , 26-27 July, 2014 11 / 36
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Lattice regularization of QCDRegularization: The Lattice

Divergencies in continuum QCD ! regularization is necessary!

One possible regularization:
Introduce momentum ultraviolet-cuto↵ , minimum distance (FT)

If required also: local gauge symmetry ! Lattice QCD

Finite number of integrals over fields (
R
d
4
x ! a

4
P

n)

Computable with the help of Monte Carlo techniques

Marina Marinković QCD: a non-perturbative perspective PSI , 26-27 July, 2014 12 / 36
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Lattice regularization of QCD
Lattice discretization

SQCD [ ,  ̄,A] = SG + SF

= 1

2g Fµ⌫Fµ⌫ +

Z
d
4
x  ̄(x) [�µ (@µ + iAµ(x)) +m]  (x)

Discretization prescription:

x �! n = (n1, n2, n3, n4) n1 = 0, . . . ,N � 1

 (x),  ̄(x) �!  (n),  ̄(n)

Z
d
4
x . . . �! a

4
X

n

. . .

@µ  (x) �!  (n+µ̂)� (n�µ̂)
2a +O(a2)

Simple example - free fermion field ( Aµ = 0 ):

S
0

F [ ,  ̄] =
R
d
4
x  ̄(x) (�µ @µ +m)  (x)

Marina Marinković QCD: a non-perturbative perspective PSI , 26-27 July, 2014 13 / 36

Quark and Gluon fields on the lattice

Quarks

a {
Gluon

Quarks ⇠  (n), (n)

Gluons ⇠ ”Link variables” ⇠ Parallel transporter ⇠ Uµ(n) = e
iagAµ

Marina Marinković QCD: a non-perturbative perspective PSI , 26-27 July, 2014 14 / 36
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Naive Lattice Fermion Action

Lattice discretization

SQCD [ ,  ̄,A] = SG + SF

= 1

2g Fµ⌫Fµ⌫ +

Z
d
4
x  ̄(x) [�µ (@µ + iAµ(x)) +m]  (x)

Discretization prescription:

x �! n = (n1, n2, n3, n4) n1 = 0, . . . ,N � 1

 (x),  ̄(x) �!  (n),  ̄(n)

Z
d
4
x . . . �! a

4
X

n

. . .

@µ  (x) �!  (n+µ̂)� (n�µ̂)
2a +O(a2)

Simple example - free fermion field ( Aµ = 0 ):

S
0

F [ ,  ̄] =
R
d
4
x  ̄(x) (�µ @µ +m)  (x)

Marina Marinković QCD: a non-perturbative perspective PSI , 26-27 July, 2014 13 / 36

Naive Lattice Fermion Action

S
0

F

⇥
 , 

⇤
=
R
d
4
x  (x) (�µ@µ +m)  (x)

Symmetrically discretized partial derivative:

@µ (na) =
 ((n+µ̂))� ((n�µ̂))

2a +O(a2)

Naive lattice ansatz for free fermion action:

SF

⇥
 , 

⇤
= a

4
X

n2⇤

 (n)

 
4X

µ=1

�µ
 (n+µ̂)� (n�µ̂)

2a +m (n)

!

Let us examine gauge invariance !

Marina Marinković QCD: a non-perturbative perspective PSI , 26-27 July, 2014 15 / 36

Naive Lattice Fermion Action

S
0

F

⇥
 , 

⇤
=
R
d
4
x  (x) (�µ@µ +m)  (x)

Symmetrically discretized partial derivative:

@µ (na) =
 ((n+µ̂))� ((n�µ̂))

2a +O(a2)

Naive lattice ansatz for free fermion action:

SF

⇥
 , 

⇤
= a

4
X

n2⇤
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4X
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�µ
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2a +m (n)

!
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Gauge Invariance
Gauge Invariance

⌦(n) 2 SU(3):

 0(n) = ⌦(n) (n)

 
0
(n) =  (n)⌦(n)†

 
0
(n) 0(n + µ̂) =  (n)⌦(n)†⌦(n + µ̂) (n + µ̂) (!)

(!) not gauge invariant

Introduce link variables Uµ(n):

U
0
µ(n) = ⌦(n)Uµ(n)⌦(n + µ̂)†

 
0
(n)U 0

µ(n) 
0(n + µ̂) =  (n)Uµ(n) (n + µ̂)

Uµ(n) ! fundamental gluonic variables on the lattice

U (x)
µ

µx+ax

Marina Marinković QCD: a non-perturbative perspective PSI , 26-27 July, 2014 16 / 36
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Quark and gluon fields on the lattice
Quark and Gluon fields on the lattice

Quarks

a {
Gluon

Quarks ⇠  (n), (n)

Gluons ⇠ ”Link variables” ⇠ Parallel transporter ⇠ Uµ(n) = e
iagAµ

Marina Marinković QCD: a non-perturbative perspective PSI , 26-27 July, 2014 17 / 36
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Lattice fermion action (I)
Lattice Fermion Action

Fermionic action: SF = a
4
P

f  (n)D(n,m) (m)

Naive fermion action

D(n,m) = m�n,m + 1

2a

±4X

µ=±1

�µUµ(n) �n+µ̂,m

Propagator in momentum space:

D̃(p)�1 =
m1�ia�1

P±4

µ=±1
�µsin(pµa)

m2+a�2
P±4

µ=±1
sin(pµa)2

Important: case of massless fermions, m = 0:

D̃(p)�1|m=0 =
�ia�1

P
µ �µsin(pµa)

a�2
P

µ sin(pµa)2

Unphysical poles at pµ = ⇡
a

Unwanted doublers: obtainded 16 instead of 1 fermionic particles!

Marina Marinković QCD: a non-perturbative perspective PSI , 26-27 July, 2014 20 / 36
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Lattice fermion action (II)Lattice Fermion Action II

Wilson Dirac matrix DW

DW (n,m) =
�
m + 4

a

�
�n,m � 1

2a

±4X

µ=±1

�
1� �µ

�
Uµ(n) �n+µ̂,m

Wilson term: shifting the mass of the doublers to infinity, as a ! 0

Only the physical pole, no doublers!

Problem: Additional term breaks chiral symmetry explicitly

No-Go Theorem on the lattice [Nielsen & Ninomiya, 1981]:
simple action without doublers $ broken chiral symmetry

Di↵erent choices of lattice derivatives

! O(a),O(a2), . . . discretization errors

! di↵erent rates to approach continuum limit

Marina Marinković QCD: a non-perturbative perspective PSI , 26-27 July, 2014 21 / 36
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Lattice gauge action (I)Lattice Gauge Action - shortly

SG = 1

2gTr Fµ⌫(x) Fµ⌫(x)

Need gauge invariant object: trace over closed loop of gauge links

Smallest possible closed loop: Plaquette

Uµ⌫(n) = Uµ(n)U⌫(n + µ̂)U�µ(n + µ̂+ ⌫̂)U�⌫(n + ⌫̂)

= Uµ(n)U⌫(n + µ̂)Uµ(n + ⌫̂)†U⌫(n)†

Wilson gauge action:

Sg ⇠
P

n

P
µ<⌫ Re tr

⇥
1� Uµ⌫(n)

⇤
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Lattice gauge action (II)
Lattice Gauge Action II

Improvement: taking into account larger Wilson loops

All in the same universality class:

�! converge to tr
⇥
Fµ⌫(x)Fµ⌫(x)

⇤
in the continuum limit

�! improvement reduces the discretization errors!

Lattice artefacts in scaling behaviour:

�! Wilson gauge action: O(a2)

�! Luscher-Weisz: O(a4) [K. Symanzik, 1981; Luscher and Weisz, 1985]

Marina Marinković QCD: a non-perturbative perspective PSI , 26-27 July, 2014 23 / 36
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(1) Generate ensembles of field configurations using Monte Carlo

(2) Average over a set of configurations: 

• Compute correlation function of fields, extract Euclidean matrix elements or amplitudes

• Computational cost dominated by quarks: inverses of large, sparse matrix

(3) Extrapolate to continuum, infinite volume, physical quark masses (now directly accessible) 

Recipe for Lattice QCD Computation

๏ Lattice QCD path integrals are computed by importance sampling: 

๏ Markov chain:

๏ The configurations are correlated by construction:     Var [Ō] = Var[O] ( 2τO

Ncnfg
)

hOi ⇡ Ō =
1

Ncnfg

NcnfgX

i=1

O[U ] + O(
1p

Ncnfg
)
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P[Ui] / e�SE [U ]
<latexit sha1_base64="sJDFr75ErbOf6J1XqsiL1Qw+Kro=">AAACEHicbVDLSsNAFJ3UV62vqEs3g0V0Y0lEULoqiuCyomkLSQyT6aQdOnkwMxFKyCe48VfcuFDErUt3/o2TNgttPTBwOOde5p7jJ4wKaRjfWmVhcWl5pbpaW1vf2NzSt3c6Ik45JhaOWcx7PhKE0YhYkkpGegknKPQZ6fqjy8LvPhAuaBzdyXFC3BANIhpQjKSSPP3QCZEcYsSydm5bHnWdppPwOJExdJrkPju+9a5sy809vW40jAngPDFLUgcl2p7+5fRjnIYkkpghIWzTSKSbIS4pZiSvOakgCcIjNCC2ohEKiXCzSaAcHiilD4OYqxdJOFF/b2QoFGIc+mqyOF/MeoX4n2enMjh3MxolqSQRnn4UpAyquEU7sE85wZKNFUGYU3UrxEPEEZaqw5oqwZyNPE86Jw3TaJg3p/XWRVlHFeyBfXAETHAGWuAatIEFMHgEz+AVvGlP2ov2rn1MRytaubML/kD7/AFTW5y8</latexit><latexit sha1_base64="sJDFr75ErbOf6J1XqsiL1Qw+Kro=">AAACEHicbVDLSsNAFJ3UV62vqEs3g0V0Y0lEULoqiuCyomkLSQyT6aQdOnkwMxFKyCe48VfcuFDErUt3/o2TNgttPTBwOOde5p7jJ4wKaRjfWmVhcWl5pbpaW1vf2NzSt3c6Ik45JhaOWcx7PhKE0YhYkkpGegknKPQZ6fqjy8LvPhAuaBzdyXFC3BANIhpQjKSSPP3QCZEcYsSydm5bHnWdppPwOJExdJrkPju+9a5sy809vW40jAngPDFLUgcl2p7+5fRjnIYkkpghIWzTSKSbIS4pZiSvOakgCcIjNCC2ohEKiXCzSaAcHiilD4OYqxdJOFF/b2QoFGIc+mqyOF/MeoX4n2enMjh3MxolqSQRnn4UpAyquEU7sE85wZKNFUGYU3UrxEPEEZaqw5oqwZyNPE86Jw3TaJg3p/XWRVlHFeyBfXAETHAGWuAatIEFMHgEz+AVvGlP2ov2rn1MRytaubML/kD7/AFTW5y8</latexit><latexit sha1_base64="sJDFr75ErbOf6J1XqsiL1Qw+Kro=">AAACEHicbVDLSsNAFJ3UV62vqEs3g0V0Y0lEULoqiuCyomkLSQyT6aQdOnkwMxFKyCe48VfcuFDErUt3/o2TNgttPTBwOOde5p7jJ4wKaRjfWmVhcWl5pbpaW1vf2NzSt3c6Ik45JhaOWcx7PhKE0YhYkkpGegknKPQZ6fqjy8LvPhAuaBzdyXFC3BANIhpQjKSSPP3QCZEcYsSydm5bHnWdppPwOJExdJrkPju+9a5sy809vW40jAngPDFLUgcl2p7+5fRjnIYkkpghIWzTSKSbIS4pZiSvOakgCcIjNCC2ohEKiXCzSaAcHiilD4OYqxdJOFF/b2QoFGIc+mqyOF/MeoX4n2enMjh3MxolqSQRnn4UpAyquEU7sE85wZKNFUGYU3UrxEPEEZaqw5oqwZyNPE86Jw3TaJg3p/XWRVlHFeyBfXAETHAGWuAatIEFMHgEz+AVvGlP2ov2rn1MRytaubML/kD7/AFTW5y8</latexit><latexit sha1_base64="sJDFr75ErbOf6J1XqsiL1Qw+Kro=">AAACEHicbVDLSsNAFJ3UV62vqEs3g0V0Y0lEULoqiuCyomkLSQyT6aQdOnkwMxFKyCe48VfcuFDErUt3/o2TNgttPTBwOOde5p7jJ4wKaRjfWmVhcWl5pbpaW1vf2NzSt3c6Ik45JhaOWcx7PhKE0YhYkkpGegknKPQZ6fqjy8LvPhAuaBzdyXFC3BANIhpQjKSSPP3QCZEcYsSydm5bHnWdppPwOJExdJrkPju+9a5sy809vW40jAngPDFLUgcl2p7+5fRjnIYkkpghIWzTSKSbIS4pZiSvOakgCcIjNCC2ohEKiXCzSaAcHiilD4OYqxdJOFF/b2QoFGIc+mqyOF/MeoX4n2enMjh3MxolqSQRnn4UpAyquEU7sE85wZKNFUGYU3UrxEPEEZaqw5oqwZyNPE86Jw3TaJg3p/XWRVlHFeyBfXAETHAGWuAatIEFMHgEz+AVvGlP2ov2rn1MRytaubML/kD7/AFTW5y8</latexit>

{U0} �! {U1} �! {U2} �! · · · �! {Ui} �! {Ui+1} �! . . .
<latexit sha1_base64="G3kX+Qj+i0Pwt9vApfPjtfeJYcA="></latexit><latexit sha1_base64="G3kX+Qj+i0Pwt9vApfPjtfeJYcA="></latexit><latexit sha1_base64="G3kX+Qj+i0Pwt9vApfPjtfeJYcA="></latexit><latexit sha1_base64="hP+6LrUf2d3tZaldqaQQvEKMXyw=">AAAB2XicbZDNSgMxFIXv1L86Vq1rN8EiuCozbnQpuHFZwbZCO5RM5k4bmskMyR2hDH0BF25EfC93vo3pz0JbDwQ+zknIvSculLQUBN9ebWd3b/+gfugfNfzjk9Nmo2fz0gjsilzl5jnmFpXU2CVJCp8LgzyLFfbj6f0i77+gsTLXTzQrMMr4WMtUCk7O6oyaraAdLMW2IVxDC9YaNb+GSS7KDDUJxa0dhEFBUcUNSaFw7g9LiwUXUz7GgUPNM7RRtRxzzi6dk7A0N+5oYkv394uKZ9bOstjdzDhN7Ga2MP/LBiWlt1EldVESarH6KC0Vo5wtdmaJNChIzRxwYaSblYkJN1yQa8Z3HYSbG29D77odBu3wMYA6nMMFXEEIN3AHD9CBLghI4BXevYn35n2suqp569LO4I+8zx84xIo4</latexit><latexit sha1_base64="H7rSN+2AOmU8W5sTo7AuKmVB+i4=">AAACd3icdVHLSgMxFM2Mrzq+RrdugiKIQp3oQpeCG5cK9gGdoWTStA1mkiG5o5RhPsTfcufXaKbtQtt6IXA4J/fc5Nw0l8JCFH15/tr6xuZWYzvY2d3bPwgPd9tWF4bxFtNSm25KLZdC8RYIkLybG06zVPJO+vpQ6503bqzQ6gUmOU8yOlJiKBgFR/XDj7hs9aO4wrHUamTEaAzUGP2Oa56s4INauF4Wgnigwa60Ef/Yl+KSVHG1KOGZUz88jZrRtPAyIHNwiub11A8/XSMrMq6ASWptj0Q5JCU1IJjkVRAXlueUvdIR7zmoaMZtUk4jrPCZYwZ4qI07CvCU/d1R0szaSZa6mxmFsV3UanKV1itgeJeUQuUFcMVmg4aFxKBxvQ88EIYzkBMHKDPCvRWzMTWUgdta4EIgi19eBu3rJoma5DlCDXSMTtA5IugW3aNH9IRaiKFv78xrelf+un/hk1lcvjfP7Qj9Kf/mBzQSxCo=</latexit><latexit sha1_base64="H7rSN+2AOmU8W5sTo7AuKmVB+i4=">AAACd3icdVHLSgMxFM2Mrzq+RrdugiKIQp3oQpeCG5cK9gGdoWTStA1mkiG5o5RhPsTfcufXaKbtQtt6IXA4J/fc5Nw0l8JCFH15/tr6xuZWYzvY2d3bPwgPd9tWF4bxFtNSm25KLZdC8RYIkLybG06zVPJO+vpQ6503bqzQ6gUmOU8yOlJiKBgFR/XDj7hs9aO4wrHUamTEaAzUGP2Oa56s4INauF4Wgnigwa60Ef/Yl+KSVHG1KOGZUz88jZrRtPAyIHNwiub11A8/XSMrMq6ASWptj0Q5JCU1IJjkVRAXlueUvdIR7zmoaMZtUk4jrPCZYwZ4qI07CvCU/d1R0szaSZa6mxmFsV3UanKV1itgeJeUQuUFcMVmg4aFxKBxvQ88EIYzkBMHKDPCvRWzMTWUgdta4EIgi19eBu3rJoma5DlCDXSMTtA5IugW3aNH9IRaiKFv78xrelf+un/hk1lcvjfP7Qj9Kf/mBzQSxCo=</latexit><latexit sha1_base64="So0lPxlgFgXjOTBFaUyYhSHl0lA="></latexit><latexit sha1_base64="G3kX+Qj+i0Pwt9vApfPjtfeJYcA="></latexit><latexit sha1_base64="G3kX+Qj+i0Pwt9vApfPjtfeJYcA="></latexit><latexit sha1_base64="G3kX+Qj+i0Pwt9vApfPjtfeJYcA="></latexit><latexit sha1_base64="G3kX+Qj+i0Pwt9vApfPjtfeJYcA="></latexit><latexit sha1_base64="G3kX+Qj+i0Pwt9vApfPjtfeJYcA="></latexit><latexit sha1_base64="G3kX+Qj+i0Pwt9vApfPjtfeJYcA="></latexit>
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The cost of dynamical fermions

๏ Fermions represented by Grassmann variables in P.I: expensive to manipulate on a computer

๏ Easy to evaluate integral over fermionic (anti-commuting) fields: 

๏ Integration rules:  

ηiηj = − ηjηi

∫ dη = 0; ∫ dη η = 1

Z
D  D  e� (�µDµ+mq)  ⇡ det (�µDµ +mq)

<latexit sha1_base64="LAkAjv3bzu8PlDJTPZcDyg764As="></latexit><latexit sha1_base64="LAkAjv3bzu8PlDJTPZcDyg764As="></latexit><latexit sha1_base64="LAkAjv3bzu8PlDJTPZcDyg764As="></latexit><latexit sha1_base64="hP+6LrUf2d3tZaldqaQQvEKMXyw=">AAAB2XicbZDNSgMxFIXv1L86Vq1rN8EiuCozbnQpuHFZwbZCO5RM5k4bmskMyR2hDH0BF25EfC93vo3pz0JbDwQ+zknIvSculLQUBN9ebWd3b/+gfugfNfzjk9Nmo2fz0gjsilzl5jnmFpXU2CVJCp8LgzyLFfbj6f0i77+gsTLXTzQrMMr4WMtUCk7O6oyaraAdLMW2IVxDC9YaNb+GSS7KDDUJxa0dhEFBUcUNSaFw7g9LiwUXUz7GgUPNM7RRtRxzzi6dk7A0N+5oYkv394uKZ9bOstjdzDhN7Ga2MP/LBiWlt1EldVESarH6KC0Vo5wtdmaJNChIzRxwYaSblYkJN1yQa8Z3HYSbG29D77odBu3wMYA6nMMFXEEIN3AHD9CBLghI4BXevYn35n2suqp569LO4I+8zx84xIo4</latexit><latexit sha1_base64="IvwLbzIDltLr/6K350AdmHdbl4c="></latexit><latexit sha1_base64="IvwLbzIDltLr/6K350AdmHdbl4c="></latexit><latexit sha1_base64="jAsjfU5TWzEl4OxmCs4QYgOAZyQ="></latexit><latexit sha1_base64="LAkAjv3bzu8PlDJTPZcDyg764As="></latexit><latexit sha1_base64="LAkAjv3bzu8PlDJTPZcDyg764As="></latexit><latexit sha1_base64="LAkAjv3bzu8PlDJTPZcDyg764As="></latexit><latexit sha1_base64="LAkAjv3bzu8PlDJTPZcDyg764As="></latexit><latexit sha1_base64="LAkAjv3bzu8PlDJTPZcDyg764As="></latexit><latexit sha1_base64="LAkAjv3bzu8PlDJTPZcDyg764As="></latexit>

z }| {
<latexit sha1_base64="l/zGrpeYfDgRxNM81RlAyDMEFnA=">AAACAnicbVA9SwNBEN2LXzF+nVqJzWIQrMKdCFoGbSwjmA9IjrC3mSRL9naP3T0hHNHGv2JjoYitv8LOf+NeckVMfDDweG+GmXlhzJk2nvfjFFZW19Y3ipulre2d3T13/6ChZaIo1KnkUrVCooEzAXXDDIdWrIBEIYdmOLrJ/OYDKM2kuDfjGIKIDATrM0qMlbruUUdaO1SEQvo4h0mp65a9ijcFXiZ+TsooR63rfnd6kiYRCEM50brte7EJUqIMoxwmpU6iISZ0RAbQtlSQCHSQTl+Y4FOr9HBfKlvC4Kk6P5GSSOtxFNrOiJihXvQy8T+vnZj+VZAyEScGBJ0t6iccG4mzPHCPKaCGjy0hVDF7K6ZDYvMwNrUsBH/x5WXSOK/4XsW/uyhXr/M4iugYnaAz5KNLVEW3qIbqiKIn9ILe0Lvz7Lw6H87nrLXg5DOH6A+cr19Pypik</latexit><latexit sha1_base64="l/zGrpeYfDgRxNM81RlAyDMEFnA=">AAACAnicbVA9SwNBEN2LXzF+nVqJzWIQrMKdCFoGbSwjmA9IjrC3mSRL9naP3T0hHNHGv2JjoYitv8LOf+NeckVMfDDweG+GmXlhzJk2nvfjFFZW19Y3ipulre2d3T13/6ChZaIo1KnkUrVCooEzAXXDDIdWrIBEIYdmOLrJ/OYDKM2kuDfjGIKIDATrM0qMlbruUUdaO1SEQvo4h0mp65a9ijcFXiZ+TsooR63rfnd6kiYRCEM50brte7EJUqIMoxwmpU6iISZ0RAbQtlSQCHSQTl+Y4FOr9HBfKlvC4Kk6P5GSSOtxFNrOiJihXvQy8T+vnZj+VZAyEScGBJ0t6iccG4mzPHCPKaCGjy0hVDF7K6ZDYvMwNrUsBH/x5WXSOK/4XsW/uyhXr/M4iugYnaAz5KNLVEW3qIbqiKIn9ILe0Lvz7Lw6H87nrLXg5DOH6A+cr19Pypik</latexit><latexit sha1_base64="l/zGrpeYfDgRxNM81RlAyDMEFnA=">AAACAnicbVA9SwNBEN2LXzF+nVqJzWIQrMKdCFoGbSwjmA9IjrC3mSRL9naP3T0hHNHGv2JjoYitv8LOf+NeckVMfDDweG+GmXlhzJk2nvfjFFZW19Y3ipulre2d3T13/6ChZaIo1KnkUrVCooEzAXXDDIdWrIBEIYdmOLrJ/OYDKM2kuDfjGIKIDATrM0qMlbruUUdaO1SEQvo4h0mp65a9ijcFXiZ+TsooR63rfnd6kiYRCEM50brte7EJUqIMoxwmpU6iISZ0RAbQtlSQCHSQTl+Y4FOr9HBfKlvC4Kk6P5GSSOtxFNrOiJihXvQy8T+vnZj+VZAyEScGBJ0t6iccG4mzPHCPKaCGjy0hVDF7K6ZDYvMwNrUsBH/x5WXSOK/4XsW/uyhXr/M4iugYnaAz5KNLVEW3qIbqiKIn9ILe0Lvz7Lw6H87nrLXg5DOH6A+cr19Pypik</latexit><latexit sha1_base64="l/zGrpeYfDgRxNM81RlAyDMEFnA=">AAACAnicbVA9SwNBEN2LXzF+nVqJzWIQrMKdCFoGbSwjmA9IjrC3mSRL9naP3T0hHNHGv2JjoYitv8LOf+NeckVMfDDweG+GmXlhzJk2nvfjFFZW19Y3ipulre2d3T13/6ChZaIo1KnkUrVCooEzAXXDDIdWrIBEIYdmOLrJ/OYDKM2kuDfjGIKIDATrM0qMlbruUUdaO1SEQvo4h0mp65a9ijcFXiZ+TsooR63rfnd6kiYRCEM50brte7EJUqIMoxwmpU6iISZ0RAbQtlSQCHSQTl+Y4FOr9HBfKlvC4Kk6P5GSSOtxFNrOiJihXvQy8T+vnZj+VZAyEScGBJ0t6iccG4mzPHCPKaCGjy0hVDF7K6ZDYvMwNrUsBH/x5WXSOK/4XsW/uyhXr/M4iugYnaAz5KNLVEW3qIbqiKIn9ILe0Lvz7Lw6H87nrLXg5DOH6A+cr19Pypik</latexit>

hO[ , , U ]i = 1

Z

Z
DUD D e�SG[U ]�Sf [U, , ]

O[ , , U ]
<latexit sha1_base64="PLbgNHzIfYfpl5oP3SxCKbQW2qA="></latexit><latexit sha1_base64="PLbgNHzIfYfpl5oP3SxCKbQW2qA="></latexit><latexit sha1_base64="PLbgNHzIfYfpl5oP3SxCKbQW2qA="></latexit><latexit sha1_base64="PLbgNHzIfYfpl5oP3SxCKbQW2qA="></latexit>

SE
QCD = SG[U ] + Sf [U, , ]

<latexit sha1_base64="idT/sxbjKOtP69smGoCx1MfJMW0=">AAACG3icbZBNS8MwGMfT+TbnW9Wjl+IQBMdoh6AXYTBFjxuzm9DWkmbpFpa+kKTCKP0eXvwqXjwo4knw4Lcx3XrQzQcCv/yfl+T5ezElXOj6t1JaWl5ZXSuvVzY2t7Z31N29Ho8ShrCJIhqxOw9yTEmITUEExXcxwzDwKO5741ae7z9gxkkU3opJjJ0ADkPiEwSFlFy10b1PrzI37bQus4uum15nlumcSPAl1OyYk5odyQH5/DS/Zo6rVvW6Pg1tEYwCqqCItqt+2oMIJQEOBaKQc8vQY+GkkAmCKM4qdsJxDNEYDrElMYQB5k463S3TjqQy0PyIyRMKbar+7khhwPkk8GRlAMWIz+dy8b+clQj/3ElJGCcCh2j2kJ9QTURabpQ2IAwjQScSIGJE/lVDI8ggEtLOijTBmF95EXqNuqHXjc5ptdks7CiDA3AIjoEBzkAT3IA2MAECj+AZvII35Ul5Ud6Vj1lpSSl69sGfUL5+AFYLoZ0=</latexit><latexit sha1_base64="idT/sxbjKOtP69smGoCx1MfJMW0=">AAACG3icbZBNS8MwGMfT+TbnW9Wjl+IQBMdoh6AXYTBFjxuzm9DWkmbpFpa+kKTCKP0eXvwqXjwo4knw4Lcx3XrQzQcCv/yfl+T5ezElXOj6t1JaWl5ZXSuvVzY2t7Z31N29Ho8ShrCJIhqxOw9yTEmITUEExXcxwzDwKO5741ae7z9gxkkU3opJjJ0ADkPiEwSFlFy10b1PrzI37bQus4uum15nlumcSPAl1OyYk5odyQH5/DS/Zo6rVvW6Pg1tEYwCqqCItqt+2oMIJQEOBaKQc8vQY+GkkAmCKM4qdsJxDNEYDrElMYQB5k463S3TjqQy0PyIyRMKbar+7khhwPkk8GRlAMWIz+dy8b+clQj/3ElJGCcCh2j2kJ9QTURabpQ2IAwjQScSIGJE/lVDI8ggEtLOijTBmF95EXqNuqHXjc5ptdks7CiDA3AIjoEBzkAT3IA2MAECj+AZvII35Ul5Ud6Vj1lpSSl69sGfUL5+AFYLoZ0=</latexit><latexit sha1_base64="idT/sxbjKOtP69smGoCx1MfJMW0=">AAACG3icbZBNS8MwGMfT+TbnW9Wjl+IQBMdoh6AXYTBFjxuzm9DWkmbpFpa+kKTCKP0eXvwqXjwo4knw4Lcx3XrQzQcCv/yfl+T5ezElXOj6t1JaWl5ZXSuvVzY2t7Z31N29Ho8ShrCJIhqxOw9yTEmITUEExXcxwzDwKO5741ae7z9gxkkU3opJjJ0ADkPiEwSFlFy10b1PrzI37bQus4uum15nlumcSPAl1OyYk5odyQH5/DS/Zo6rVvW6Pg1tEYwCqqCItqt+2oMIJQEOBaKQc8vQY+GkkAmCKM4qdsJxDNEYDrElMYQB5k463S3TjqQy0PyIyRMKbar+7khhwPkk8GRlAMWIz+dy8b+clQj/3ElJGCcCh2j2kJ9QTURabpQ2IAwjQScSIGJE/lVDI8ggEtLOijTBmF95EXqNuqHXjc5ptdks7CiDA3AIjoEBzkAT3IA2MAECj+AZvII35Ul5Ud6Vj1lpSSl69sGfUL5+AFYLoZ0=</latexit><latexit sha1_base64="idT/sxbjKOtP69smGoCx1MfJMW0=">AAACG3icbZBNS8MwGMfT+TbnW9Wjl+IQBMdoh6AXYTBFjxuzm9DWkmbpFpa+kKTCKP0eXvwqXjwo4knw4Lcx3XrQzQcCv/yfl+T5ezElXOj6t1JaWl5ZXSuvVzY2t7Z31N29Ho8ShrCJIhqxOw9yTEmITUEExXcxwzDwKO5741ae7z9gxkkU3opJjJ0ADkPiEwSFlFy10b1PrzI37bQus4uum15nlumcSPAl1OyYk5odyQH5/DS/Zo6rVvW6Pg1tEYwCqqCItqt+2oMIJQEOBaKQc8vQY+GkkAmCKM4qdsJxDNEYDrElMYQB5k463S3TjqQy0PyIyRMKbar+7khhwPkk8GRlAMWIz+dy8b+clQj/3ElJGCcCh2j2kJ9QTURabpQ2IAwjQScSIGJE/lVDI8ggEtLOijTBmF95EXqNuqHXjc5ptdks7CiDA3AIjoEBzkAT3IA2MAECj+AZvII35Ul5Ud6Vj1lpSSl69sGfUL5+AFYLoZ0=</latexit>

classical
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hO[ , , U ]i = 1

Z

Z
D U e

�SG[U ] [det (�µDµ +mq)]
Nf O[ , , U ]

<latexit sha1_base64="BcD7zwyDOMn3C66DqHsmPcvQ3Ec="></latexit><latexit sha1_base64="BcD7zwyDOMn3C66DqHsmPcvQ3Ec="></latexit><latexit sha1_base64="BcD7zwyDOMn3C66DqHsmPcvQ3Ec="></latexit><latexit sha1_base64="BcD7zwyDOMn3C66DqHsmPcvQ3Ec="></latexit>

� = (�µDµ +mq)
�1�
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๏ Determinant: non-local object on the lattice —> virtually impossible to compute exactly!

๏ Computational cost of solving: 

grows for: small quark masses , and large  

๏

mq
L
a

k = cond (M) ∝ λmax

λmin

The cost of dynamical fermions
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hO[ , , U ]i = 1

Z

Z
D U D � D �

†
e
�SG[U ]��† (D†(mq)D(mq))

�
Nf
2 �

O[U,�,�†]
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๏ Determinant: non-local object on the lattice —> virtually impossible to compute exactly!
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๏ Local objects: plaquettes, extended plaquettes (rectangles, chairs … )

๏ Rate of convergence towards continuum limit:  

๏ Monte Carlo algorithms with local updates sufficient in the approximation:  

O(a), O(a2), …

det (γμDμ + mq) ≡ 1

Cost of the fermions on the lattice

hO[ , ,U]i = 1
Z

R
DUD D e�SG [U]�Sf [U, , ]

O[ , ,U]

SG Wilson Luscher-Weisz

SF

R
D  D  e

� (�µDµ+mq)  ⇡ det (�µDµ +mq)

Non-local object on the lattice ! impossible to compute exactly!

Solving:
� = (�µDµ +mq)

�1 �

very expensive for: small quark mass m, large L
a .

Marina Marinkovic Computing HVP from first principles CERN, 30 Jan, 2015 19 / 33

hO[ , , U ]i = 1

Z

Z
D U e

�SG[U ] [det (�µDµ +mq)]
Nf O[ , , U ]
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The cost of dynamical fermions
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Four decades of Lattice QCD  

1990 2000 1980 1995 2005 1985 1975 

Lattice size L 
0.8fm 

1st spec calculation 1981 
Hamber-Parisi 
Weingarten 

1.6fm 2.4fm 3.0fm 

6.0fm 

Nf =#sea 
quarks 

Nf=0 quenched  

Nf=2 u,d  
Nf=2+1 u,d,s  

43x8 163x32 243x48 643x118 

643x128 

2010 

2nd generation 
10Gflops Machines 

3rd generation 
1Tfops 

4th generation 
10Tfops 

QCDPAX 

APE100 

CP-PACS 

QCDSP 
QCDOC BlueGene/Q 

Physics 

Algorithms 

1973 QCD 
1974 lattice QCD 

1st generation 
1Gflops 

APE1 

PACS-CS 

2020 

5th generation 
10Pfops 

K comouter 

[Credit: A. Ukawa, HPC Summer School (2013)
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Quantum Chromodynamics  
on a space-time lattice 

 

Akira Ukawa 
Center for Computational Science, 

University of Tsukuba & RIKEN AICS�

25  June, 2013  
HPC Summer School 

New York, USA�

– Building up the Femto Universe of�hadrons 
and nuclei on a computer –  

det (γμDμ + mq) ≡ 1
Development of Lattice QCD
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๏ The Metropolis Algorithm:

๏ Given , propose   in a reversible, area-preserving way 

๏ Accept the proposal as new entry with probability ,    

otherwise add  to the chain again.

๏   

{U} {U′ }

p
{U}

p = min(1, π(U′ )
π(U) )

The Metropolis algorithm
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๏ Most widely used exact method for lattice QCD  [Duane, Kennedy, Pendleton, Roweth, Phys. Lett. B, 195 (1987)]

๏ Introduce momenta  conjugate to fundamental fields  and the Hamiltonian

        

πμ(n) Uμ(n)

ℋ = 1
2 ∑

n,μ
π2

n,μ + S[U]

๏ Momentum Heat-bath: refresh momenta   (Gaussian random numbers)

๏ Molecular Dynamics (MD) evolution of  and  

➡ numerically integrating the corresponding equations of motion (fictitious time ):

๏ Metropolis accept/reject step 

➡ correcting for discretization errors of the numerical integration

                            

π

π U

τ

Pacc = min{1,e−(ℋ(π′ ,U′ )−ℋ(π,U))}

reversible, area-
preserving scheme such 
as leap-frog, Omelyan…

(π′ , U′ )

(π, U)

Hybrid Monte Carlo algorithm for QCD
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“Berlin Wall” [Lattice 2001 (Berlin)]

๏ Status in 2001: [A. Ukawa (2001)] 

➡ quarks 16x heavier than in nature; coarse lattices  (typical length scale is 1fm)

➡ Cost of a simulation:  

a ≈ 0.1 fm

C [ #conf
1000 ] [

mq

16mphys ]
−3

[ L
3fm ]

5

[ a
0.1fm ]

−7
; C ≈ 2.8
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17

Revolutionary progress since 2005 ; 
beating the critical slowing down

Current O(100)Tflops 
machines can (easily) 

reach this point!

Physical Point Simulation has become reality

O(10)-O(100) 
improvement  

Physical point 
i.e., mS=135MeV

Berlin Wall update

[A. Ukawa @CERN 2010]

Simulating physical quark masses becomes reality!

[2010, start of my PhD]
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In the second lecture:

๏ QCD can be formulated on a Euclidean space time lattice

๏ Quantization amounts to summing over all gauge configurations; this can again be computed by 
Monte Carlo methods

๏ Different discretizations give different lattice artefacts 

➡ universal in continuum limit!

๏ Simulations with dynamical fermions computationally costly; many tricks in algorithms need to be 
applied 

➡ precise predictions of hadron spectrum, non-pert. renormalization, muon g-2, CKM matrix 
elements, QCD phase diagram etc. 



Thank you!


