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In the first lecture:

๏ We have learned/reminded ourselves how to quantize: 

➡ Quantum Mechanics 

➡ Scalar Field Theory 

๏ Mapping to Classical Statistical Mechanics  

๏ Monte Carlo Sampling of Spin Systems  Quantum Fields

๏ Monte Carlo Errors, other sources of errors
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Stochastische Bestimmung von π

• Abschätzungs-Vorschrift:
1 Verteile zufällig N Punkte
gleichmäßig auf der
Viereck-Fläche

2 Zähle die, die im Kreis liegen
3 dann ist

π =
4AKreis
AViereck

≈
4Ninnen
N

• Für sehr große N wird π sehr gut
approximiert 10.80.60.40.20
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⇒ "Wir würfeln π aus", unsere erste Monte-Carlo Methode

10 /32 Von Monte-Carlo zur Masse des Protons
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In the second part:
๏ We shall generalize this approach to Quantum Chromodynamics (QCD)

๏ We shall see how the numerical sampling is done in practice

➡ for scalar field theory

➡ for QCD

๏ Why is QCD numerically so expensive? 

๏ QED corrections to hadronic observables
Quarks

a {
Gluon
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Recap.

๏ We have learned/reminded ourselves how to quantize: 

➡ Quantum Mechanics 

➡ Scalar Field Theory 

๏ Mapping to Classical Statistical Mechanics  

๏ Monte Carlo Sampling of Spin Systems  Quantum Fields

๏ Monte Carlo Errors, other sources of errors

⟶
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<latexit sha1_base64="/J7wdTLRRdTvqpShvWZ6V9mt6r4=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbRU0lE0GPRi8cq9gPaUDbbSbt0swm7G7GE/gMvHhTx6j/y5r9x2+agrQ8GHu/NMDMvSATXxnW/ncLK6tr6RnGztLW9s7tX3j9o6jhVDBssFrFqB1Sj4BIbhhuB7UQhjQKBrWB0M/Vbj6g0j+WDGSfoR3QgecgZNVa6fzrtlStu1Z2BLBMvJxXIUe+Vv7r9mKURSsME1brjuYnxM6oMZwInpW6qMaFsRAfYsVTSCLWfzS6dkBOr9EkYK1vSkJn6eyKjkdbjKLCdETVDvehNxf+8TmrCKz/jMkkNSjZfFKaCmJhM3yZ9rpAZMbaEMsXtrYQNqaLM2HBKNgRv8eVl0jyvem7Vu7uo1K7zOIpwBMdwBh5cQg1uoQ4NYBDCM7zCmzNyXpx352PeWnDymUP4A+fzB0bAjS0=</latexit><latexit sha1_base64="/J7wdTLRRdTvqpShvWZ6V9mt6r4=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbRU0lE0GPRi8cq9gPaUDbbSbt0swm7G7GE/gMvHhTx6j/y5r9x2+agrQ8GHu/NMDMvSATXxnW/ncLK6tr6RnGztLW9s7tX3j9o6jhVDBssFrFqB1Sj4BIbhhuB7UQhjQKBrWB0M/Vbj6g0j+WDGSfoR3QgecgZNVa6fzrtlStu1Z2BLBMvJxXIUe+Vv7r9mKURSsME1brjuYnxM6oMZwInpW6qMaFsRAfYsVTSCLWfzS6dkBOr9EkYK1vSkJn6eyKjkdbjKLCdETVDvehNxf+8TmrCKz/jMkkNSjZfFKaCmJhM3yZ9rpAZMbaEMsXtrYQNqaLM2HBKNgRv8eVl0jyvem7Vu7uo1K7zOIpwBMdwBh5cQg1uoQ4NYBDCM7zCmzNyXpx352PeWnDymUP4A+fzB0bAjS0=</latexit><latexit sha1_base64="/J7wdTLRRdTvqpShvWZ6V9mt6r4=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbRU0lE0GPRi8cq9gPaUDbbSbt0swm7G7GE/gMvHhTx6j/y5r9x2+agrQ8GHu/NMDMvSATXxnW/ncLK6tr6RnGztLW9s7tX3j9o6jhVDBssFrFqB1Sj4BIbhhuB7UQhjQKBrWB0M/Vbj6g0j+WDGSfoR3QgecgZNVa6fzrtlStu1Z2BLBMvJxXIUe+Vv7r9mKURSsME1brjuYnxM6oMZwInpW6qMaFsRAfYsVTSCLWfzS6dkBOr9EkYK1vSkJn6eyKjkdbjKLCdETVDvehNxf+8TmrCKz/jMkkNSjZfFKaCmJhM3yZ9rpAZMbaEMsXtrYQNqaLM2HBKNgRv8eVl0jyvem7Vu7uo1K7zOIpwBMdwBh5cQg1uoQ4NYBDCM7zCmzNyXpx352PeWnDymUP4A+fzB0bAjS0=</latexit><latexit sha1_base64="/J7wdTLRRdTvqpShvWZ6V9mt6r4=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbRU0lE0GPRi8cq9gPaUDbbSbt0swm7G7GE/gMvHhTx6j/y5r9x2+agrQ8GHu/NMDMvSATXxnW/ncLK6tr6RnGztLW9s7tX3j9o6jhVDBssFrFqB1Sj4BIbhhuB7UQhjQKBrWB0M/Vbj6g0j+WDGSfoR3QgecgZNVa6fzrtlStu1Z2BLBMvJxXIUe+Vv7r9mKURSsME1brjuYnxM6oMZwInpW6qMaFsRAfYsVTSCLWfzS6dkBOr9EkYK1vSkJn6eyKjkdbjKLCdETVDvehNxf+8TmrCKz/jMkkNSjZfFKaCmJhM3yZ9rpAZMbaEMsXtrYQNqaLM2HBKNgRv8eVl0jyvem7Vu7uo1K7zOIpwBMdwBh5cQg1uoQ4NYBDCM7zCmzNyXpx352PeWnDymUP4A+fzB0bAjS0=</latexit>

t0
<latexit sha1_base64="Rt4qVo3vX7Y0Mcr3E5hIWUikGSk=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbRU0mkoMeiF49V7Ae0oWy2m3bpZhN2J0IJ/QdePCji1X/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6xEnC/YgOlQgFo2ilBzzvlytu1Z2DrBIvJxXI0eiXv3qDmKURV8gkNabruQn6GdUomOTTUi81PKFsTIe8a6miETd+Nr90Ss6sMiBhrG0pJHP190RGI2MmUWA7I4ojs+zNxP+8borhtZ8JlaTIFVssClNJMCazt8lAaM5QTiyhTAt7K2EjqilDG07JhuAtv7xKWpdVz61697VK/SaPowgncAoX4MEV1OEOGtAEBiE8wyu8OWPnxXl3PhatBSefOYY/cD5/AECsjSk=</latexit><latexit sha1_base64="Rt4qVo3vX7Y0Mcr3E5hIWUikGSk=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbRU0mkoMeiF49V7Ae0oWy2m3bpZhN2J0IJ/QdePCji1X/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6xEnC/YgOlQgFo2ilBzzvlytu1Z2DrBIvJxXI0eiXv3qDmKURV8gkNabruQn6GdUomOTTUi81PKFsTIe8a6miETd+Nr90Ss6sMiBhrG0pJHP190RGI2MmUWA7I4ojs+zNxP+8borhtZ8JlaTIFVssClNJMCazt8lAaM5QTiyhTAt7K2EjqilDG07JhuAtv7xKWpdVz61697VK/SaPowgncAoX4MEV1OEOGtAEBiE8wyu8OWPnxXl3PhatBSefOYY/cD5/AECsjSk=</latexit><latexit sha1_base64="Rt4qVo3vX7Y0Mcr3E5hIWUikGSk=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbRU0mkoMeiF49V7Ae0oWy2m3bpZhN2J0IJ/QdePCji1X/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6xEnC/YgOlQgFo2ilBzzvlytu1Z2DrBIvJxXI0eiXv3qDmKURV8gkNabruQn6GdUomOTTUi81PKFsTIe8a6miETd+Nr90Ss6sMiBhrG0pJHP190RGI2MmUWA7I4ojs+zNxP+8borhtZ8JlaTIFVssClNJMCazt8lAaM5QTiyhTAt7K2EjqilDG07JhuAtv7xKWpdVz61697VK/SaPowgncAoX4MEV1OEOGtAEBiE8wyu8OWPnxXl3PhatBSefOYY/cD5/AECsjSk=</latexit><latexit sha1_base64="Rt4qVo3vX7Y0Mcr3E5hIWUikGSk=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbRU0mkoMeiF49V7Ae0oWy2m3bpZhN2J0IJ/QdePCji1X/kzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6xEnC/YgOlQgFo2ilBzzvlytu1Z2DrBIvJxXI0eiXv3qDmKURV8gkNabruQn6GdUomOTTUi81PKFsTIe8a6miETd+Nr90Ss6sMiBhrG0pJHP190RGI2MmUWA7I4ojs+zNxP+8borhtZ8JlaTIFVssClNJMCazt8lAaM5QTiyhTAt7K2EjqilDG07JhuAtv7xKWpdVz61697VK/SaPowgncAoX4MEV1OEOGtAEBiE8wyu8OWPnxXl3PhatBSefOYY/cD5/AECsjSk=</latexit>

t
<latexit sha1_base64="fInOqGTCCrWkRGJFOZWK1l6FLBY=">AAAB6HicbVBNS8NAEJ34WetX1aOXYBE8lUQEPRa9eGzBfkAbymY7adduNmF3IpTSX+DFgyJe/Une/Ddu2xy09cHA470ZZuaFqRSGPO/bWVvf2NzaLuwUd/f2Dw5LR8dNk2SaY4MnMtHtkBmUQmGDBElspxpZHEpshaO7md96Qm1Eoh5onGIQs4ESkeCMrFSnXqnsVbw53FXi56QMOWq90le3n/AsRkVcMmM6vpdSMGGaBJc4LXYzgynjIzbAjqWKxWiCyfzQqXtulb4bJdqWIneu/p6YsNiYcRzazpjR0Cx7M/E/r5NRdBNMhEozQsUXi6JMupS4s6/dvtDISY4tYVwLe6vLh0wzTjabog3BX355lTQvK75X8etX5eptHkcBTuEMLsCHa6jCPdSgARwQnuEV3pxH58V5dz4WrWtOPnMCf+B8/gDgKYz4</latexit><latexit sha1_base64="fInOqGTCCrWkRGJFOZWK1l6FLBY=">AAAB6HicbVBNS8NAEJ34WetX1aOXYBE8lUQEPRa9eGzBfkAbymY7adduNmF3IpTSX+DFgyJe/Une/Ddu2xy09cHA470ZZuaFqRSGPO/bWVvf2NzaLuwUd/f2Dw5LR8dNk2SaY4MnMtHtkBmUQmGDBElspxpZHEpshaO7md96Qm1Eoh5onGIQs4ESkeCMrFSnXqnsVbw53FXi56QMOWq90le3n/AsRkVcMmM6vpdSMGGaBJc4LXYzgynjIzbAjqWKxWiCyfzQqXtulb4bJdqWIneu/p6YsNiYcRzazpjR0Cx7M/E/r5NRdBNMhEozQsUXi6JMupS4s6/dvtDISY4tYVwLe6vLh0wzTjabog3BX355lTQvK75X8etX5eptHkcBTuEMLsCHa6jCPdSgARwQnuEV3pxH58V5dz4WrWtOPnMCf+B8/gDgKYz4</latexit><latexit sha1_base64="fInOqGTCCrWkRGJFOZWK1l6FLBY=">AAAB6HicbVBNS8NAEJ34WetX1aOXYBE8lUQEPRa9eGzBfkAbymY7adduNmF3IpTSX+DFgyJe/Une/Ddu2xy09cHA470ZZuaFqRSGPO/bWVvf2NzaLuwUd/f2Dw5LR8dNk2SaY4MnMtHtkBmUQmGDBElspxpZHEpshaO7md96Qm1Eoh5onGIQs4ESkeCMrFSnXqnsVbw53FXi56QMOWq90le3n/AsRkVcMmM6vpdSMGGaBJc4LXYzgynjIzbAjqWKxWiCyfzQqXtulb4bJdqWIneu/p6YsNiYcRzazpjR0Cx7M/E/r5NRdBNMhEozQsUXi6JMupS4s6/dvtDISY4tYVwLe6vLh0wzTjabog3BX355lTQvK75X8etX5eptHkcBTuEMLsCHa6jCPdSgARwQnuEV3pxH58V5dz4WrWtOPnMCf+B8/gDgKYz4</latexit><latexit sha1_base64="fInOqGTCCrWkRGJFOZWK1l6FLBY=">AAAB6HicbVBNS8NAEJ34WetX1aOXYBE8lUQEPRa9eGzBfkAbymY7adduNmF3IpTSX+DFgyJe/Une/Ddu2xy09cHA470ZZuaFqRSGPO/bWVvf2NzaLuwUd/f2Dw5LR8dNk2SaY4MnMtHtkBmUQmGDBElspxpZHEpshaO7md96Qm1Eoh5onGIQs4ESkeCMrFSnXqnsVbw53FXi56QMOWq90le3n/AsRkVcMmM6vpdSMGGaBJc4LXYzgynjIzbAjqWKxWiCyfzQqXtulb4bJdqWIneu/p6YsNiYcRzazpjR0Cx7M/E/r5NRdBNMhEozQsUXi6JMupS4s6/dvtDISY4tYVwLe6vLh0wzTjabog3BX355lTQvK75X8etX5eptHkcBTuEMLsCHa6jCPdSgARwQnuEV3pxH58V5dz4WrWtOPnMCf+B8/gDgKYz4</latexit>

Stochastische Bestimmung von π

• Abschätzungs-Vorschrift:
1 Verteile zufällig N Punkte
gleichmäßig auf der
Viereck-Fläche

2 Zähle die, die im Kreis liegen
3 dann ist

π =
4AKreis
AViereck

≈
4Ninnen
N

• Für sehr große N wird π sehr gut
approximiert 10.80.60.40.20

1

0.8

0.6

0.4

0.2

0

⇒ "Wir würfeln π aus", unsere erste Monte-Carlo Methode
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๏ Numerical approach exploits the analogy:  

Euclidean QFT                              Statistical Mechanics 

๏  Path integrals are computed by importance sampling 

๏ Generate ensemble of field configurations 

๏ Expectation values                are averages over the ensemble

๏ How do we generate ensemble               with the correct probability distribution? 

P[�i] / e�SE [�]
<latexit sha1_base64="01757yiQzmx7LIx+6lneTBSnpWQ=">AAACFnicbVDLSsNAFJ3UV62vqEs3wSK4aUlEULoqiuCyon1AEsNkOmmHTpJhZiKUkK9w46+4caGIW3Hn3zhJs9DWAwOHc+7lzjk+o0RI0/zWKkvLK6tr1fXaxubW9o6+u9cTccIR7qKYxnzgQ4EpiXBXEknxgHEMQ5/ivj+5zP3+A+aCxNGdnDLshnAUkYAgKJXk6Q0nhHKMIE07me2wMfGI67QcxmMmY8Np4fu0cetdFZabeXrdbJoFjEVilaQOSnQ8/csZxigJcSQRhULYlsmkm0IuCaI4qzmJwAyiCRxhW9EIhli4aRErM46UMjSCmKsXSaNQf2+kMBRiGvpqMg8h5r1c/M+zExmcuymJWCJxhGaHgoQaKnHekTEkHCNJp4pAxIn6q4HGkEMkVZM1VYI1H3mR9E6altm0bk7r7Yuyjio4AIfgGFjgDLTBNeiALkDgETyDV/CmPWkv2rv2MRutaOXOPvgD7fMHeO2fiA==</latexit><latexit sha1_base64="01757yiQzmx7LIx+6lneTBSnpWQ=">AAACFnicbVDLSsNAFJ3UV62vqEs3wSK4aUlEULoqiuCyon1AEsNkOmmHTpJhZiKUkK9w46+4caGIW3Hn3zhJs9DWAwOHc+7lzjk+o0RI0/zWKkvLK6tr1fXaxubW9o6+u9cTccIR7qKYxnzgQ4EpiXBXEknxgHEMQ5/ivj+5zP3+A+aCxNGdnDLshnAUkYAgKJXk6Q0nhHKMIE07me2wMfGI67QcxmMmY8Np4fu0cetdFZabeXrdbJoFjEVilaQOSnQ8/csZxigJcSQRhULYlsmkm0IuCaI4qzmJwAyiCRxhW9EIhli4aRErM46UMjSCmKsXSaNQf2+kMBRiGvpqMg8h5r1c/M+zExmcuymJWCJxhGaHgoQaKnHekTEkHCNJp4pAxIn6q4HGkEMkVZM1VYI1H3mR9E6altm0bk7r7Yuyjio4AIfgGFjgDLTBNeiALkDgETyDV/CmPWkv2rv2MRutaOXOPvgD7fMHeO2fiA==</latexit><latexit sha1_base64="01757yiQzmx7LIx+6lneTBSnpWQ=">AAACFnicbVDLSsNAFJ3UV62vqEs3wSK4aUlEULoqiuCyon1AEsNkOmmHTpJhZiKUkK9w46+4caGIW3Hn3zhJs9DWAwOHc+7lzjk+o0RI0/zWKkvLK6tr1fXaxubW9o6+u9cTccIR7qKYxnzgQ4EpiXBXEknxgHEMQ5/ivj+5zP3+A+aCxNGdnDLshnAUkYAgKJXk6Q0nhHKMIE07me2wMfGI67QcxmMmY8Np4fu0cetdFZabeXrdbJoFjEVilaQOSnQ8/csZxigJcSQRhULYlsmkm0IuCaI4qzmJwAyiCRxhW9EIhli4aRErM46UMjSCmKsXSaNQf2+kMBRiGvpqMg8h5r1c/M+zExmcuymJWCJxhGaHgoQaKnHekTEkHCNJp4pAxIn6q4HGkEMkVZM1VYI1H3mR9E6altm0bk7r7Yuyjio4AIfgGFjgDLTBNeiALkDgETyDV/CmPWkv2rv2MRutaOXOPvgD7fMHeO2fiA==</latexit><latexit sha1_base64="01757yiQzmx7LIx+6lneTBSnpWQ=">AAACFnicbVDLSsNAFJ3UV62vqEs3wSK4aUlEULoqiuCyon1AEsNkOmmHTpJhZiKUkK9w46+4caGIW3Hn3zhJs9DWAwOHc+7lzjk+o0RI0/zWKkvLK6tr1fXaxubW9o6+u9cTccIR7qKYxnzgQ4EpiXBXEknxgHEMQ5/ivj+5zP3+A+aCxNGdnDLshnAUkYAgKJXk6Q0nhHKMIE07me2wMfGI67QcxmMmY8Np4fu0cetdFZabeXrdbJoFjEVilaQOSnQ8/csZxigJcSQRhULYlsmkm0IuCaI4qzmJwAyiCRxhW9EIhli4aRErM46UMjSCmKsXSaNQf2+kMBRiGvpqMg8h5r1c/M+zExmcuymJWCJxhGaHgoQaKnHekTEkHCNJp4pAxIn6q4HGkEMkVZM1VYI1H3mR9E6altm0bk7r7Yuyjio4AIfgGFjgDLTBNeiALkDgETyDV/CmPWkv2rv2MRutaOXOPvgD7fMHeO2fiA==</latexit>

hO[�]i =
1

Z

Z
D� e

�SE [�]
O[�]

<latexit sha1_base64="7eRmMG0SJH2U3Aysc/GJ7Jt4/sQ="></latexit><latexit sha1_base64="7eRmMG0SJH2U3Aysc/GJ7Jt4/sQ="></latexit><latexit sha1_base64="7eRmMG0SJH2U3Aysc/GJ7Jt4/sQ="></latexit><latexit sha1_base64="7eRmMG0SJH2U3Aysc/GJ7Jt4/sQ="></latexit>

hOi ⇡ Ō =
1

Ncnfg

NcnfgX

i=1

O[�] + O(
1p

Ncnfg
)

<latexit sha1_base64="fpcZ/SsjGbtX36ouRWnkTTaeCMY="></latexit><latexit sha1_base64="fpcZ/SsjGbtX36ouRWnkTTaeCMY="></latexit><latexit sha1_base64="fpcZ/SsjGbtX36ouRWnkTTaeCMY="></latexit><latexit sha1_base64="fpcZ/SsjGbtX36ouRWnkTTaeCMY="></latexit>

{�i}
<latexit sha1_base64="RIaUI/Ifsmf5WpymKKLvaFVck+s=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cK9gObUDbbTbt0swm7E6GE/gsvHhTx6r/x5r9x2+agrQ8GHu/NMDMvTKUw6LrfTmltfWNzq7xd2dnd2z+oHh61TZJpxlsskYnuhtRwKRRvoUDJu6nmNA4l74Tj25nfeeLaiEQ94CTlQUyHSkSCUbTSo5/76Uj0hT/tV2tu3Z2DrBKvIDUo0OxXv/xBwrKYK2SSGtPz3BSDnGoUTPJpxc8MTykb0yHvWapozE2Qzy+ekjOrDEiUaFsKyVz9PZHT2JhJHNrOmOLILHsz8T+vl2F0HeRCpRlyxRaLokwSTMjsfTIQmjOUE0so08LeStiIasrQhlSxIXjLL6+S9kXdc+ve/WWtcVPEUYYTOIVz8OAKGnAHTWgBAwXP8ApvjnFenHfnY9FacoqZY/gD5/MHvxGQ8w==</latexit><latexit sha1_base64="RIaUI/Ifsmf5WpymKKLvaFVck+s=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cK9gObUDbbTbt0swm7E6GE/gsvHhTx6r/x5r9x2+agrQ8GHu/NMDMvTKUw6LrfTmltfWNzq7xd2dnd2z+oHh61TZJpxlsskYnuhtRwKRRvoUDJu6nmNA4l74Tj25nfeeLaiEQ94CTlQUyHSkSCUbTSo5/76Uj0hT/tV2tu3Z2DrBKvIDUo0OxXv/xBwrKYK2SSGtPz3BSDnGoUTPJpxc8MTykb0yHvWapozE2Qzy+ekjOrDEiUaFsKyVz9PZHT2JhJHNrOmOLILHsz8T+vl2F0HeRCpRlyxRaLokwSTMjsfTIQmjOUE0so08LeStiIasrQhlSxIXjLL6+S9kXdc+ve/WWtcVPEUYYTOIVz8OAKGnAHTWgBAwXP8ApvjnFenHfnY9FacoqZY/gD5/MHvxGQ8w==</latexit><latexit sha1_base64="RIaUI/Ifsmf5WpymKKLvaFVck+s=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cK9gObUDbbTbt0swm7E6GE/gsvHhTx6r/x5r9x2+agrQ8GHu/NMDMvTKUw6LrfTmltfWNzq7xd2dnd2z+oHh61TZJpxlsskYnuhtRwKRRvoUDJu6nmNA4l74Tj25nfeeLaiEQ94CTlQUyHSkSCUbTSo5/76Uj0hT/tV2tu3Z2DrBKvIDUo0OxXv/xBwrKYK2SSGtPz3BSDnGoUTPJpxc8MTykb0yHvWapozE2Qzy+ekjOrDEiUaFsKyVz9PZHT2JhJHNrOmOLILHsz8T+vl2F0HeRCpRlyxRaLokwSTMjsfTIQmjOUE0so08LeStiIasrQhlSxIXjLL6+S9kXdc+ve/WWtcVPEUYYTOIVz8OAKGnAHTWgBAwXP8ApvjnFenHfnY9FacoqZY/gD5/MHvxGQ8w==</latexit><latexit sha1_base64="RIaUI/Ifsmf5WpymKKLvaFVck+s=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cK9gObUDbbTbt0swm7E6GE/gsvHhTx6r/x5r9x2+agrQ8GHu/NMDMvTKUw6LrfTmltfWNzq7xd2dnd2z+oHh61TZJpxlsskYnuhtRwKRRvoUDJu6nmNA4l74Tj25nfeeLaiEQ94CTlQUyHSkSCUbTSo5/76Uj0hT/tV2tu3Z2DrBKvIDUo0OxXv/xBwrKYK2SSGtPz3BSDnGoUTPJpxc8MTykb0yHvWapozE2Qzy+ekjOrDEiUaFsKyVz9PZHT2JhJHNrOmOLILHsz8T+vl2F0HeRCpRlyxRaLokwSTMjsfTIQmjOUE0so08LeStiIasrQhlSxIXjLL6+S9kXdc+ve/WWtcVPEUYYTOIVz8OAKGnAHTWgBAwXP8ApvjnFenHfnY9FacoqZY/gD5/MHvxGQ8w==</latexit>
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Expectation values in the MC approach: QFT
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๏ Recursive procedure that generates           with specific algorithm s.t. aimed distribution is 
asymptotically obtained 

๏ Markov chains that converge exponentially to the equilibrium distr.

Markov processes
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๏   Poll 2: #lattice2
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๏ Recursive procedure that generates           with specific algorithm s.t. aimed distribution is 
asymptotically obtained 

๏ Markov chains that converge exponentially to the equilibrium distr.

๏ The configurations            are correlated by construction

                  — integrated autocorrelation time

๏ The error of the estimator scales as                     (Monte Carlo) 

๏ The variance of the actual observable 

                property of QFT itself, should not depend of the Markov chain.

τO

Markov processes
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<latexit sha1_base64="oRuTpESTgyD8kQxwdHzNZbGhzyI="></latexit><latexit sha1_base64="oRuTpESTgyD8kQxwdHzNZbGhzyI="></latexit><latexit sha1_base64="oRuTpESTgyD8kQxwdHzNZbGhzyI="></latexit><latexit sha1_base64="hP+6LrUf2d3tZaldqaQQvEKMXyw=">AAAB2XicbZDNSgMxFIXv1L86Vq1rN8EiuCozbnQpuHFZwbZCO5RM5k4bmskMyR2hDH0BF25EfC93vo3pz0JbDwQ+zknIvSculLQUBN9ebWd3b/+gfugfNfzjk9Nmo2fz0gjsilzl5jnmFpXU2CVJCp8LgzyLFfbj6f0i77+gsTLXTzQrMMr4WMtUCk7O6oyaraAdLMW2IVxDC9YaNb+GSS7KDDUJxa0dhEFBUcUNSaFw7g9LiwUXUz7GgUPNM7RRtRxzzi6dk7A0N+5oYkv394uKZ9bOstjdzDhN7Ga2MP/LBiWlt1EldVESarH6KC0Vo5wtdmaJNChIzRxwYaSblYkJN1yQa8Z3HYSbG29D77odBu3wMYA6nMMFXEEIN3AHD9CBLghI4BXevYn35n2suqp569LO4I+8zx84xIo4</latexit><latexit sha1_base64="RJOSdSFE7vrq+W71r6ks/ig5Ka8=">AAAChnicdZFNSwMxEIaz61ddtVY9egkWQRDKbhHUg1L04rGC/YBuKdk0bYPZZElmlbLs//H3ePPfmLZ70H4MBF7mycwk70SJ4AZ8/8dxt7Z3dvdK+97B4VH5uHJy2DYq1ZS1qBJKdyNimOCStYCDYN1EMxJHgnWi9+cZ73wwbbiSbzBNWD8mY8lHnBKwqUHlK8zCZMIHfpjjUCg51nw8AaK1+sQFCtYgr2D1VeaFQwVmUzO+eU7Gr4M8zJcpXvQbVKp+zZ8HXhVBIaqoiOag8m0LaRozCVQQY3qBn0A/Ixo4FSz3wtSwhNB3MmY9KyWJmelnc0dzfGkzQzxS2h4JeJ79W5GR2JhpHNmbMYGJWWaz5DrWS2F018+4TFJgki4GjVKBQeHZevCQa0ZBTK0gVHP7VkwnRBMKdomeNSFY/vKqaNdrgV8LXn1UQufoAl2hAN2iBnpBTdRC1Ck7N86D8+ieufduY2GX6xS+naJ/4T79AojLyho=</latexit><latexit sha1_base64="RJOSdSFE7vrq+W71r6ks/ig5Ka8=">AAAChnicdZFNSwMxEIaz61ddtVY9egkWQRDKbhHUg1L04rGC/YBuKdk0bYPZZElmlbLs//H3ePPfmLZ70H4MBF7mycwk70SJ4AZ8/8dxt7Z3dvdK+97B4VH5uHJy2DYq1ZS1qBJKdyNimOCStYCDYN1EMxJHgnWi9+cZ73wwbbiSbzBNWD8mY8lHnBKwqUHlK8zCZMIHfpjjUCg51nw8AaK1+sQFCtYgr2D1VeaFQwVmUzO+eU7Gr4M8zJcpXvQbVKp+zZ8HXhVBIaqoiOag8m0LaRozCVQQY3qBn0A/Ixo4FSz3wtSwhNB3MmY9KyWJmelnc0dzfGkzQzxS2h4JeJ79W5GR2JhpHNmbMYGJWWaz5DrWS2F018+4TFJgki4GjVKBQeHZevCQa0ZBTK0gVHP7VkwnRBMKdomeNSFY/vKqaNdrgV8LXn1UQufoAl2hAN2iBnpBTdRC1Ck7N86D8+ieufduY2GX6xS+naJ/4T79AojLyho=</latexit><latexit sha1_base64="AxqXh9jb55JtYkjiJzL+uS0rKbk="></latexit><latexit sha1_base64="oRuTpESTgyD8kQxwdHzNZbGhzyI="></latexit><latexit sha1_base64="oRuTpESTgyD8kQxwdHzNZbGhzyI="></latexit><latexit sha1_base64="oRuTpESTgyD8kQxwdHzNZbGhzyI="></latexit><latexit sha1_base64="oRuTpESTgyD8kQxwdHzNZbGhzyI="></latexit><latexit sha1_base64="oRuTpESTgyD8kQxwdHzNZbGhzyI="></latexit><latexit sha1_base64="oRuTpESTgyD8kQxwdHzNZbGhzyI="></latexit>

V ar [Ō] = V ar[O]
� 2⌧O
Ncnfg

�

<latexit sha1_base64="LtRoBuOpQF+od6amrbI5sotPMzo="></latexit><latexit sha1_base64="LtRoBuOpQF+od6amrbI5sotPMzo="></latexit><latexit sha1_base64="LtRoBuOpQF+od6amrbI5sotPMzo="></latexit><latexit sha1_base64="LtRoBuOpQF+od6amrbI5sotPMzo="></latexit>

V ar [O] = h
�
O � hOi

�2i
<latexit sha1_base64="C5UcgGyyGJ72Va6/7Ufa8ML2U2g=">AAACKXicbVBNS8NAEN3Ur1q/oh69LBahHixJERRBKHrx1gr2A5JYNttNu3SzCbsboYT+HS/+FS8Kinr1j7htI2rrg2HfvJlhdp4fMyqVZb0buYXFpeWV/GphbX1jc8vc3mnKKBGYNHDEItH2kSSMctJQVDHSjgVBoc9Iyx9cjuutOyIkjfiNGsbEC1GP04BipLTUMatNJNwz6KS1kaffcx0uQ7zHCHR92ivVjr7Tmit+9MPbSpZ2zKJVtiaA88TOSBFkqHfMZ7cb4SQkXGGGpHRsK1ZeioSimJFRwU0kiREeoB5xNOUoJNJLJ5eO4IFWujCIhA6u4ET9PZGiUMph6OvOEKm+nK2Nxf9qTqKCUy+lPE4U4Xi6KEgYVBEc2wa7VBCs2FAThAXVf4W4jwTCSptb0CbYsyfPk2albFtl+/q4WL3I7MiDPbAPSsAGJ6AKrkAdNAAG9+ARvIBX48F4Mt6Mj2lrzshmdsEfGJ9fwBSlIg==</latexit><latexit sha1_base64="C5UcgGyyGJ72Va6/7Ufa8ML2U2g=">AAACKXicbVBNS8NAEN3Ur1q/oh69LBahHixJERRBKHrx1gr2A5JYNttNu3SzCbsboYT+HS/+FS8Kinr1j7htI2rrg2HfvJlhdp4fMyqVZb0buYXFpeWV/GphbX1jc8vc3mnKKBGYNHDEItH2kSSMctJQVDHSjgVBoc9Iyx9cjuutOyIkjfiNGsbEC1GP04BipLTUMatNJNwz6KS1kaffcx0uQ7zHCHR92ivVjr7Tmit+9MPbSpZ2zKJVtiaA88TOSBFkqHfMZ7cb4SQkXGGGpHRsK1ZeioSimJFRwU0kiREeoB5xNOUoJNJLJ5eO4IFWujCIhA6u4ET9PZGiUMph6OvOEKm+nK2Nxf9qTqKCUy+lPE4U4Xi6KEgYVBEc2wa7VBCs2FAThAXVf4W4jwTCSptb0CbYsyfPk2albFtl+/q4WL3I7MiDPbAPSsAGJ6AKrkAdNAAG9+ARvIBX48F4Mt6Mj2lrzshmdsEfGJ9fwBSlIg==</latexit><latexit sha1_base64="C5UcgGyyGJ72Va6/7Ufa8ML2U2g=">AAACKXicbVBNS8NAEN3Ur1q/oh69LBahHixJERRBKHrx1gr2A5JYNttNu3SzCbsboYT+HS/+FS8Kinr1j7htI2rrg2HfvJlhdp4fMyqVZb0buYXFpeWV/GphbX1jc8vc3mnKKBGYNHDEItH2kSSMctJQVDHSjgVBoc9Iyx9cjuutOyIkjfiNGsbEC1GP04BipLTUMatNJNwz6KS1kaffcx0uQ7zHCHR92ivVjr7Tmit+9MPbSpZ2zKJVtiaA88TOSBFkqHfMZ7cb4SQkXGGGpHRsK1ZeioSimJFRwU0kiREeoB5xNOUoJNJLJ5eO4IFWujCIhA6u4ET9PZGiUMph6OvOEKm+nK2Nxf9qTqKCUy+lPE4U4Xi6KEgYVBEc2wa7VBCs2FAThAXVf4W4jwTCSptb0CbYsyfPk2albFtl+/q4WL3I7MiDPbAPSsAGJ6AKrkAdNAAG9+ARvIBX48F4Mt6Mj2lrzshmdsEfGJ9fwBSlIg==</latexit><latexit sha1_base64="C5UcgGyyGJ72Va6/7Ufa8ML2U2g=">AAACKXicbVBNS8NAEN3Ur1q/oh69LBahHixJERRBKHrx1gr2A5JYNttNu3SzCbsboYT+HS/+FS8Kinr1j7htI2rrg2HfvJlhdp4fMyqVZb0buYXFpeWV/GphbX1jc8vc3mnKKBGYNHDEItH2kSSMctJQVDHSjgVBoc9Iyx9cjuutOyIkjfiNGsbEC1GP04BipLTUMatNJNwz6KS1kaffcx0uQ7zHCHR92ivVjr7Tmit+9MPbSpZ2zKJVtiaA88TOSBFkqHfMZ7cb4SQkXGGGpHRsK1ZeioSimJFRwU0kiREeoB5xNOUoJNJLJ5eO4IFWujCIhA6u4ET9PZGiUMph6OvOEKm+nK2Nxf9qTqKCUy+lPE4U4Xi6KEgYVBEc2wa7VBCs2FAThAXVf4W4jwTCSptb0CbYsyfPk2albFtl+/q4WL3I7MiDPbAPSsAGJ6AKrkAdNAAG9+ARvIBX48F4Mt6Mj2lrzshmdsEfGJ9fwBSlIg==</latexit>

1p
Ncnfg

<latexit sha1_base64="U0I6g+mUzVHdobK6qnBmWv7L4pY=">AAACAnicbVBNS8NAEN3Ur1q/op7ES7AInkoigh6LXjxJBfsBbQib7aZdutnE3YlQluDFv+LFgyJe/RXe/Ddu2xy09cHA470ZZuaFKWcKXPfbKi0tr6yuldcrG5tb2zv27l5LJZkktEkSnshOiBXlTNAmMOC0k0qK45DTdji6mvjtByoVS8QdjFPqx3ggWMQIBiMF9kEvkphoL9c9dS9B3wSaiGiQ53lgV92aO4WzSLyCVFGBRmB/9foJyWIqgHCsVNdzU/A1lsAIp3mllymaYjLCA9o1VOCYKl9PX8idY6P0nSiRpgQ4U/X3hMaxUuM4NJ0xhqGa9ybif143g+jC10ykGVBBZouijDuQOJM8nD6TlAAfG4KJZOZWhwyxyQRMahUTgjf/8iJpndY8t+bdnlXrl0UcZXSIjtAJ8tA5qqNr1EBNRNAjekav6M16sl6sd+tj1lqyipl99AfW5w99E5gf</latexit><latexit sha1_base64="U0I6g+mUzVHdobK6qnBmWv7L4pY=">AAACAnicbVBNS8NAEN3Ur1q/op7ES7AInkoigh6LXjxJBfsBbQib7aZdutnE3YlQluDFv+LFgyJe/RXe/Ddu2xy09cHA470ZZuaFKWcKXPfbKi0tr6yuldcrG5tb2zv27l5LJZkktEkSnshOiBXlTNAmMOC0k0qK45DTdji6mvjtByoVS8QdjFPqx3ggWMQIBiMF9kEvkphoL9c9dS9B3wSaiGiQ53lgV92aO4WzSLyCVFGBRmB/9foJyWIqgHCsVNdzU/A1lsAIp3mllymaYjLCA9o1VOCYKl9PX8idY6P0nSiRpgQ4U/X3hMaxUuM4NJ0xhqGa9ybif143g+jC10ykGVBBZouijDuQOJM8nD6TlAAfG4KJZOZWhwyxyQRMahUTgjf/8iJpndY8t+bdnlXrl0UcZXSIjtAJ8tA5qqNr1EBNRNAjekav6M16sl6sd+tj1lqyipl99AfW5w99E5gf</latexit><latexit sha1_base64="U0I6g+mUzVHdobK6qnBmWv7L4pY=">AAACAnicbVBNS8NAEN3Ur1q/op7ES7AInkoigh6LXjxJBfsBbQib7aZdutnE3YlQluDFv+LFgyJe/RXe/Ddu2xy09cHA470ZZuaFKWcKXPfbKi0tr6yuldcrG5tb2zv27l5LJZkktEkSnshOiBXlTNAmMOC0k0qK45DTdji6mvjtByoVS8QdjFPqx3ggWMQIBiMF9kEvkphoL9c9dS9B3wSaiGiQ53lgV92aO4WzSLyCVFGBRmB/9foJyWIqgHCsVNdzU/A1lsAIp3mllymaYjLCA9o1VOCYKl9PX8idY6P0nSiRpgQ4U/X3hMaxUuM4NJ0xhqGa9ybif143g+jC10ykGVBBZouijDuQOJM8nD6TlAAfG4KJZOZWhwyxyQRMahUTgjf/8iJpndY8t+bdnlXrl0UcZXSIjtAJ8tA5qqNr1EBNRNAjekav6M16sl6sd+tj1lqyipl99AfW5w99E5gf</latexit><latexit sha1_base64="U0I6g+mUzVHdobK6qnBmWv7L4pY=">AAACAnicbVBNS8NAEN3Ur1q/op7ES7AInkoigh6LXjxJBfsBbQib7aZdutnE3YlQluDFv+LFgyJe/RXe/Ddu2xy09cHA470ZZuaFKWcKXPfbKi0tr6yuldcrG5tb2zv27l5LJZkktEkSnshOiBXlTNAmMOC0k0qK45DTdji6mvjtByoVS8QdjFPqx3ggWMQIBiMF9kEvkphoL9c9dS9B3wSaiGiQ53lgV92aO4WzSLyCVFGBRmB/9foJyWIqgHCsVNdzU/A1lsAIp3mllymaYjLCA9o1VOCYKl9PX8idY6P0nSiRpgQ4U/X3hMaxUuM4NJ0xhqGa9ybif143g+jC10ykGVBBZouijDuQOJM8nD6TlAAfG4KJZOZWhwyxyQRMahUTgjf/8iJpndY8t+bdnlXrl0UcZXSIjtAJ8tA5qqNr1EBNRNAjekav6M16sl6sd+tj1lqyipl99AfW5w99E5gf</latexit>

{�i}
<latexit sha1_base64="RIaUI/Ifsmf5WpymKKLvaFVck+s=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cK9gObUDbbTbt0swm7E6GE/gsvHhTx6r/x5r9x2+agrQ8GHu/NMDMvTKUw6LrfTmltfWNzq7xd2dnd2z+oHh61TZJpxlsskYnuhtRwKRRvoUDJu6nmNA4l74Tj25nfeeLaiEQ94CTlQUyHSkSCUbTSo5/76Uj0hT/tV2tu3Z2DrBKvIDUo0OxXv/xBwrKYK2SSGtPz3BSDnGoUTPJpxc8MTykb0yHvWapozE2Qzy+ekjOrDEiUaFsKyVz9PZHT2JhJHNrOmOLILHsz8T+vl2F0HeRCpRlyxRaLokwSTMjsfTIQmjOUE0so08LeStiIasrQhlSxIXjLL6+S9kXdc+ve/WWtcVPEUYYTOIVz8OAKGnAHTWgBAwXP8ApvjnFenHfnY9FacoqZY/gD5/MHvxGQ8w==</latexit><latexit sha1_base64="RIaUI/Ifsmf5WpymKKLvaFVck+s=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cK9gObUDbbTbt0swm7E6GE/gsvHhTx6r/x5r9x2+agrQ8GHu/NMDMvTKUw6LrfTmltfWNzq7xd2dnd2z+oHh61TZJpxlsskYnuhtRwKRRvoUDJu6nmNA4l74Tj25nfeeLaiEQ94CTlQUyHSkSCUbTSo5/76Uj0hT/tV2tu3Z2DrBKvIDUo0OxXv/xBwrKYK2SSGtPz3BSDnGoUTPJpxc8MTykb0yHvWapozE2Qzy+ekjOrDEiUaFsKyVz9PZHT2JhJHNrOmOLILHsz8T+vl2F0HeRCpRlyxRaLokwSTMjsfTIQmjOUE0so08LeStiIasrQhlSxIXjLL6+S9kXdc+ve/WWtcVPEUYYTOIVz8OAKGnAHTWgBAwXP8ApvjnFenHfnY9FacoqZY/gD5/MHvxGQ8w==</latexit><latexit sha1_base64="RIaUI/Ifsmf5WpymKKLvaFVck+s=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cK9gObUDbbTbt0swm7E6GE/gsvHhTx6r/x5r9x2+agrQ8GHu/NMDMvTKUw6LrfTmltfWNzq7xd2dnd2z+oHh61TZJpxlsskYnuhtRwKRRvoUDJu6nmNA4l74Tj25nfeeLaiEQ94CTlQUyHSkSCUbTSo5/76Uj0hT/tV2tu3Z2DrBKvIDUo0OxXv/xBwrKYK2SSGtPz3BSDnGoUTPJpxc8MTykb0yHvWapozE2Qzy+ekjOrDEiUaFsKyVz9PZHT2JhJHNrOmOLILHsz8T+vl2F0HeRCpRlyxRaLokwSTMjsfTIQmjOUE0so08LeStiIasrQhlSxIXjLL6+S9kXdc+ve/WWtcVPEUYYTOIVz8OAKGnAHTWgBAwXP8ApvjnFenHfnY9FacoqZY/gD5/MHvxGQ8w==</latexit><latexit sha1_base64="RIaUI/Ifsmf5WpymKKLvaFVck+s=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cK9gObUDbbTbt0swm7E6GE/gsvHhTx6r/x5r9x2+agrQ8GHu/NMDMvTKUw6LrfTmltfWNzq7xd2dnd2z+oHh61TZJpxlsskYnuhtRwKRRvoUDJu6nmNA4l74Tj25nfeeLaiEQ94CTlQUyHSkSCUbTSo5/76Uj0hT/tV2tu3Z2DrBKvIDUo0OxXv/xBwrKYK2SSGtPz3BSDnGoUTPJpxc8MTykb0yHvWapozE2Qzy+ekjOrDEiUaFsKyVz9PZHT2JhJHNrOmOLILHsz8T+vl2F0HeRCpRlyxRaLokwSTMjsfTIQmjOUE0so08LeStiIasrQhlSxIXjLL6+S9kXdc+ve/WWtcVPEUYYTOIVz8OAKGnAHTWgBAwXP8ApvjnFenHfnY9FacoqZY/gD5/MHvxGQ8w==</latexit>
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• The Metropolis Algorithm:

• Given    , propose       in a reversible, area-preserving way 

• Accept the proposal as new entry with probability      ,    
otherwise add       to the chain again.

•   p = min
�
1,

⇡(�0)

⇡(�)

�

<latexit sha1_base64="mve7LspSa7fkMNvjDeH7MgLFkVw=">AAACK3icbZDLSgMxFIYz3q23UZdugkVsQcqMCLoRRDcuFWwVOkPJpJk2mGRCkhHKMO/jxldxoQsvuPU9zLSjaOsPgY//nMPJ+SPJqDae9+ZMTc/Mzs0vLFaWlldW19z1jZZOUoVJEycsUTcR0oRRQZqGGkZupCKIR4xcR7dnRf36jihNE3FlBpKEHPUEjSlGxlod9zTgyPQVz2R+DL+ZU5HDIKK9mr8Hg1ghnAWS1gLZp7v1/IfredFT77hVr+ENBSfBL6EKSl103Kegm+CUE2EwQ1q3fU+aMEPKUMxIXglSTSTCt6hH2hYF4kSH2fDWHO5YpwvjRNknDBy6vycyxLUe8Mh2Ftfo8Vph/ldrpyY+CjMqZGqIwKNFccqgSWARHOxSRbBhAwsIK2r/CnEf2WyMjbdiQ/DHT56E1n7D9xr+5UH15LSMYwFsgW1QAz44BCfgHFyAJsDgHjyCF/DqPDjPzrvzMWqdcsqZTfBHzucX5XynaQ==</latexit><latexit sha1_base64="mve7LspSa7fkMNvjDeH7MgLFkVw=">AAACK3icbZDLSgMxFIYz3q23UZdugkVsQcqMCLoRRDcuFWwVOkPJpJk2mGRCkhHKMO/jxldxoQsvuPU9zLSjaOsPgY//nMPJ+SPJqDae9+ZMTc/Mzs0vLFaWlldW19z1jZZOUoVJEycsUTcR0oRRQZqGGkZupCKIR4xcR7dnRf36jihNE3FlBpKEHPUEjSlGxlod9zTgyPQVz2R+DL+ZU5HDIKK9mr8Hg1ghnAWS1gLZp7v1/IfredFT77hVr+ENBSfBL6EKSl103Kegm+CUE2EwQ1q3fU+aMEPKUMxIXglSTSTCt6hH2hYF4kSH2fDWHO5YpwvjRNknDBy6vycyxLUe8Mh2Ftfo8Vph/ldrpyY+CjMqZGqIwKNFccqgSWARHOxSRbBhAwsIK2r/CnEf2WyMjbdiQ/DHT56E1n7D9xr+5UH15LSMYwFsgW1QAz44BCfgHFyAJsDgHjyCF/DqPDjPzrvzMWqdcsqZTfBHzucX5XynaQ==</latexit><latexit sha1_base64="mve7LspSa7fkMNvjDeH7MgLFkVw=">AAACK3icbZDLSgMxFIYz3q23UZdugkVsQcqMCLoRRDcuFWwVOkPJpJk2mGRCkhHKMO/jxldxoQsvuPU9zLSjaOsPgY//nMPJ+SPJqDae9+ZMTc/Mzs0vLFaWlldW19z1jZZOUoVJEycsUTcR0oRRQZqGGkZupCKIR4xcR7dnRf36jihNE3FlBpKEHPUEjSlGxlod9zTgyPQVz2R+DL+ZU5HDIKK9mr8Hg1ghnAWS1gLZp7v1/IfredFT77hVr+ENBSfBL6EKSl103Kegm+CUE2EwQ1q3fU+aMEPKUMxIXglSTSTCt6hH2hYF4kSH2fDWHO5YpwvjRNknDBy6vycyxLUe8Mh2Ftfo8Vph/ldrpyY+CjMqZGqIwKNFccqgSWARHOxSRbBhAwsIK2r/CnEf2WyMjbdiQ/DHT56E1n7D9xr+5UH15LSMYwFsgW1QAz44BCfgHFyAJsDgHjyCF/DqPDjPzrvzMWqdcsqZTfBHzucX5XynaQ==</latexit><latexit sha1_base64="mve7LspSa7fkMNvjDeH7MgLFkVw=">AAACK3icbZDLSgMxFIYz3q23UZdugkVsQcqMCLoRRDcuFWwVOkPJpJk2mGRCkhHKMO/jxldxoQsvuPU9zLSjaOsPgY//nMPJ+SPJqDae9+ZMTc/Mzs0vLFaWlldW19z1jZZOUoVJEycsUTcR0oRRQZqGGkZupCKIR4xcR7dnRf36jihNE3FlBpKEHPUEjSlGxlod9zTgyPQVz2R+DL+ZU5HDIKK9mr8Hg1ghnAWS1gLZp7v1/IfredFT77hVr+ENBSfBL6EKSl103Kegm+CUE2EwQ1q3fU+aMEPKUMxIXglSTSTCt6hH2hYF4kSH2fDWHO5YpwvjRNknDBy6vycyxLUe8Mh2Ftfo8Vph/ldrpyY+CjMqZGqIwKNFccqgSWARHOxSRbBhAwsIK2r/CnEf2WyMjbdiQ/DHT56E1n7D9xr+5UH15LSMYwFsgW1QAz44BCfgHFyAJsDgHjyCF/DqPDjPzrvzMWqdcsqZTfBHzucX5XynaQ==</latexit>

p
<latexit sha1_base64="RythJF5yCVU0XyHe30P1z1OyWu8=">AAAB8XicbVDLSgMxFL2pr1pfVZdugkVwVWZE0GXRjcsK9oHtUDJppg1NMkOSEcrQv3DjQhG3/o07/8ZMOwttPRA4nHMvOfeEieDGet43Kq2tb2xulbcrO7t7+wfVw6O2iVNNWYvGItbdkBgmuGIty61g3UQzIkPBOuHkNvc7T0wbHqsHO01YIMlI8YhTYp302JfEjrXMktmgWvPq3hx4lfgFqUGB5qD61R/GNJVMWSqIMT3fS2yQEW05FWxW6aeGJYROyIj1HFVEMhNk88QzfOaUIY5i7Z6yeK7+3siINGYqQzeZJzTLXi7+5/VSG10HGVdJapmii4+iVGAb4/x8POSaUSumjhCqucuK6ZhoQq0rqeJK8JdPXiXti7rv1f37y1rjpqijDCdwCufgwxU04A6a0AIKCp7hFd6QQS/oHX0sRkuo2DmGP0CfPxRRkSs=</latexit><latexit sha1_base64="RythJF5yCVU0XyHe30P1z1OyWu8=">AAAB8XicbVDLSgMxFL2pr1pfVZdugkVwVWZE0GXRjcsK9oHtUDJppg1NMkOSEcrQv3DjQhG3/o07/8ZMOwttPRA4nHMvOfeEieDGet43Kq2tb2xulbcrO7t7+wfVw6O2iVNNWYvGItbdkBgmuGIty61g3UQzIkPBOuHkNvc7T0wbHqsHO01YIMlI8YhTYp302JfEjrXMktmgWvPq3hx4lfgFqUGB5qD61R/GNJVMWSqIMT3fS2yQEW05FWxW6aeGJYROyIj1HFVEMhNk88QzfOaUIY5i7Z6yeK7+3siINGYqQzeZJzTLXi7+5/VSG10HGVdJapmii4+iVGAb4/x8POSaUSumjhCqucuK6ZhoQq0rqeJK8JdPXiXti7rv1f37y1rjpqijDCdwCufgwxU04A6a0AIKCp7hFd6QQS/oHX0sRkuo2DmGP0CfPxRRkSs=</latexit><latexit sha1_base64="RythJF5yCVU0XyHe30P1z1OyWu8=">AAAB8XicbVDLSgMxFL2pr1pfVZdugkVwVWZE0GXRjcsK9oHtUDJppg1NMkOSEcrQv3DjQhG3/o07/8ZMOwttPRA4nHMvOfeEieDGet43Kq2tb2xulbcrO7t7+wfVw6O2iVNNWYvGItbdkBgmuGIty61g3UQzIkPBOuHkNvc7T0wbHqsHO01YIMlI8YhTYp302JfEjrXMktmgWvPq3hx4lfgFqUGB5qD61R/GNJVMWSqIMT3fS2yQEW05FWxW6aeGJYROyIj1HFVEMhNk88QzfOaUIY5i7Z6yeK7+3siINGYqQzeZJzTLXi7+5/VSG10HGVdJapmii4+iVGAb4/x8POSaUSumjhCqucuK6ZhoQq0rqeJK8JdPXiXti7rv1f37y1rjpqijDCdwCufgwxU04A6a0AIKCp7hFd6QQS/oHX0sRkuo2DmGP0CfPxRRkSs=</latexit><latexit sha1_base64="RythJF5yCVU0XyHe30P1z1OyWu8=">AAAB8XicbVDLSgMxFL2pr1pfVZdugkVwVWZE0GXRjcsK9oHtUDJppg1NMkOSEcrQv3DjQhG3/o07/8ZMOwttPRA4nHMvOfeEieDGet43Kq2tb2xulbcrO7t7+wfVw6O2iVNNWYvGItbdkBgmuGIty61g3UQzIkPBOuHkNvc7T0wbHqsHO01YIMlI8YhTYp302JfEjrXMktmgWvPq3hx4lfgFqUGB5qD61R/GNJVMWSqIMT3fS2yQEW05FWxW6aeGJYROyIj1HFVEMhNk88QzfOaUIY5i7Z6yeK7+3siINGYqQzeZJzTLXi7+5/VSG10HGVdJapmii4+iVGAb4/x8POSaUSumjhCqucuK6ZhoQq0rqeJK8JdPXiXti7rv1f37y1rjpqijDCdwCufgwxU04A6a0AIKCp7hFd6QQS/oHX0sRkuo2DmGP0CfPxRRkSs=</latexit>

�
<latexit sha1_base64="7gFoSIaHTVhssoMuc91QZhPC8Wc=">AAAB9HicbVDLSgMxFL1TX7W+qi7dBIvgqsyIoMuiG5cV7AM6Q8mkmTY0yUyTTKEM/Q43LhRx68e482/MtLPQ1gOBwzn3ck9OmHCmjet+O6WNza3tnfJuZW//4PCoenzS1nGqCG2RmMeqG2JNOZO0ZZjhtJsoikXIaScc3+d+Z0qVZrF8MrOEBgIPJYsYwcZKgS+wGSmR+cmIzfvVmlt3F0DrxCtIDQo0+9UvfxCTVFBpCMda9zw3MUGGlWGE03nFTzVNMBnjIe1ZKrGgOsgWoefowioDFMXKPmnQQv29kWGh9UyEdjIPqVe9XPzP66Umug0yJpPUUEmWh6KUIxOjvAE0YIoSw2eWYKKYzYrICCtMjO2pYkvwVr+8TtpXdc+te4/XtcZdUUcZzuAcLsGDG2jAAzShBQQm8Ayv8OZMnRfn3flYjpacYucU/sD5/AFZNJJ2</latexit><latexit sha1_base64="7gFoSIaHTVhssoMuc91QZhPC8Wc=">AAAB9HicbVDLSgMxFL1TX7W+qi7dBIvgqsyIoMuiG5cV7AM6Q8mkmTY0yUyTTKEM/Q43LhRx68e482/MtLPQ1gOBwzn3ck9OmHCmjet+O6WNza3tnfJuZW//4PCoenzS1nGqCG2RmMeqG2JNOZO0ZZjhtJsoikXIaScc3+d+Z0qVZrF8MrOEBgIPJYsYwcZKgS+wGSmR+cmIzfvVmlt3F0DrxCtIDQo0+9UvfxCTVFBpCMda9zw3MUGGlWGE03nFTzVNMBnjIe1ZKrGgOsgWoefowioDFMXKPmnQQv29kWGh9UyEdjIPqVe9XPzP66Umug0yJpPUUEmWh6KUIxOjvAE0YIoSw2eWYKKYzYrICCtMjO2pYkvwVr+8TtpXdc+te4/XtcZdUUcZzuAcLsGDG2jAAzShBQQm8Ayv8OZMnRfn3flYjpacYucU/sD5/AFZNJJ2</latexit><latexit sha1_base64="7gFoSIaHTVhssoMuc91QZhPC8Wc=">AAAB9HicbVDLSgMxFL1TX7W+qi7dBIvgqsyIoMuiG5cV7AM6Q8mkmTY0yUyTTKEM/Q43LhRx68e482/MtLPQ1gOBwzn3ck9OmHCmjet+O6WNza3tnfJuZW//4PCoenzS1nGqCG2RmMeqG2JNOZO0ZZjhtJsoikXIaScc3+d+Z0qVZrF8MrOEBgIPJYsYwcZKgS+wGSmR+cmIzfvVmlt3F0DrxCtIDQo0+9UvfxCTVFBpCMda9zw3MUGGlWGE03nFTzVNMBnjIe1ZKrGgOsgWoefowioDFMXKPmnQQv29kWGh9UyEdjIPqVe9XPzP66Umug0yJpPUUEmWh6KUIxOjvAE0YIoSw2eWYKKYzYrICCtMjO2pYkvwVr+8TtpXdc+te4/XtcZdUUcZzuAcLsGDG2jAAzShBQQm8Ayv8OZMnRfn3flYjpacYucU/sD5/AFZNJJ2</latexit><latexit sha1_base64="7gFoSIaHTVhssoMuc91QZhPC8Wc=">AAAB9HicbVDLSgMxFL1TX7W+qi7dBIvgqsyIoMuiG5cV7AM6Q8mkmTY0yUyTTKEM/Q43LhRx68e482/MtLPQ1gOBwzn3ck9OmHCmjet+O6WNza3tnfJuZW//4PCoenzS1nGqCG2RmMeqG2JNOZO0ZZjhtJsoikXIaScc3+d+Z0qVZrF8MrOEBgIPJYsYwcZKgS+wGSmR+cmIzfvVmlt3F0DrxCtIDQo0+9UvfxCTVFBpCMda9zw3MUGGlWGE03nFTzVNMBnjIe1ZKrGgOsgWoefowioDFMXKPmnQQv29kWGh9UyEdjIPqVe9XPzP66Umug0yJpPUUEmWh6KUIxOjvAE0YIoSw2eWYKKYzYrICCtMjO2pYkvwVr+8TtpXdc+te4/XtcZdUUcZzuAcLsGDG2jAAzShBQQm8Ayv8OZMnRfn3flYjpacYucU/sD5/AFZNJJ2</latexit>

�0
<latexit sha1_base64="0KIeV0nEWa4qBwhpCBRrXNvDA+Y=">AAAB9XicbVDLSgMxFL1TX7W+qi7dBIvoqsyIoMuiG5cV7AM6Y8mkmTY0yQxJRilD/8ONC0Xc+i/u/Bsz7Sy09UDgcM693JMTJpxp47rfTmlldW19o7xZ2dre2d2r7h+0dZwqQlsk5rHqhlhTziRtGWY47SaKYhFy2gnHN7nfeaRKs1jem0lCA4GHkkWMYGOlB19gM1Ii85MRO532qzW37s6AlolXkBoUaParX/4gJqmg0hCOte55bmKCDCvDCKfTip9qmmAyxkPas1RiQXWQzVJP0YlVBiiKlX3SoJn6eyPDQuuJCO1knlIvern4n9dLTXQVZEwmqaGSzA9FKUcmRnkFaMAUJYZPLMFEMZsVkRFWmBhbVMWW4C1+eZm0z+ueW/fuLmqN66KOMhzBMZyBB5fQgFtoQgsIKHiGV3hznpwX5935mI+WnGLnEP7A+fwBvnCSpw==</latexit><latexit sha1_base64="0KIeV0nEWa4qBwhpCBRrXNvDA+Y=">AAAB9XicbVDLSgMxFL1TX7W+qi7dBIvoqsyIoMuiG5cV7AM6Y8mkmTY0yQxJRilD/8ONC0Xc+i/u/Bsz7Sy09UDgcM693JMTJpxp47rfTmlldW19o7xZ2dre2d2r7h+0dZwqQlsk5rHqhlhTziRtGWY47SaKYhFy2gnHN7nfeaRKs1jem0lCA4GHkkWMYGOlB19gM1Ii85MRO532qzW37s6AlolXkBoUaParX/4gJqmg0hCOte55bmKCDCvDCKfTip9qmmAyxkPas1RiQXWQzVJP0YlVBiiKlX3SoJn6eyPDQuuJCO1knlIvern4n9dLTXQVZEwmqaGSzA9FKUcmRnkFaMAUJYZPLMFEMZsVkRFWmBhbVMWW4C1+eZm0z+ueW/fuLmqN66KOMhzBMZyBB5fQgFtoQgsIKHiGV3hznpwX5935mI+WnGLnEP7A+fwBvnCSpw==</latexit><latexit sha1_base64="0KIeV0nEWa4qBwhpCBRrXNvDA+Y=">AAAB9XicbVDLSgMxFL1TX7W+qi7dBIvoqsyIoMuiG5cV7AM6Y8mkmTY0yQxJRilD/8ONC0Xc+i/u/Bsz7Sy09UDgcM693JMTJpxp47rfTmlldW19o7xZ2dre2d2r7h+0dZwqQlsk5rHqhlhTziRtGWY47SaKYhFy2gnHN7nfeaRKs1jem0lCA4GHkkWMYGOlB19gM1Ii85MRO532qzW37s6AlolXkBoUaParX/4gJqmg0hCOte55bmKCDCvDCKfTip9qmmAyxkPas1RiQXWQzVJP0YlVBiiKlX3SoJn6eyPDQuuJCO1knlIvern4n9dLTXQVZEwmqaGSzA9FKUcmRnkFaMAUJYZPLMFEMZsVkRFWmBhbVMWW4C1+eZm0z+ueW/fuLmqN66KOMhzBMZyBB5fQgFtoQgsIKHiGV3hznpwX5935mI+WnGLnEP7A+fwBvnCSpw==</latexit><latexit sha1_base64="0KIeV0nEWa4qBwhpCBRrXNvDA+Y=">AAAB9XicbVDLSgMxFL1TX7W+qi7dBIvoqsyIoMuiG5cV7AM6Y8mkmTY0yQxJRilD/8ONC0Xc+i/u/Bsz7Sy09UDgcM693JMTJpxp47rfTmlldW19o7xZ2dre2d2r7h+0dZwqQlsk5rHqhlhTziRtGWY47SaKYhFy2gnHN7nfeaRKs1jem0lCA4GHkkWMYGOlB19gM1Ii85MRO532qzW37s6AlolXkBoUaParX/4gJqmg0hCOte55bmKCDCvDCKfTip9qmmAyxkPas1RiQXWQzVJP0YlVBiiKlX3SoJn6eyPDQuuJCO1knlIvern4n9dLTXQVZEwmqaGSzA9FKUcmRnkFaMAUJYZPLMFEMZsVkRFWmBhbVMWW4C1+eZm0z+ueW/fuLmqN66KOMhzBMZyBB5fQgFtoQgsIKHiGV3hznpwX5935mI+WnGLnEP7A+fwBvnCSpw==</latexit>

�
<latexit sha1_base64="7gFoSIaHTVhssoMuc91QZhPC8Wc=">AAAB9HicbVDLSgMxFL1TX7W+qi7dBIvgqsyIoMuiG5cV7AM6Q8mkmTY0yUyTTKEM/Q43LhRx68e482/MtLPQ1gOBwzn3ck9OmHCmjet+O6WNza3tnfJuZW//4PCoenzS1nGqCG2RmMeqG2JNOZO0ZZjhtJsoikXIaScc3+d+Z0qVZrF8MrOEBgIPJYsYwcZKgS+wGSmR+cmIzfvVmlt3F0DrxCtIDQo0+9UvfxCTVFBpCMda9zw3MUGGlWGE03nFTzVNMBnjIe1ZKrGgOsgWoefowioDFMXKPmnQQv29kWGh9UyEdjIPqVe9XPzP66Umug0yJpPUUEmWh6KUIxOjvAE0YIoSw2eWYKKYzYrICCtMjO2pYkvwVr+8TtpXdc+te4/XtcZdUUcZzuAcLsGDG2jAAzShBQQm8Ayv8OZMnRfn3flYjpacYucU/sD5/AFZNJJ2</latexit><latexit sha1_base64="7gFoSIaHTVhssoMuc91QZhPC8Wc=">AAAB9HicbVDLSgMxFL1TX7W+qi7dBIvgqsyIoMuiG5cV7AM6Q8mkmTY0yUyTTKEM/Q43LhRx68e482/MtLPQ1gOBwzn3ck9OmHCmjet+O6WNza3tnfJuZW//4PCoenzS1nGqCG2RmMeqG2JNOZO0ZZjhtJsoikXIaScc3+d+Z0qVZrF8MrOEBgIPJYsYwcZKgS+wGSmR+cmIzfvVmlt3F0DrxCtIDQo0+9UvfxCTVFBpCMda9zw3MUGGlWGE03nFTzVNMBnjIe1ZKrGgOsgWoefowioDFMXKPmnQQv29kWGh9UyEdjIPqVe9XPzP66Umug0yJpPUUEmWh6KUIxOjvAE0YIoSw2eWYKKYzYrICCtMjO2pYkvwVr+8TtpXdc+te4/XtcZdUUcZzuAcLsGDG2jAAzShBQQm8Ayv8OZMnRfn3flYjpacYucU/sD5/AFZNJJ2</latexit><latexit sha1_base64="7gFoSIaHTVhssoMuc91QZhPC8Wc=">AAAB9HicbVDLSgMxFL1TX7W+qi7dBIvgqsyIoMuiG5cV7AM6Q8mkmTY0yUyTTKEM/Q43LhRx68e482/MtLPQ1gOBwzn3ck9OmHCmjet+O6WNza3tnfJuZW//4PCoenzS1nGqCG2RmMeqG2JNOZO0ZZjhtJsoikXIaScc3+d+Z0qVZrF8MrOEBgIPJYsYwcZKgS+wGSmR+cmIzfvVmlt3F0DrxCtIDQo0+9UvfxCTVFBpCMda9zw3MUGGlWGE03nFTzVNMBnjIe1ZKrGgOsgWoefowioDFMXKPmnQQv29kWGh9UyEdjIPqVe9XPzP66Umug0yJpPUUEmWh6KUIxOjvAE0YIoSw2eWYKKYzYrICCtMjO2pYkvwVr+8TtpXdc+te4/XtcZdUUcZzuAcLsGDG2jAAzShBQQm8Ayv8OZMnRfn3flYjpacYucU/sD5/AFZNJJ2</latexit><latexit sha1_base64="7gFoSIaHTVhssoMuc91QZhPC8Wc=">AAAB9HicbVDLSgMxFL1TX7W+qi7dBIvgqsyIoMuiG5cV7AM6Q8mkmTY0yUyTTKEM/Q43LhRx68e482/MtLPQ1gOBwzn3ck9OmHCmjet+O6WNza3tnfJuZW//4PCoenzS1nGqCG2RmMeqG2JNOZO0ZZjhtJsoikXIaScc3+d+Z0qVZrF8MrOEBgIPJYsYwcZKgS+wGSmR+cmIzfvVmlt3F0DrxCtIDQo0+9UvfxCTVFBpCMda9zw3MUGGlWGE03nFTzVNMBnjIe1ZKrGgOsgWoefowioDFMXKPmnQQv29kWGh9UyEdjIPqVe9XPzP66Umug0yJpPUUEmWh6KUIxOjvAE0YIoSw2eWYKKYzYrICCtMjO2pYkvwVr+8TtpXdc+te4/XtcZdUUcZzuAcLsGDG2jAAzShBQQm8Ayv8OZMnRfn3flYjpacYucU/sD5/AFZNJJ2</latexit>

The MR2T2 algorithm
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• The Metropolis Algorithm:

• Given    , propose       in a reversible, area-preserving way 

• Accept the proposal as new entry with probability      ,    
otherwise add       to the chain again.

•   p = min
�
1,

⇡(�0)

⇡(�)

�

<latexit sha1_base64="mve7LspSa7fkMNvjDeH7MgLFkVw=">AAACK3icbZDLSgMxFIYz3q23UZdugkVsQcqMCLoRRDcuFWwVOkPJpJk2mGRCkhHKMO/jxldxoQsvuPU9zLSjaOsPgY//nMPJ+SPJqDae9+ZMTc/Mzs0vLFaWlldW19z1jZZOUoVJEycsUTcR0oRRQZqGGkZupCKIR4xcR7dnRf36jihNE3FlBpKEHPUEjSlGxlod9zTgyPQVz2R+DL+ZU5HDIKK9mr8Hg1ghnAWS1gLZp7v1/IfredFT77hVr+ENBSfBL6EKSl103Kegm+CUE2EwQ1q3fU+aMEPKUMxIXglSTSTCt6hH2hYF4kSH2fDWHO5YpwvjRNknDBy6vycyxLUe8Mh2Ftfo8Vph/ldrpyY+CjMqZGqIwKNFccqgSWARHOxSRbBhAwsIK2r/CnEf2WyMjbdiQ/DHT56E1n7D9xr+5UH15LSMYwFsgW1QAz44BCfgHFyAJsDgHjyCF/DqPDjPzrvzMWqdcsqZTfBHzucX5XynaQ==</latexit><latexit sha1_base64="mve7LspSa7fkMNvjDeH7MgLFkVw=">AAACK3icbZDLSgMxFIYz3q23UZdugkVsQcqMCLoRRDcuFWwVOkPJpJk2mGRCkhHKMO/jxldxoQsvuPU9zLSjaOsPgY//nMPJ+SPJqDae9+ZMTc/Mzs0vLFaWlldW19z1jZZOUoVJEycsUTcR0oRRQZqGGkZupCKIR4xcR7dnRf36jihNE3FlBpKEHPUEjSlGxlod9zTgyPQVz2R+DL+ZU5HDIKK9mr8Hg1ghnAWS1gLZp7v1/IfredFT77hVr+ENBSfBL6EKSl103Kegm+CUE2EwQ1q3fU+aMEPKUMxIXglSTSTCt6hH2hYF4kSH2fDWHO5YpwvjRNknDBy6vycyxLUe8Mh2Ftfo8Vph/ldrpyY+CjMqZGqIwKNFccqgSWARHOxSRbBhAwsIK2r/CnEf2WyMjbdiQ/DHT56E1n7D9xr+5UH15LSMYwFsgW1QAz44BCfgHFyAJsDgHjyCF/DqPDjPzrvzMWqdcsqZTfBHzucX5XynaQ==</latexit><latexit sha1_base64="mve7LspSa7fkMNvjDeH7MgLFkVw=">AAACK3icbZDLSgMxFIYz3q23UZdugkVsQcqMCLoRRDcuFWwVOkPJpJk2mGRCkhHKMO/jxldxoQsvuPU9zLSjaOsPgY//nMPJ+SPJqDae9+ZMTc/Mzs0vLFaWlldW19z1jZZOUoVJEycsUTcR0oRRQZqGGkZupCKIR4xcR7dnRf36jihNE3FlBpKEHPUEjSlGxlod9zTgyPQVz2R+DL+ZU5HDIKK9mr8Hg1ghnAWS1gLZp7v1/IfredFT77hVr+ENBSfBL6EKSl103Kegm+CUE2EwQ1q3fU+aMEPKUMxIXglSTSTCt6hH2hYF4kSH2fDWHO5YpwvjRNknDBy6vycyxLUe8Mh2Ftfo8Vph/ldrpyY+CjMqZGqIwKNFccqgSWARHOxSRbBhAwsIK2r/CnEf2WyMjbdiQ/DHT56E1n7D9xr+5UH15LSMYwFsgW1QAz44BCfgHFyAJsDgHjyCF/DqPDjPzrvzMWqdcsqZTfBHzucX5XynaQ==</latexit><latexit sha1_base64="mve7LspSa7fkMNvjDeH7MgLFkVw=">AAACK3icbZDLSgMxFIYz3q23UZdugkVsQcqMCLoRRDcuFWwVOkPJpJk2mGRCkhHKMO/jxldxoQsvuPU9zLSjaOsPgY//nMPJ+SPJqDae9+ZMTc/Mzs0vLFaWlldW19z1jZZOUoVJEycsUTcR0oRRQZqGGkZupCKIR4xcR7dnRf36jihNE3FlBpKEHPUEjSlGxlod9zTgyPQVz2R+DL+ZU5HDIKK9mr8Hg1ghnAWS1gLZp7v1/IfredFT77hVr+ENBSfBL6EKSl103Kegm+CUE2EwQ1q3fU+aMEPKUMxIXglSTSTCt6hH2hYF4kSH2fDWHO5YpwvjRNknDBy6vycyxLUe8Mh2Ftfo8Vph/ldrpyY+CjMqZGqIwKNFccqgSWARHOxSRbBhAwsIK2r/CnEf2WyMjbdiQ/DHT56E1n7D9xr+5UH15LSMYwFsgW1QAz44BCfgHFyAJsDgHjyCF/DqPDjPzrvzMWqdcsqZTfBHzucX5XynaQ==</latexit>

p
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• The Metropolis Algorithm for Scalar F.T.:

• Given  propose 

• Choose a random number 

• If  always accept, otherwise add    
to the chain again if

; 

ϕ ϕ′ 

r ∈ [0,1]

SE(ϕ′ ) < SE(ϕ), ϕ′ 

e−ΔS > r ΔS = SE(ϕ′ ) − SE(ϕ)

The MR2T2 algorithm
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Quantum ChromodynamicsQuantum Chromodynamics

QCD Lagrangian

LQCD = � 1

4
F a
µ⌫F

a
µ⌫ +

X

f=u,d,s,...

 f

�
i�µ (@µ � igsA

a
µT

a) � mf

 
 f

S =

Z
d4x LQCD

Covariant derivative: Dµ = @µ � igsAµ
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Quantum Chromodynamics

QCD Lagrangian

LQCD = � 1

4
F a
µ⌫F

a
µ⌫ +

X

f=u,d,s,...

 f

�
i�µ (@µ � igsA

a
µT

a) � mf

 
 f

S =

Z
d4x LQCD

Bare QCD parameters (Nf+1)

gauge coupling gs
quark masses mu, md , . . .

p

u
u

d

g

g

g

s s

u

u
d

d

gg

g

g
g

g
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A little bit of history . . .

Describing strong interactions:

Two puzzles:

1

2 Spectrum of baryons:

Wavefunction of 3 quarks, e.g. �++ = uuu to be totally symmetric
under spin/flavour quantum nr. (s=3/2, Q=2)

Fermi-Dirac statistics is obeyed if an additional degree of freedom is
intoduced:

COLOUR: SU(3) symmetry

�! Assumption: Baryon wavefunction is totally antisymmetric in
colour quantum numbers

Marina Marinković QCD: a non-perturbative perspective PSI , 26-27 July, 2014 3 / 36
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4
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Marina Marinković QCD: a non-perturbative perspective PSI , 26-27 July, 2014 7 / 36

Perturbative QCD

High energy regime: weakly coupled

Expand in ↵s : Feynman graphs

Fantastic successes: describes to a very high precision the high-energy regime of
strong interactions

Problems not accessible by perturbation theory

confinement
chiral symmetry breaking
hadron mass spectrum, . . .

Low energies �! since the ↵s is not small, the PT expansion is not valid

Marina Marinković QCD: a non-perturbative perspective PSI , 26-27 July, 2014 9 / 36

QCD: accessing Non-Perturbative regime

Wick rotation: Minkowski ! Euclidean x0 ! ixE

Analytical continuation of time-ordered correlators Euclidean ! Minkowski

xµM = (x0,~x) �! xEµ = (~x, xE ) ⌘ xµ

pµM = (p0,~p) �! xEµ = (~p, pE ) ⌘ pµ pE = ip0

Euclidean QCD Lagrangian (t ⌘ x
E $ � ix0)

LQCD = 1

2g2 F a
µ⌫F

a
µ⌫ +

X

f=u,d,s,...

 f

�
�µ (@µ + iAa

µT
a) +mf

 
 f

SQCD =

Z
d4x LQCD

No distinction between space and time!

Marina Marinković QCD: a non-perturbative perspective PSI , 26-27 July, 2014 10 / 36
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Path Integrals in Quantum ChromodynamicsFunctional Integral Formalism

Feynman’s QM Path Integral ! Quantum Field Theory

Each specific field configuration:

P( , ,A) ⇠ e
�S( , ,A)

Expectation value of an operator O( , ,A):

hO( , ,A)i = hhO( , ,A)iF iG

= 1

Z

Z
D
⇥
A
⇤
D
⇥
 , 

⇤
e
�S( , ,A)

O( , ,A)

Z =

Z
D
⇥
A
⇤
D
⇥
 , 

⇤
e
�S( , ,A)
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Lattice regularization of QCD
Regularization: The Lattice

Divergencies in continuum QCD ! regularization is necessary!

One possible regularization:
Introduce momentum ultraviolet-cuto↵ , minimum distance (FT)

If required also: local gauge symmetry ! Lattice QCD

Finite number of integrals over fields (
R
d
4
x ! a

4
P

n)

Computable with the help of Monte Carlo techniques

Marina Marinković QCD: a non-perturbative perspective PSI , 26-27 July, 2014 12 / 36

Λcut ∼ 1
a

Quark and Gluon fields on the lattice

Quarks

a {
Gluon

Quarks ⇠  (n), (n)

Gluons ⇠ ”Link variables” ⇠ Parallel transporter ⇠ Uµ(n) = e
iagAµ

Marina Marinković QCD: a non-perturbative perspective PSI , 26-27 July, 2014 14 / 36
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Lattice regularization of QCD
Lattice discretization

SQCD [ ,  ̄,A] = SG + SF

= 1

2g Fµ⌫Fµ⌫ +

Z
d
4
x  ̄(x) [�µ (@µ + iAµ(x)) +m]  (x)

Discretization prescription:

x �! n = (n1, n2, n3, n4) n1 = 0, . . . ,N � 1

 (x),  ̄(x) �!  (n),  ̄(n)

Z
d
4
x . . . �! a

4
X

n

. . .

@µ  (x) �!  (n+µ̂)� (n�µ̂)
2a +O(a2)

Simple example - free fermion field ( Aµ = 0 ):

S
0

F [ ,  ̄] =
R
d
4
x  ̄(x) (�µ @µ +m)  (x)
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Quark and Gluon fields on the lattice

Quarks

a {
Gluon

Quarks ⇠  (n), (n)

Gluons ⇠ ”Link variables” ⇠ Parallel transporter ⇠ Uµ(n) = e
iagAµ
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Naive Lattice Fermion Action

Lattice discretization
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= 1

2g Fµ⌫Fµ⌫ +

Z
d
4
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Z
d
4
x . . . �! a

4
X

n

. . .

@µ  (x) �!  (n+µ̂)� (n�µ̂)
2a +O(a2)

Simple example - free fermion field ( Aµ = 0 ):

S
0

F [ ,  ̄] =
R
d
4
x  ̄(x) (�µ @µ +m)  (x)
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Naive Lattice Fermion Action

S
0

F

⇥
 , 

⇤
=
R
d
4
x  (x) (�µ@µ +m)  (x)

Symmetrically discretized partial derivative:

@µ (na) =
 ((n+µ̂))� ((n�µ̂))

2a +O(a2)

Naive lattice ansatz for free fermion action:

SF

⇥
 , 

⇤
= a

4
X

n2⇤

 (n)

 
4X

µ=1

�µ
 (n+µ̂)� (n�µ̂)

2a +m (n)

!

Let us examine gauge invariance !
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Naive Lattice Fermion Action

S
0

F

⇥
 , 

⇤
=
R
d
4
x  (x) (�µ@µ +m)  (x)

Symmetrically discretized partial derivative:

@µ (na) =
 ((n+µ̂))� ((n�µ̂))

2a +O(a2)

Naive lattice ansatz for free fermion action:

SF

⇥
 , 

⇤
= a

4
X

n2⇤

 (n)

 
4X

µ=1

�µ
 (n+µ̂)� (n�µ̂)

2a +m (n)

!

Let us examine gauge invariance !
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Gauge Invariance
Gauge Invariance

⌦(n) 2 SU(3):

 0(n) = ⌦(n) (n)

 
0
(n) =  (n)⌦(n)†

 
0
(n) 0(n + µ̂) =  (n)⌦(n)†⌦(n + µ̂) (n + µ̂) (!)

(!) not gauge invariant

Introduce link variables Uµ(n):

U
0
µ(n) = ⌦(n)Uµ(n)⌦(n + µ̂)†

 
0
(n)U 0

µ(n) 
0(n + µ̂) =  (n)Uµ(n) (n + µ̂)

Uµ(n) ! fundamental gluonic variables on the lattice

U (x)
µ

µx+ax
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Quark and gluon fields on the lattice
Quark and Gluon fields on the lattice

Quarks

a {
Gluon

Quarks ⇠  (n), (n)

Gluons ⇠ ”Link variables” ⇠ Parallel transporter ⇠ Uµ(n) = e
iagAµ
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Lattice fermion action (I)
Lattice Fermion Action

Fermionic action: SF = a
4
P

f  (n)D(n,m) (m)

Naive fermion action

D(n,m) = m�n,m + 1

2a

±4X

µ=±1

�µUµ(n) �n+µ̂,m

Propagator in momentum space:

D̃(p)�1 =
m1�ia�1

P±4

µ=±1
�µsin(pµa)

m2+a�2
P±4

µ=±1
sin(pµa)2

Important: case of massless fermions, m = 0:

D̃(p)�1|m=0 =
�ia�1

P
µ �µsin(pµa)

a�2
P

µ sin(pµa)2

Unphysical poles at pµ = ⇡
a

Unwanted doublers: obtainded 16 instead of 1 fermionic particles!
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Lattice fermion action (II)Lattice Fermion Action II

Wilson Dirac matrix DW

DW (n,m) =
�
m + 4

a

�
�n,m � 1

2a

±4X

µ=±1

�
1� �µ

�
Uµ(n) �n+µ̂,m

Wilson term: shifting the mass of the doublers to infinity, as a ! 0

Only the physical pole, no doublers!

Problem: Additional term breaks chiral symmetry explicitly

No-Go Theorem on the lattice [Nielsen & Ninomiya, 1981]:
simple action without doublers $ broken chiral symmetry

Di↵erent choices of lattice derivatives

! O(a),O(a2), . . . discretization errors

! di↵erent rates to approach continuum limit
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Lattice gauge action (I)Lattice Gauge Action - shortly

SG = 1

2gTr Fµ⌫(x) Fµ⌫(x)

Need gauge invariant object: trace over closed loop of gauge links

Smallest possible closed loop: Plaquette

Uµ⌫(n) = Uµ(n)U⌫(n + µ̂)U�µ(n + µ̂+ ⌫̂)U�⌫(n + ⌫̂)

= Uµ(n)U⌫(n + µ̂)Uµ(n + ⌫̂)†U⌫(n)†

Wilson gauge action:

Sg ⇠
P

n

P
µ<⌫ Re tr

⇥
1� Uµ⌫(n)

⇤
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Lattice gauge action (II)
Lattice Gauge Action II

Improvement: taking into account larger Wilson loops

All in the same universality class:

�! converge to tr
⇥
Fµ⌫(x)Fµ⌫(x)

⇤
in the continuum limit

�! improvement reduces the discretization errors!

Lattice artefacts in scaling behaviour:

�! Wilson gauge action: O(a2)

�! Luscher-Weisz: O(a4) [K. Symanzik, 1981; Luscher and Weisz, 1985]
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(1) Generate ensembles of field configurations using Monte Carlo

(2) Average over a set of configurations: 

• Compute correlation function of fields, extract Euclidean matrix elements or amplitudes

• Computational cost dominated by quarks: inverses of large, sparse matrix

(3) Extrapolate to continuum, infinite volume, physical quark masses (now directly accessible) 

Recipe for Lattice QCD Computation

hOi ⇡ Ō =
1

Ncnfg

NcnfgX

i=1

O[U ] + O(
1p

Ncnfg
)
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(1) Generate ensembles of field configurations using Monte Carlo

(2) Average over a set of configurations: 

• Compute correlation function of fields, extract Euclidean matrix elements or amplitudes

• Computational cost dominated by quarks: inverses of large, sparse matrix

(3) Extrapolate to continuum, infinite volume, physical quark masses (now directly accessible) 

Recipe for Lattice QCD Computation

๏ Lattice QCD path integrals are computed by importance sampling: 

๏ Markov chain:

๏ The configurations are correlated by construction:     Var [Ō] = Var[O] ( 2τO

Ncnfg
)

hOi ⇡ Ō =
1

Ncnfg

NcnfgX

i=1

O[U ] + O(
1p

Ncnfg
)
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P[Ui] / e�SE [U ]
<latexit sha1_base64="sJDFr75ErbOf6J1XqsiL1Qw+Kro=">AAACEHicbVDLSsNAFJ3UV62vqEs3g0V0Y0lEULoqiuCyomkLSQyT6aQdOnkwMxFKyCe48VfcuFDErUt3/o2TNgttPTBwOOde5p7jJ4wKaRjfWmVhcWl5pbpaW1vf2NzSt3c6Ik45JhaOWcx7PhKE0YhYkkpGegknKPQZ6fqjy8LvPhAuaBzdyXFC3BANIhpQjKSSPP3QCZEcYsSydm5bHnWdppPwOJExdJrkPju+9a5sy809vW40jAngPDFLUgcl2p7+5fRjnIYkkpghIWzTSKSbIS4pZiSvOakgCcIjNCC2ohEKiXCzSaAcHiilD4OYqxdJOFF/b2QoFGIc+mqyOF/MeoX4n2enMjh3MxolqSQRnn4UpAyquEU7sE85wZKNFUGYU3UrxEPEEZaqw5oqwZyNPE86Jw3TaJg3p/XWRVlHFeyBfXAETHAGWuAatIEFMHgEz+AVvGlP2ov2rn1MRytaubML/kD7/AFTW5y8</latexit><latexit sha1_base64="sJDFr75ErbOf6J1XqsiL1Qw+Kro=">AAACEHicbVDLSsNAFJ3UV62vqEs3g0V0Y0lEULoqiuCyomkLSQyT6aQdOnkwMxFKyCe48VfcuFDErUt3/o2TNgttPTBwOOde5p7jJ4wKaRjfWmVhcWl5pbpaW1vf2NzSt3c6Ik45JhaOWcx7PhKE0YhYkkpGegknKPQZ6fqjy8LvPhAuaBzdyXFC3BANIhpQjKSSPP3QCZEcYsSydm5bHnWdppPwOJExdJrkPju+9a5sy809vW40jAngPDFLUgcl2p7+5fRjnIYkkpghIWzTSKSbIS4pZiSvOakgCcIjNCC2ohEKiXCzSaAcHiilD4OYqxdJOFF/b2QoFGIc+mqyOF/MeoX4n2enMjh3MxolqSQRnn4UpAyquEU7sE85wZKNFUGYU3UrxEPEEZaqw5oqwZyNPE86Jw3TaJg3p/XWRVlHFeyBfXAETHAGWuAatIEFMHgEz+AVvGlP2ov2rn1MRytaubML/kD7/AFTW5y8</latexit><latexit sha1_base64="sJDFr75ErbOf6J1XqsiL1Qw+Kro=">AAACEHicbVDLSsNAFJ3UV62vqEs3g0V0Y0lEULoqiuCyomkLSQyT6aQdOnkwMxFKyCe48VfcuFDErUt3/o2TNgttPTBwOOde5p7jJ4wKaRjfWmVhcWl5pbpaW1vf2NzSt3c6Ik45JhaOWcx7PhKE0YhYkkpGegknKPQZ6fqjy8LvPhAuaBzdyXFC3BANIhpQjKSSPP3QCZEcYsSydm5bHnWdppPwOJExdJrkPju+9a5sy809vW40jAngPDFLUgcl2p7+5fRjnIYkkpghIWzTSKSbIS4pZiSvOakgCcIjNCC2ohEKiXCzSaAcHiilD4OYqxdJOFF/b2QoFGIc+mqyOF/MeoX4n2enMjh3MxolqSQRnn4UpAyquEU7sE85wZKNFUGYU3UrxEPEEZaqw5oqwZyNPE86Jw3TaJg3p/XWRVlHFeyBfXAETHAGWuAatIEFMHgEz+AVvGlP2ov2rn1MRytaubML/kD7/AFTW5y8</latexit><latexit sha1_base64="sJDFr75ErbOf6J1XqsiL1Qw+Kro=">AAACEHicbVDLSsNAFJ3UV62vqEs3g0V0Y0lEULoqiuCyomkLSQyT6aQdOnkwMxFKyCe48VfcuFDErUt3/o2TNgttPTBwOOde5p7jJ4wKaRjfWmVhcWl5pbpaW1vf2NzSt3c6Ik45JhaOWcx7PhKE0YhYkkpGegknKPQZ6fqjy8LvPhAuaBzdyXFC3BANIhpQjKSSPP3QCZEcYsSydm5bHnWdppPwOJExdJrkPju+9a5sy809vW40jAngPDFLUgcl2p7+5fRjnIYkkpghIWzTSKSbIS4pZiSvOakgCcIjNCC2ohEKiXCzSaAcHiilD4OYqxdJOFF/b2QoFGIc+mqyOF/MeoX4n2enMjh3MxolqSQRnn4UpAyquEU7sE85wZKNFUGYU3UrxEPEEZaqw5oqwZyNPE86Jw3TaJg3p/XWRVlHFeyBfXAETHAGWuAatIEFMHgEz+AVvGlP2ov2rn1MRytaubML/kD7/AFTW5y8</latexit>
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The cost of dynamical fermions

๏ Fermions represented by Grassmann variables in P.I: expensive to manipulate on a computer

๏ Easy to evaluate integral over fermionic (anti-commuting) fields: 

๏ Integration rules:  

ηiηj = − ηjηi

∫ dη = 0; ∫ dη η = 1

Z
D  D  e� (�µDµ+mq)  ⇡ det (�µDµ +mq)

<latexit sha1_base64="LAkAjv3bzu8PlDJTPZcDyg764As="></latexit><latexit sha1_base64="LAkAjv3bzu8PlDJTPZcDyg764As="></latexit><latexit sha1_base64="LAkAjv3bzu8PlDJTPZcDyg764As="></latexit><latexit sha1_base64="hP+6LrUf2d3tZaldqaQQvEKMXyw=">AAAB2XicbZDNSgMxFIXv1L86Vq1rN8EiuCozbnQpuHFZwbZCO5RM5k4bmskMyR2hDH0BF25EfC93vo3pz0JbDwQ+zknIvSculLQUBN9ebWd3b/+gfugfNfzjk9Nmo2fz0gjsilzl5jnmFpXU2CVJCp8LgzyLFfbj6f0i77+gsTLXTzQrMMr4WMtUCk7O6oyaraAdLMW2IVxDC9YaNb+GSS7KDDUJxa0dhEFBUcUNSaFw7g9LiwUXUz7GgUPNM7RRtRxzzi6dk7A0N+5oYkv394uKZ9bOstjdzDhN7Ga2MP/LBiWlt1EldVESarH6KC0Vo5wtdmaJNChIzRxwYaSblYkJN1yQa8Z3HYSbG29D77odBu3wMYA6nMMFXEEIN3AHD9CBLghI4BXevYn35n2suqp569LO4I+8zx84xIo4</latexit><latexit sha1_base64="IvwLbzIDltLr/6K350AdmHdbl4c="></latexit><latexit sha1_base64="IvwLbzIDltLr/6K350AdmHdbl4c="></latexit><latexit sha1_base64="jAsjfU5TWzEl4OxmCs4QYgOAZyQ="></latexit><latexit sha1_base64="LAkAjv3bzu8PlDJTPZcDyg764As="></latexit><latexit sha1_base64="LAkAjv3bzu8PlDJTPZcDyg764As="></latexit><latexit sha1_base64="LAkAjv3bzu8PlDJTPZcDyg764As="></latexit><latexit sha1_base64="LAkAjv3bzu8PlDJTPZcDyg764As="></latexit><latexit sha1_base64="LAkAjv3bzu8PlDJTPZcDyg764As="></latexit><latexit sha1_base64="LAkAjv3bzu8PlDJTPZcDyg764As="></latexit>

z }| {
<latexit sha1_base64="l/zGrpeYfDgRxNM81RlAyDMEFnA=">AAACAnicbVA9SwNBEN2LXzF+nVqJzWIQrMKdCFoGbSwjmA9IjrC3mSRL9naP3T0hHNHGv2JjoYitv8LOf+NeckVMfDDweG+GmXlhzJk2nvfjFFZW19Y3ipulre2d3T13/6ChZaIo1KnkUrVCooEzAXXDDIdWrIBEIYdmOLrJ/OYDKM2kuDfjGIKIDATrM0qMlbruUUdaO1SEQvo4h0mp65a9ijcFXiZ+TsooR63rfnd6kiYRCEM50brte7EJUqIMoxwmpU6iISZ0RAbQtlSQCHSQTl+Y4FOr9HBfKlvC4Kk6P5GSSOtxFNrOiJihXvQy8T+vnZj+VZAyEScGBJ0t6iccG4mzPHCPKaCGjy0hVDF7K6ZDYvMwNrUsBH/x5WXSOK/4XsW/uyhXr/M4iugYnaAz5KNLVEW3qIbqiKIn9ILe0Lvz7Lw6H87nrLXg5DOH6A+cr19Pypik</latexit><latexit sha1_base64="l/zGrpeYfDgRxNM81RlAyDMEFnA=">AAACAnicbVA9SwNBEN2LXzF+nVqJzWIQrMKdCFoGbSwjmA9IjrC3mSRL9naP3T0hHNHGv2JjoYitv8LOf+NeckVMfDDweG+GmXlhzJk2nvfjFFZW19Y3ipulre2d3T13/6ChZaIo1KnkUrVCooEzAXXDDIdWrIBEIYdmOLrJ/OYDKM2kuDfjGIKIDATrM0qMlbruUUdaO1SEQvo4h0mp65a9ijcFXiZ+TsooR63rfnd6kiYRCEM50brte7EJUqIMoxwmpU6iISZ0RAbQtlSQCHSQTl+Y4FOr9HBfKlvC4Kk6P5GSSOtxFNrOiJihXvQy8T+vnZj+VZAyEScGBJ0t6iccG4mzPHCPKaCGjy0hVDF7K6ZDYvMwNrUsBH/x5WXSOK/4XsW/uyhXr/M4iugYnaAz5KNLVEW3qIbqiKIn9ILe0Lvz7Lw6H87nrLXg5DOH6A+cr19Pypik</latexit><latexit sha1_base64="l/zGrpeYfDgRxNM81RlAyDMEFnA=">AAACAnicbVA9SwNBEN2LXzF+nVqJzWIQrMKdCFoGbSwjmA9IjrC3mSRL9naP3T0hHNHGv2JjoYitv8LOf+NeckVMfDDweG+GmXlhzJk2nvfjFFZW19Y3ipulre2d3T13/6ChZaIo1KnkUrVCooEzAXXDDIdWrIBEIYdmOLrJ/OYDKM2kuDfjGIKIDATrM0qMlbruUUdaO1SEQvo4h0mp65a9ijcFXiZ+TsooR63rfnd6kiYRCEM50brte7EJUqIMoxwmpU6iISZ0RAbQtlSQCHSQTl+Y4FOr9HBfKlvC4Kk6P5GSSOtxFNrOiJihXvQy8T+vnZj+VZAyEScGBJ0t6iccG4mzPHCPKaCGjy0hVDF7K6ZDYvMwNrUsBH/x5WXSOK/4XsW/uyhXr/M4iugYnaAz5KNLVEW3qIbqiKIn9ILe0Lvz7Lw6H87nrLXg5DOH6A+cr19Pypik</latexit><latexit sha1_base64="l/zGrpeYfDgRxNM81RlAyDMEFnA=">AAACAnicbVA9SwNBEN2LXzF+nVqJzWIQrMKdCFoGbSwjmA9IjrC3mSRL9naP3T0hHNHGv2JjoYitv8LOf+NeckVMfDDweG+GmXlhzJk2nvfjFFZW19Y3ipulre2d3T13/6ChZaIo1KnkUrVCooEzAXXDDIdWrIBEIYdmOLrJ/OYDKM2kuDfjGIKIDATrM0qMlbruUUdaO1SEQvo4h0mp65a9ijcFXiZ+TsooR63rfnd6kiYRCEM50brte7EJUqIMoxwmpU6iISZ0RAbQtlSQCHSQTl+Y4FOr9HBfKlvC4Kk6P5GSSOtxFNrOiJihXvQy8T+vnZj+VZAyEScGBJ0t6iccG4mzPHCPKaCGjy0hVDF7K6ZDYvMwNrUsBH/x5WXSOK/4XsW/uyhXr/M4iugYnaAz5KNLVEW3qIbqiKIn9ILe0Lvz7Lw6H87nrLXg5DOH6A+cr19Pypik</latexit>

hO[ , , U ]i = 1

Z

Z
DUD D e�SG[U ]�Sf [U, , ]

O[ , , U ]
<latexit sha1_base64="PLbgNHzIfYfpl5oP3SxCKbQW2qA="></latexit><latexit sha1_base64="PLbgNHzIfYfpl5oP3SxCKbQW2qA="></latexit><latexit sha1_base64="PLbgNHzIfYfpl5oP3SxCKbQW2qA="></latexit><latexit sha1_base64="PLbgNHzIfYfpl5oP3SxCKbQW2qA="></latexit>

SE
QCD = SG[U ] + Sf [U, , ]

<latexit sha1_base64="idT/sxbjKOtP69smGoCx1MfJMW0=">AAACG3icbZBNS8MwGMfT+TbnW9Wjl+IQBMdoh6AXYTBFjxuzm9DWkmbpFpa+kKTCKP0eXvwqXjwo4knw4Lcx3XrQzQcCv/yfl+T5ezElXOj6t1JaWl5ZXSuvVzY2t7Z31N29Ho8ShrCJIhqxOw9yTEmITUEExXcxwzDwKO5741ae7z9gxkkU3opJjJ0ADkPiEwSFlFy10b1PrzI37bQus4uum15nlumcSPAl1OyYk5odyQH5/DS/Zo6rVvW6Pg1tEYwCqqCItqt+2oMIJQEOBaKQc8vQY+GkkAmCKM4qdsJxDNEYDrElMYQB5k463S3TjqQy0PyIyRMKbar+7khhwPkk8GRlAMWIz+dy8b+clQj/3ElJGCcCh2j2kJ9QTURabpQ2IAwjQScSIGJE/lVDI8ggEtLOijTBmF95EXqNuqHXjc5ptdks7CiDA3AIjoEBzkAT3IA2MAECj+AZvII35Ul5Ud6Vj1lpSSl69sGfUL5+AFYLoZ0=</latexit><latexit sha1_base64="idT/sxbjKOtP69smGoCx1MfJMW0=">AAACG3icbZBNS8MwGMfT+TbnW9Wjl+IQBMdoh6AXYTBFjxuzm9DWkmbpFpa+kKTCKP0eXvwqXjwo4knw4Lcx3XrQzQcCv/yfl+T5ezElXOj6t1JaWl5ZXSuvVzY2t7Z31N29Ho8ShrCJIhqxOw9yTEmITUEExXcxwzDwKO5741ae7z9gxkkU3opJjJ0ADkPiEwSFlFy10b1PrzI37bQus4uum15nlumcSPAl1OyYk5odyQH5/DS/Zo6rVvW6Pg1tEYwCqqCItqt+2oMIJQEOBaKQc8vQY+GkkAmCKM4qdsJxDNEYDrElMYQB5k463S3TjqQy0PyIyRMKbar+7khhwPkk8GRlAMWIz+dy8b+clQj/3ElJGCcCh2j2kJ9QTURabpQ2IAwjQScSIGJE/lVDI8ggEtLOijTBmF95EXqNuqHXjc5ptdks7CiDA3AIjoEBzkAT3IA2MAECj+AZvII35Ul5Ud6Vj1lpSSl69sGfUL5+AFYLoZ0=</latexit><latexit sha1_base64="idT/sxbjKOtP69smGoCx1MfJMW0=">AAACG3icbZBNS8MwGMfT+TbnW9Wjl+IQBMdoh6AXYTBFjxuzm9DWkmbpFpa+kKTCKP0eXvwqXjwo4knw4Lcx3XrQzQcCv/yfl+T5ezElXOj6t1JaWl5ZXSuvVzY2t7Z31N29Ho8ShrCJIhqxOw9yTEmITUEExXcxwzDwKO5741ae7z9gxkkU3opJjJ0ADkPiEwSFlFy10b1PrzI37bQus4uum15nlumcSPAl1OyYk5odyQH5/DS/Zo6rVvW6Pg1tEYwCqqCItqt+2oMIJQEOBaKQc8vQY+GkkAmCKM4qdsJxDNEYDrElMYQB5k463S3TjqQy0PyIyRMKbar+7khhwPkk8GRlAMWIz+dy8b+clQj/3ElJGCcCh2j2kJ9QTURabpQ2IAwjQScSIGJE/lVDI8ggEtLOijTBmF95EXqNuqHXjc5ptdks7CiDA3AIjoEBzkAT3IA2MAECj+AZvII35Ul5Ud6Vj1lpSSl69sGfUL5+AFYLoZ0=</latexit><latexit sha1_base64="idT/sxbjKOtP69smGoCx1MfJMW0=">AAACG3icbZBNS8MwGMfT+TbnW9Wjl+IQBMdoh6AXYTBFjxuzm9DWkmbpFpa+kKTCKP0eXvwqXjwo4knw4Lcx3XrQzQcCv/yfl+T5ezElXOj6t1JaWl5ZXSuvVzY2t7Z31N29Ho8ShrCJIhqxOw9yTEmITUEExXcxwzDwKO5741ae7z9gxkkU3opJjJ0ADkPiEwSFlFy10b1PrzI37bQus4uum15nlumcSPAl1OyYk5odyQH5/DS/Zo6rVvW6Pg1tEYwCqqCItqt+2oMIJQEOBaKQc8vQY+GkkAmCKM4qdsJxDNEYDrElMYQB5k463S3TjqQy0PyIyRMKbar+7khhwPkk8GRlAMWIz+dy8b+clQj/3ElJGCcCh2j2kJ9QTURabpQ2IAwjQScSIGJE/lVDI8ggEtLOijTBmF95EXqNuqHXjc5ptdks7CiDA3AIjoEBzkAT3IA2MAECj+AZvII35Ul5Ud6Vj1lpSSl69sGfUL5+AFYLoZ0=</latexit>

classical
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hO[ , , U ]i = 1

Z

Z
D U e

�SG[U ] [det (�µDµ +mq)]
Nf O[ , , U ]

<latexit sha1_base64="BcD7zwyDOMn3C66DqHsmPcvQ3Ec="></latexit><latexit sha1_base64="BcD7zwyDOMn3C66DqHsmPcvQ3Ec="></latexit><latexit sha1_base64="BcD7zwyDOMn3C66DqHsmPcvQ3Ec="></latexit><latexit sha1_base64="BcD7zwyDOMn3C66DqHsmPcvQ3Ec="></latexit>

� = (�µDµ +mq)
�1�

<latexit sha1_base64="BlkzD7okcZuIn+Mfhyp7BECz5j4=">AAACE3icbVDLSsNAFJ3UV62vqEs3g0WoiiURQTdCURcuK9gHNDFMppNm6EwSZyZCCfkHN/6KGxeKuHXjzr8xabPQ1gOXezjnXmbucSNGpTKMb600N7+wuFRerqysrq1v6JtbbRnGApMWDlkoui6ShNGAtBRVjHQjQRB3Gem4w8vc7zwQIWkY3KpRRGyOBgH1KEYqkxz9wMI+Pa9ZA8Q5chKLxym8mvRD7tzv3yVHZgqtpk8rjl416sYYcJaYBamCAk1H/7L6IY45CRRmSMqeaUTKTpBQFDOSVqxYkgjhIRqQXkYDxIm0k/FNKdzLlD70QpFVoOBY/b2RIC7liLvZJEfKl9NeLv7n9WLlndkJDaJYkQBPHvJiBlUI84BgnwqCFRtlBGFBs79C7COBsMpizEMwp0+eJe3jumnUzZuTauOiiKMMdsAuqAETnIIGuAZN0AIYPIJn8AretCftRXvXPiajJa3Y2QZ/oH3+AEfWnR0=</latexit><latexit sha1_base64="BlkzD7okcZuIn+Mfhyp7BECz5j4=">AAACE3icbVDLSsNAFJ3UV62vqEs3g0WoiiURQTdCURcuK9gHNDFMppNm6EwSZyZCCfkHN/6KGxeKuHXjzr8xabPQ1gOXezjnXmbucSNGpTKMb600N7+wuFRerqysrq1v6JtbbRnGApMWDlkoui6ShNGAtBRVjHQjQRB3Gem4w8vc7zwQIWkY3KpRRGyOBgH1KEYqkxz9wMI+Pa9ZA8Q5chKLxym8mvRD7tzv3yVHZgqtpk8rjl416sYYcJaYBamCAk1H/7L6IY45CRRmSMqeaUTKTpBQFDOSVqxYkgjhIRqQXkYDxIm0k/FNKdzLlD70QpFVoOBY/b2RIC7liLvZJEfKl9NeLv7n9WLlndkJDaJYkQBPHvJiBlUI84BgnwqCFRtlBGFBs79C7COBsMpizEMwp0+eJe3jumnUzZuTauOiiKMMdsAuqAETnIIGuAZN0AIYPIJn8AretCftRXvXPiajJa3Y2QZ/oH3+AEfWnR0=</latexit><latexit sha1_base64="BlkzD7okcZuIn+Mfhyp7BECz5j4=">AAACE3icbVDLSsNAFJ3UV62vqEs3g0WoiiURQTdCURcuK9gHNDFMppNm6EwSZyZCCfkHN/6KGxeKuHXjzr8xabPQ1gOXezjnXmbucSNGpTKMb600N7+wuFRerqysrq1v6JtbbRnGApMWDlkoui6ShNGAtBRVjHQjQRB3Gem4w8vc7zwQIWkY3KpRRGyOBgH1KEYqkxz9wMI+Pa9ZA8Q5chKLxym8mvRD7tzv3yVHZgqtpk8rjl416sYYcJaYBamCAk1H/7L6IY45CRRmSMqeaUTKTpBQFDOSVqxYkgjhIRqQXkYDxIm0k/FNKdzLlD70QpFVoOBY/b2RIC7liLvZJEfKl9NeLv7n9WLlndkJDaJYkQBPHvJiBlUI84BgnwqCFRtlBGFBs79C7COBsMpizEMwp0+eJe3jumnUzZuTauOiiKMMdsAuqAETnIIGuAZN0AIYPIJn8AretCftRXvXPiajJa3Y2QZ/oH3+AEfWnR0=</latexit><latexit sha1_base64="BlkzD7okcZuIn+Mfhyp7BECz5j4=">AAACE3icbVDLSsNAFJ3UV62vqEs3g0WoiiURQTdCURcuK9gHNDFMppNm6EwSZyZCCfkHN/6KGxeKuHXjzr8xabPQ1gOXezjnXmbucSNGpTKMb600N7+wuFRerqysrq1v6JtbbRnGApMWDlkoui6ShNGAtBRVjHQjQRB3Gem4w8vc7zwQIWkY3KpRRGyOBgH1KEYqkxz9wMI+Pa9ZA8Q5chKLxym8mvRD7tzv3yVHZgqtpk8rjl416sYYcJaYBamCAk1H/7L6IY45CRRmSMqeaUTKTpBQFDOSVqxYkgjhIRqQXkYDxIm0k/FNKdzLlD70QpFVoOBY/b2RIC7liLvZJEfKl9NeLv7n9WLlndkJDaJYkQBPHvJiBlUI84BgnwqCFRtlBGFBs79C7COBsMpizEMwp0+eJe3jumnUzZuTauOiiKMMdsAuqAETnIIGuAZN0AIYPIJn8AretCftRXvXPiajJa3Y2QZ/oH3+AEfWnR0=</latexit>

Z
D � D �† e��† (D†(mq)D(mq))

�1 � / [det (�µDµ +mq)]
2

<latexit sha1_base64="zfSDK8ikm0PW1GSv+uv5QWN3eo0="></latexit><latexit sha1_base64="zfSDK8ikm0PW1GSv+uv5QWN3eo0="></latexit><latexit sha1_base64="zfSDK8ikm0PW1GSv+uv5QWN3eo0="></latexit><latexit sha1_base64="zfSDK8ikm0PW1GSv+uv5QWN3eo0="></latexit>

๏ Determinant: non-local object on the lattice —> virtually impossible to compute exactly!

๏ Computational cost of solving: 

grows for: small quark masses , and large  

๏

mq
L
a

k = cond (M) ∝ λmax

λmin

The cost of dynamical fermions
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� = (�µDµ +mq)
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hO[ , , U ]i = 1
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Z
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†
e
�SG[U ]��† (D†(mq)D(mq))

�
Nf
2 �
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๏ Determinant: non-local object on the lattice —> virtually impossible to compute exactly!

๏ Computational cost of solving: 

grows for: small quark masses , and large  

๏

mq
L
a

k = cond (M) ∝ λmax

λmin

The cost of dynamical fermions
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๏ Local objects: plaquettes, extended plaquettes (rectangles, chairs … )

๏ Rate of convergence towards continuum limit:  

๏ Monte Carlo algorithms with local updates sufficient in the approximation:  

O(a), O(a2), …

det (γμDμ + mq) ≡ 1

Cost of the fermions on the lattice

hO[ , ,U]i = 1
Z

R
DUD D e�SG [U]�Sf [U, , ]

O[ , ,U]

SG Wilson Luscher-Weisz

SF

R
D  D  e

� (�µDµ+mq)  ⇡ det (�µDµ +mq)

Non-local object on the lattice ! impossible to compute exactly!

Solving:
� = (�µDµ +mq)

�1 �

very expensive for: small quark mass m, large L
a .

Marina Marinkovic Computing HVP from first principles CERN, 30 Jan, 2015 19 / 33

hO[ , , U ]i = 1

Z

Z
D U e

�SG[U ] [det (�µDµ +mq)]
Nf O[ , , U ]
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The cost of dynamical fermions
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Four decades of Lattice QCD  

1990 2000 1980 1995 2005 1985 1975 

Lattice size L 
0.8fm 

1st spec calculation 1981 
Hamber-Parisi 
Weingarten 

1.6fm 2.4fm 3.0fm 

6.0fm 

Nf =#sea 
quarks 

Nf=0 quenched  

Nf=2 u,d  
Nf=2+1 u,d,s  

43x8 163x32 243x48 643x118 

643x128 

2010 

2nd generation 
10Gflops Machines 

3rd generation 
1Tfops 

4th generation 
10Tfops 

QCDPAX 

APE100 

CP-PACS 

QCDSP 
QCDOC BlueGene/Q 

Physics 

Algorithms 

1973 QCD 
1974 lattice QCD 

1st generation 
1Gflops 

APE1 

PACS-CS 

2020 

5th generation 
10Pfops 

K comouter 

[Credit: A. Ukawa, HPC Summer School (2013)

1 

Quantum Chromodynamics  
on a space-time lattice 

 

Akira Ukawa 
Center for Computational Science, 

University of Tsukuba & RIKEN AICS�

25  June, 2013  
HPC Summer School 

New York, USA�

– Building up the Femto Universe of�hadrons 
and nuclei on a computer –  

det (γμDμ + mq) ≡ 1
Development of Lattice QCD
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๏ The Metropolis Algorithm:

๏ Given , propose   in a reversible, area-preserving way 

๏ Accept the proposal as new entry with probability ,    

otherwise add  to the chain again.

๏   

{U} {U′ }

p
{U}

p = min(1, π(U′ )
π(U) )

The Metropolis algorithm
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๏ Most widely used exact method for lattice QCD  [Duane, Kennedy, Pendleton, Roweth, Phys. Lett. B, 195 (1987)]

๏ Introduce momenta  conjugate to fundamental fields  and the Hamiltonian

        

πμ(n) Uμ(n)

ℋ = 1
2 ∑

n,μ
π2

n,μ + S[U]

๏ Momentum Heat-bath: refresh momenta   (Gaussian random numbers)

๏ Molecular Dynamics (MD) evolution of  and  

➡ numerically integrating the corresponding equations of motion (fictitious time ):

๏ Metropolis accept/reject step 

➡ correcting for discretization errors of the numerical integration

                            

π

π U

τ

Pacc = min{1,e−(ℋ(π′ ,U′ )−ℋ(π,U))}

reversible, area-
preserving scheme such 
as leap-frog, Omelyan…

(π′ , U′ )

(π, U)

Hybrid Monte Carlo algorithm for QCD



Double-charm FV energy spectrum 
[Cheung, Thomas, Dudek, Edwards 

2017]

Lattice PDFs [Bringewatt, Sato, 
Melnitchouk, Qiu, Steffens, 

Constantinou, 2020]

 from  [Bazavov et 
al.  2021]

|Vcb | B → D*lνmuon g-2: HVP [BMW Collab.
+DMZ Boccaletti et al. 2024]

condensed  
mattercosmology

quantum 
simulations

string theory

protein  
structure

33

What lattice QCD CAN do?

Non-degenerate light quark masses 
[FLAG 2021]
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https://inspirehep.net/authors/2241210
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In this lecture so far:

๏ QCD can be formulated on a Euclidean space time lattice

๏ Quantization amounts to summing over all gauge configurations; this can again be computed by 
Monte Carlo methods

๏ Different discretizations give different lattice artefacts 

➡ universal in continuum limit!

๏ Simulations with dynamical fermions computationally costly; many tricks in algorithms need to be 
applied 

➡ precise predictions of hadron spectrum, non-pert. renormalization, muon g-2, CKM matrix 
elements etc. 
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Quantum Chromodynamics  
on a space-time lattice 

 

Akira Ukawa 
Center for Computational Science, 

University of Tsukuba & RIKEN AICS�
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– Building up the Femto Universe of�hadrons 
and nuclei on a computer –  

QCD+QED
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Development of Lattice QCD
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Motivation for Lattice QCD+QED

• QCD on the lattice: 

➡ quarks and gluons feel only strong force 

➡ first decades of lattice QCD with fermions: 

 

➡ approximate symmetry of QCD 

➡ Isospin breaking effects

isosymmetric universe: mu = md and αem = 0

✴ Have to be taken into account for the goal precision of many hadronic observables, e.g. 

decay rates, HVP 
δaHVP

μ

aHVPμ
< 0.005

(u
d) ⟶ V (u

d), V ∈ SU(2)

Quark and Gluon fields on the lattice

Quarks

a {
Gluon

Quarks ⇠  (n), (n)

Gluons ⇠ ”Link variables” ⇠ Parallel transporter ⇠ Uµ(n) = e
iagAµ

Marina Marinković QCD: a non-perturbative perspective PSI , 26-27 July, 2014 14 / 36
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Quark and Gluon fields on the lattice

Quarks

a {
Gluon

Quarks ⇠  (n), (n)

Gluons ⇠ ”Link variables” ⇠ Parallel transporter ⇠ Uµ(n) = e
iagAµ

Marina Marinković QCD: a non-perturbative perspective PSI , 26-27 July, 2014 14 / 36

❖ Lattice QCD only

➡ neglecting/incomplete treatment of 

isospin breaking effects

❖ Lattice QCD+QED

➡ Few percent effects: 

Typically: mu = md and αem = 0

Required for precision calculations!

  mu ≠ md and αem ≈ 1
137

Beyond Isosymmetric Lattice QCD
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ΔaHVP

μ

aHVPμ
≈ 0.005

[Snowmass22 2203.15810 [hep-ph]][FLAG21 2111.09849 [hep-lat]]

  
Δ f+(0)
f+(0) ≈ 0.002 − 0.003

Beyond Isosymmetric Lattice QCD

https://arxiv.org/abs/2203.15810
http://here
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QCD TREATED NON-
PERTURBATIVELY, 

 “SMALL”αem

QCD AND QED TREATED      
NON-PERTURBATIVELY,

O(αem), O(mu − md)

➡ expand about isosymmetric theory ➡ simulate QED+QCD

mu ≠ md  and  αem ≠ 0

Quark and Gluon fields on the lattice

Quarks

a {
Gluon

Quarks ⇠  (n), (n)

Gluons ⇠ ”Link variables” ⇠ Parallel transporter ⇠ Uµ(n) = e
iagAµ

Marina Marinković QCD: a non-perturbative perspective PSI , 26-27 July, 2014 14 / 36

[R123: 1303.4896, PRD87(2013)11]

Quark and Gluon fields on the lattice

Quarks

a {
Gluon

Quarks ⇠  (n), (n)

Gluons ⇠ ”Link variables” ⇠ Parallel transporter ⇠ Uµ(n) = e
iagAµ

Marina Marinković QCD: a non-perturbative perspective PSI , 26-27 July, 2014 14 / 36

[Duncan,Eichten, hep-lat/9602005, PRL76(1996), 
Blum et al. 0708.0484 PRD 76 (2007)114508, …] 
[BMW: 1406.4088 Science 347 (2015), 
QCDSF: 1509.00799, JHEP 04(2016) 093, 
RCstar: 2209.13183 JHEP 03(2023)012, …]

Beyond Isosymmetric Lattice QCD

https://arxiv.org/abs/1303.4896
http://arxiv.org/abs/arXiv:1406.4088
https://arxiv.org/abs/1509.00799
https://arxiv.org/abs/2209.13183
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๏ Challenges with charged particles in a finite box: classical picture

๏ A solution for gauge invariant interpolating operators of charged particles (C-parity bc’s) 

๏ Other prescriptions (pros/cons)

Charged particles don’t like boxes



PSI Particle Physics Summer School                                                                                     August 4 - 10, 2024 

• QCD+QED action (in continuum):  

 

➡ Gauge symmetries:  

➡  

➡

S = ∫ d4x{ 1
2g2 Tr GμνGμν + 1

4e2 FμνFμν + ∑
f

ψ̄f(D + mf )ψf}

Ω(x) ∈ SU(3) : ψ → Ωψ, ψ̄ → ψ̄Ω†, Bμ → ΩBμΩ† − iΩ∂μΩ†

Λ(x) ∈ ℛ : ψ → eiQΛψ, ψ̄ → ψ̄e−iQΛ, Aμ → Aμ − ∂μΛQuark and Gluon fields on the lattice

Quarks

a {
Gluon

Quarks ⇠  (n), (n)

Gluons ⇠ ”Link variables” ⇠ Parallel transporter ⇠ Uµ(n) = e
iagAµ

Marina Marinković QCD: a non-perturbative perspective PSI , 26-27 July, 2014 14 / 36

f = u, d, s, c

 Dμ = ∂μ + iBμ + iQf Aμ

Qu = Qc = 2
3 Qd = Qs = − 1

3

 Bμ ∈ SU(3)   gluon field
Gμν = ∂μBν − ∂νBμ + [Bμ, Bν]

 Aμ ∈ ℝ   photon field
Fμν = ∂μAν − ∂νAμ

Beyond Isosymmetric Lattice QCD
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➡ Maxwell’s equations:

 Q(t)

Periodic bc’s: classical picture

 

 

 

 

⃗∇ ⋅ ⃗E = ρ

⃗∇ ⋅ ⃗B = 0

⃗∇ × ⃗E = − ∂ ⃗B
∂t

⃗∇ × ⃗B = ∂ ⃗E
∂t

+ ⃗j

Finite (spacial) V: 

, or ℝ4 ⟶ ℝ × [0,L]3

[0,τ] × [0,L]3
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➡ Maxwell’s equations:

 

 

 

 

⃗∇ ⋅ ⃗E = ρ

⃗∇ ⋅ ⃗B = 0

⃗∇ × ⃗E = − ∂ ⃗B
∂t

⃗∇ × ⃗B = ∂ ⃗E
∂t

+ ⃗j

 Q(t) = ∫[0,L]3
d3x ρ(t, ⃗x ) = ∫[0,L]3

d3x
3

∑
k=1

∂kEk(t, ⃗x ) =
3

∑
k=1

∫[0,L]2
d2x(k)

⊥ [Ek(t, ⃗x + L ̂k) − Ek(t, ⃗x )]xk=0

 Q(t)

Finite (spacial) V: 

, or ℝ4 ⟶ ℝ × [0,L]3

[0,τ] × [0,L]3

Periodic bc’s: classical picture
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➡ Maxwell’s equations:

 Q(t) = ∫[0,L]3
d3x ρ(t, ⃗x ) = ∫[0,L]3

d3x
3

∑
k=1

∂kEk(t, ⃗x ) =
3

∑
k=1

∫[0,L]2
d2x(k)

⊥ [Ek(t, ⃗x + L ̂k) − Ek(t, ⃗x )]xk=0

 Q(t) Periodic bc’s for : 

,  

thus  

⃗E

Ek(t, ⃗x + L ̂k) = Ek(t, ⃗x )

Q(t) = 0

 

 

 

 

⃗∇ ⋅ ⃗E = ρ

⃗∇ ⋅ ⃗B = 0

⃗∇ × ⃗E = − ∂ ⃗B
∂t

⃗∇ × ⃗B = ∂ ⃗E
∂t

+ ⃗j

Finite (spacial) V: 

, or ℝ4 ⟶ ℝ × [0,L]3

[0,τ] × [0,L]3

Periodic bc’s: classical picture
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➡ Maxwell’s equations:

Finite (spacial) V: 

, or ℝ4 ⟶ ℝ × [0,L]3

[0,τ] × [0,L]3

 Q(t) = ∫[0,L]3
d3x ρ(t, ⃗x ) = ∫[0,L]3

d3x
3

∑
k=1

∂kEk(t, ⃗x ) =
3

∑
k=1

∫[0,L]2
d2x(k)

⊥ [Ek(t, ⃗x + L ̂k) − Ek(t, ⃗x )]xk=0

 Q(t) Periodic bc’s for : 

,  

thus  

⃗E

Ek(t, ⃗x + L ̂k) = Ek(t, ⃗x )

Q(t) = 0

 

 

 

 

⃗∇ ⋅ ⃗E = ρ

⃗∇ ⋅ ⃗B = 0

⃗∇ × ⃗E = − ∂ ⃗B
∂t

⃗∇ × ⃗B = ∂ ⃗E
∂t

+ ⃗j

Periodic bc’s: classical picture
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• Non-trivial boundary conditions:    

• Consistency relation:  

• The action is translation invariant  the action is invariant under  

• Translational invariance   can be  

• gauge tranformation 

• flavour transformation 

• charge conjugation

φ(x + L ̂k) = Bk(x, φ(x), ∂φ(x), ∂2φ(x), …)

φ(x + L ̂j + L ̂k) = φ((x + L ̂j ) + L ̂k) = φ((x + L ̂k) + L ̂j ) ⇒ Bk ∘ Bj = Bj ∘ Bk

⇔ Bk

⇒ Bk

Alternative bc’s: classical picture

}  is periodic E
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• Non-trivial boundary conditions:    

• Consistency relation:  

• The action is translation invariant  the action is invariant under  

• Translational invariance   can be  

• gauge tranformation 

• flavour transformation 

• charge conjugation

φ(x + L ̂k) = Bk(x, φ(x), ∂φ(x), ∂2φ(x), …)

φ(x + L ̂j + L ̂k) = φ((x + L ̂j ) + L ̂k) = φ((x + L ̂k) + L ̂j ) ⇒ Bk ∘ Bj = Bj ∘ Bk

⇔ Bk

⇒ Bk

}  is periodic  no charged particles in a finite boxE ⟶

Alternative bc’s: classical picture
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• Non-trivial boundary conditions:    

• Consistency relation:  

• The action is translation invariant  the action is invariant under  

• Translational invariance   can be  

• gauge tranformation 

• flavour transformation 

• charge conjugation (  is antiperiodic) 

φ(x + L ̂k) = Bk(x, φ(x), ∂φ(x), ∂2φ(x), …)

φ(x + L ̂j + L ̂k) = φ((x + L ̂j ) + L ̂k) = φ((x + L ̂k) + L ̂j ) ⇒ Bk ∘ Bj = Bj ∘ Bk

⇔ Bk

⇒ Bk

E

}  is periodicE

The electic field flux is forced 
not to vanish at the boundary

Alternative bc’s: classical picture
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➡ Photon field:  

➡ Quark field:  

      

➡ Gluon field:  

Aμ(x + L ̂k) = AC
μ (x) = − Aμ(x)

Ψ(x + L ̂k) = ΨC(x) = C ΨT(x)

Ψ(x + L ̂k) = ΨC(x) = − ΨT(x) C−1

Bμ(x + L ̂k) = BC
μ (x) = − B∗

μ(x)

➡ In Euclidean spacetime:  - charge conjugation matrix,   

➡ Chiral representation of -matrices:  

C CT = − C; C−1γμC = − γT
μ

γ C = − iγ0γ2

QCD+QED with C-parity bc’s

C⇤ b.c.s via orbifolding
Carmona, D’Elia, Di Giacomo, Lucini, Int. J. Mod. Phys. C 11, 637 (2000)

��Pf KCD[U � U
⇤]
�� /

Z
[d�] [d�†] exp

n
��†(D†

D[U � U
⇤])�1/4�

o

�(x + Lk̂) =

✓
0 1
1 0

◆
� ⌘ K�

�1

�2

Uµ

U⇤
µ

fundamental lattice mirror lattice

Orbifold construction

⇣
detD†

D[U � U
⇤]
⌘1/4

/

Z
[d�̃] [d�̃†] exp

n
��̃†(D†

D[Ũ])�1/4�̃
o

Ũµ(x) =

(
Uµ(x) x 2 fundamental lattice

U
⇤
µ(x � L1̂) x 2 mirror lattice

�̃(x) =

(
�1(x) x 2 fundamental lattice

�2(x � L1̂) x 2 mirror lattice

1 C* boundary conditions ) Periodic boundary conditions

�1

�2

Uµ

U
⇤
µ

fundamental lattice mirror lattice

[Wiese, Nucl. Phys. B 375, 45 (1992)] 

[Polley, Z. Phys. C 59, 105 (1993)] 

[Kronfeld and Wiese, Nucl. Phys. B 357, 521 (1991)] 

[Carmona et al., IJMPC 11 (2000) 637-654] 

[Lucini et al., JHEP 1602, 076 (2016)]
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Interpolating operators in QCD
➡ Interpolating operator for :      

➡  has the same quantum numbers as : 

    spin: 0     parity: -1     up-number: 1     down-number: -1     strange-number: 0 

 

π+ P (x) = ū γ5 d (x)

P(x) |0⟩ π+

⟨0 |P†(x)P(0) |0⟩ = ⟨0 |P†e−Htei ⃗p ⃗x P(0) |0⟩ ≃ ∫ dΩP |⟨π+( ⃗p ) |P(0)⟩ |2 ei ⃗p ⃗x e−t m2
π + ⃗p 2

t → ∞
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➡ Interpolating operator for :       

➡  has the same quantum numbers as : 

    spin: 0     parity: -1     up-number: 1     down-number: -1     strange-number: 0 

➡ Different choice for interpolating operator (Dirac):  

 

π+ P (x) = ū γ5 d (x)

P(x) |0⟩ π+

P (x) = ∫SO(3)
dR ū(t, ⃗x + R ⃗z ) γ5 W(t, ⃗x + R ⃗z ← ⃗x ) d (x)

Interpolating operators in QCD (Dirac dressing)

u

d
⟨0 | |0⟩

t = 0t

 statesπ

d

u
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➡ Interpolating operator for :     

➡  has the same quantum numbers as : 

    spin: 0     parity: -1     up-number: 1     down-number: -1     strange-number: 0 

➡ Different choice for interpolating operator (Dirac):  

 

Main properties:  

(1) Desired quantum numbers 

(2) Localized on a timeslice 

(3) Invariant under local gauge transformations  

π+ P (x) = ū γ5 d (x)

P(x) |0⟩ π+

P (x) = ∫SO(3)
dR ū(t, ⃗x + R ⃗z ) γ5 W(t, ⃗x + R ⃗z ← ⃗x ) d (x)

u

d
⟨0 | |0⟩

t = 0t

 statesπ

d

u

Interpolating operators in QCD (Dirac dressing)
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Interpolating operators in QCD+QED

➡ Interpolating operator for :  

➡ Under  gauge transformation:  

                                    

Physical observables and physical states are invariant under local gauge transformations! 

            [P. Dirac 1955] 

π+ P (x) = ū γ5 d (x)

U(1) ū (x) → e−i 2
3 Λ(x) ū (x)

d (x) → e−i 1
3 Λ(x) d (x)

P (x) = e−i ∫ d3y G( ⃗y − ⃗x ) ⃗∇ ⃗A (x0, ⃗y ) ū γ5 d (x), ⃗∇2G( ⃗x ) = δ3( ⃗x )

} P (x) → e−iΛ(x) P (x)
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➡ Interpolating operator for :  

➡ Under  gauge transformation:  

                                    

Physical observables and physical states are invariant under local gauge transformations! 

            [P. Dirac 1955]  

π+ P (x) = ū γ5 d (x)

U(1) ū (x) → e−i 2
3 Λ(x) ū (x)

d (x) → e−i 1
3 Λ(x) d (x)

P (x) = e−i ∫ d3y G( ⃗y − ⃗x ) ⃗∇ ⃗A (x0, ⃗y ) ū γ5 d (x), ⃗∇2G( ⃗x ) = δ3( ⃗x )

} P (x) → e−iΛ(x) P (x)

Interpolating operators in QCD+QED
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➡ Interpolating operator for :  

➡ Under  gauge transformation:  

                                    

Physical observables and physical states are invariant under local gauge transformations! 

            [P. Dirac 1955] 

(1) Desired quantum numbers 

(2) Localized on a timeslice 

(3) Invariant under local gauge transformations  

This construction of the interp. operator. works    admits a solution. (b.c.’s dependent) 

π+ P (x) = ū γ5 d (x)

U(1) ū (x) → e−i 2
3 Λ(x) ū (x)

d (x) → e−i 1
3 Λ(x) d (x)

P (x) = e−i ∫ d3y G( ⃗y − ⃗x ) ⃗∇ ⃗A (x0, ⃗y ) ū γ5 d (x), ⃗∇2G( ⃗x ) = δ3( ⃗x )

⇔ ⃗∇2G( ⃗x ) = δ3( ⃗x )

} P (x) → e−iΛ(x) P (x)

} not a unique construction!

Interpolating operators in QCD+QED
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➡ Interpolating operator for :  

➡ Under  gauge transformation:  

                                    

Physical observables and physical states are invariant under local gauge transformations! 

            [P. Dirac 1955] 

(1) Desired quantum numbers 

(2) Localized on a timeslice 

(3) Invariant under local gauge transformations  

This construction of the interp. operator. works    admits a solution. (b.c.’s dependent) 

π+ P (x) = ū γ5 d (x)

U(1) ū (x) → e−i 2
3 Λ(x) ū (x)

d (x) → e−i 1
3 Λ(x) d (x)

P (x) = e−i ∫ d3y G( ⃗y − ⃗x ) ⃗∇ ⃗A (x0, ⃗y ) ū γ5 d (x), ⃗∇2G( ⃗x ) = δ3( ⃗x )

⇔ ⃗∇2G( ⃗x ) = δ3( ⃗x )

} P (x) → e−iΛ(x) P (x)

} not a unique construction!

Interpolating operators in QCD+QED
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  such that:                          

(1) Infinite Volume:  

  

(2) Finite Volume with periodic b.c.’s 

                     !!!        no solution for  

(3) Finite Volume with C-parity b.c.’s  

      

                                                                          well defined solution for 

P (x) = e−i ∫ d3y G( ⃗y − ⃗x ) ⃗∇ ⃗A (x0, ⃗y ) ū γ5 d (x)

⃗∇2G( ⃗x ) = δ3( ⃗x ) ⟶ − ⃗p 2Ĝ( ⃗p ) = 1

G( ⃗x ) = − ∫ dp3

(2π)3
ei ⃗p ⃗x

⃗p 2 = − 1
4π ⃗x

⃗p = 2π
L

(nx, ny, nz), nk ∈ ℤ ⟶ Ĝ( ⃗0 ) = − 1
0 G( ⃗x )

⃗p = π
L

(2nx + 1,2ny + 1,2nz + 1), nk ∈ ℤ ⟶ Ĝ( ⃗x ) = − 1
L3 ∑⃗

p

ei ⃗p ⃗x

⃗p 2

G( ⃗x )

}

}

Interpolating operators in QCD+QED
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๏ Motivation for lattice QCD+QED 

๏ Challenges with charged particles in a finite box: classical picture

๏ A solution for gauge invariant interpolating operators of charged particles (C-parity bc’s) [ ]QEDC

Discussed so far:
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๏ Motivation for lattice QCD+QED 

๏ Challenges with charged particles in a finite box: classical picture

๏ A solution for gauge invariant interpolating operators of charged particles (C-parity bc’s) [ ]

๏ Other prescriptions (pros/cons):  

➡   (pure IB effects, baryon spectrum, mass splittings, HVP IB effects, …) 

➡  massive photon (decay rates, muon g-2) 

➡  (HLbL, mass splittings)

QEDC

QEDTL/QEDL

QEDM

QED∞

In the next part:
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• Four perscriptions to go around this:  

➡  Modify gauge filed: removing the global zero-mode/ spatial zero mode per timeslice ( ) 
[PRL76(1996), Prog. Theor. Phys. 120(2008)413, Science 347 (2015) 1406.4088, …] 

➡  Massive photon [PRL 117 (2016) 7, PoS LATTICE2021 (2022) 281] 

➡  [Phys. Rev. D 96 (2017), Phys. Rev. D 100 (2019) 094509] 

➡ C* boundary conditions (no zero-mode present) [JHEP 1602, 076, EPJC 80 (2020) 3, JHEP03(2023)012]

QEDTL/QEDL

QED∞

↵em

Z
d4k

(2⇡)4
1

k2
. . .

↵em

V

X

k

1

k2
. . .➡ continuum: ➡ lattice:

Many ways to QCD+QED

úRC

CRú

http://arxiv.org/abs/arXiv:1406.4088
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➡ Removing the global zero-mode/ spatial zero mode per timeslice ( ) 
[Duncan,Eichten, PRL76(1996)] 

 

➡ QED action:       

➡ Integration over the zero modes: 

QEDTL/QEDL

zμ = eLμ ∫ d4xAμ(x)

SQED( 1
eLμ

zμ + A′ μ) = S(A′ μ) + 1
Lμ

zμ ∫ d4ρμ(x)

∫ dzμ e−S(z,A′ ) = e−S(0,A′ ) ∏
μ

δ( 1
Lμ ∫ d4xρμ(x))

Modify gauge field:  approachQEDTL/QEDL

T = L0,
1
T ∫ dx0 j0(x) = t2 − t1

T
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➡ Removing the global zero-mode/ spatial zero mode per timeslice ( ) 
[Duncan,Eichten, PRL76(1996)] 

 

➡ QED action:       

➡ Integration over the zero modes: 

 

➡ Configurations where charged state is created between two interpolating operators are excluded by  

➡ No transfer matrix, 2-pt. function does not have a spectral decomposition [Borsanyi et al., Science 347 1406.4088]  

➡ In practice:  limit should be taken before fitting plateaux in effective masses and  limit

QEDTL/QEDL

zμ = eLμ ∫ d4xAμ(x)

SQED( 1
eLμ

zμ + A′ μ) = S(A′ μ) + 1
Lμ

zμ ∫ d4ρμ(x)

∫ dzμ e−S(z,A′ ) = e−S(0,A′ ) ∏
μ

δ( 1
Lμ ∫ d4xρμ(x))

δ( 1
Lμ ∫ d4xρμ(x))

L, T ⟶ ∞ a → 0

T = L0,
1
T ∫ dx0 j0(x) = t2 − t1

T

Modify gauge field:  approachQEDTL/QEDL

http://arxiv.org/abs/arXiv:1406.4088
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➡ Removing the global zero-mode/ spatial zero mode per timeslice ( ) 
[Hayakawa and Uno, Prog. Theor. Phys. 120(2008)413, Borsanyi et al., Science 347 1406.4088, ] 

 

➡ Pro:  has a transfer matrix 
!  

➡ Cons: it is a nonlocal prescription. Locality is a core property of QFT, and a fundamental assumption behind: 

✴ Renormalizability by power counting  

✴ Volume-independence of renormalization constants 

✴ Operator product expansion  

✴ Effective-theory description of long-distance physics  

✴ Symanzik improvement program 

➡ In practice:  limit should be taken before  limit

QEDTL/QEDL

zμ(t) = ∫ d3xAμ(t, x)

QEDL

L, T ⟶ ∞ a → 0

Modify gauge field:  approachQEDTL/QEDL

http://arxiv.org/abs/arXiv:1406.4088
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➡ Massive photon [Endres et al. PRL 117(2016), Bussone et al. EPJ WC:06005(2018), Clark et al. PoS LATTICE2021 (2022) 281] 

                                                 

➡ Landau gauge + mass term for the photon  

➡ Pros:     Locality is preserved  

Gauge invariance is broken in a controlled way (soflty broken)  

➡ In practice:  

➡  limit can be taken before  limit and  limit

➡  limit must be taken before the  limit

➡ Competing effect: suppresses charged states and 

➡ 2-pt. function:  

➡ In Minkowski spacetime, the theory is not manifestly unitary (negative-norm states) 

Sγ = ∫ d4x
1
e2 { 1

4 FμνFμν + 1
2ξ

(∂μAμ)2 + 1
2 mγ A2

μ}

a → 0 L, T → ∞ mγ → 0

L, T → ∞ mγ → 0

L, T → ∞

lim
mγ→0

⟨ψ(x)ψ(0)⟩ = 0 + contact terms

Massive Photon: QEDm
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➡  [Blum et al, Phys. Rev. D 96 (2017), Feng, Jun, Phys. Rev. D 100, 094509 (2019), Feng, Jin, Riberdy, PRL 128  
(2022) no.5, 052003, …] 

➡ Original method for HLbL&HVP:  

➡ QED treated analytically  

➡ No power-law corrections, FV effects exponentially suppressed by the size of the system 

➡ Stable hadron masses:  

➡ absolute size exonentially supressed, but  

➡ corerction still is only power-law suppressed compared with the correction functions 

➡ Gauge fixing needed 

➡ New proposal: allows for exponentially suppressed corrections also for hadron masses [Feng, Jun, Phys. Rev. D 
100, 094509 (2019), Feng, Jin, Riberdy, PRL 128  (2022) no.5, 052003]

QED∞

Infinite-Volume QED: QED∞
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➡ C* boundary conditions  

➡ Translations: momentum is conserved 

➡ Charge conjugation, parity, locality, gauge invariance: preserved 

➡ Flavour and charge conservation are partially violated:  

       [  is conserved ] 

➡ In practice:  

➡  limit can be consistently taken before  limit

➡ Electric charge is a linear combination of flavour charges  

✴ Unphysical decay of a few hadrons (baryons), but most protected

✴ In n-point functions involving the non-protected hadrons,  must be taken before the  
 limit 

ψf → eiαψf , ψ̄f → e−iαψ̄f , eiα = ± 1 (−1)Ff

a → 0 L, T → ∞

Q = ∑
f

nf qelFf

L → ∞
t → ∞

QED with C-parity boundary conditions

úRC

CRú

The electic field flux is forced 
not to vanish at the boundary

[Lucini et al., JHEP 1602, 076 (2016)]

[Campos et al. Eur.Phys.J.C 80 (2020) 3, Bushnaq et al. JHEP03(2023)012]

http://arxiv.org/abs/arXiv:1908.11673
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Dynamical QCD+QED with C-parity b.c.’s

úRC

CRú[Bushnaq et al. JHEP03(2023)012]

[Campos et al. Eur.Phys.J.C 80 (2020) 3, Bushnaq et al. JHEP03(2023)012]

http://arxiv.org/abs/arXiv:1908.11673


openQ*D: a versatile code for QCD+QED simulations
[openQ*D:  https://gitlab.com/rcstar/openQxD]

openQ*D

openQCD+NSPT

TH
E

O
R

Y
B

.C
.

A
LG

O
R

IT
H

M
S

&
S

O
LV

E
R

S

SU(3) pure gauge theory

QCD with Nf = 0, 1+1, 2, 2+1, . . .

U(1) pure gauge theory (compact)

dynamical QCD+QED

(anti-)periodic, SF, open, open-SF

global fermionic phase angle

C* boundary condition

flavour dependent phase angle

Hybrid Monte Carlo (HMC)

Rational HMC (RHMC)

rational approx. & frequency splitting

Multishift conjugate gradient (MSCG)

Schwarz alternating procedure (SAP)

Low mode deflation (DFL)

LF, OMF2, OMF4 symplectic integrators

Fast Fourier Transform (FFT)

...

multiple deflation subspaces

twisted mass reweighting for RHMC

rational approx. with arbitrary power

Fourier acceleration on U(1) fields

U(1) part of improved Dirac operator

Figure 1: Summary of salient features of openQ*D. Some features inherited from openQCD and
NSPT are highlighted.

scalability tests, and studies of the performance of solvers for the Dirac equation for elec-
trically charged fields. We also illustrate the outcome of some sample runs performed for
testing purposes. In figure 1, we provide a schematic view of the openQ*D functionalities.

2 Theoretical background

An overview of the main algorithmic choices made in the code will be given in this section.
The fundamental fields are the SU(3) link variable Uµ(x) and the real photon field Aµ(x).
Since only the compact formulation of QED is implemented at present, all observables are
written in terms of the U(1) link variable

zµ(x) = exp{iAµ(x)} , (2.1)

which implies that the real photon field can be restricted to ≠fi Æ Aµ(x) Æ fi with no loss
of generality. Various boundary conditions can be chosen for the gauge fields: periodic,
open [26], Schrödinger Functional (SF) [27, 28] and open–SF boundary conditions [29]
in the Euclidean time direction µ = 0, periodic and Cú boundary conditions [30–33] in

5

2

Fast, Elastic Storage for the Cloud
To build resource-efficient, high performance storage systems, we need to:

   Decouple storage from compute resources 
• Improve resource allocation flexibility with fast, 

predictable access to remote data  

   Automate storage resource management 
• Allocate resources dynamically based on app 

requirements, learned via hints or ML

[OSDI’14] IX: Dataplane OS for Fast Networking 

[EuroSys’16] Flash Storage Disaggregation 

[HotStorage’17] Rack-Scale Disaggregated Storage 

[ASPLOS’17] ReFlex: Remote Flash ≈ Local Flash 

[ATC’18a] Understanding Ephemeral Storage 
for Serverless Analytics  

[OSDI’18] Pocket: Elastic Ephemeral Storage 
for Serverless Analytics 

[ATC’18b] Selecta: ML-based Heterogeneous 
Cloud Storage Configuration 

[I. Campos, P. Fritzsch, M. Hansen, MKM, A. Patella,  A. Ramos, N. Tantalo EPJ Web Conf. 175 (2018)]

[Campos, Fritzsch, Hansen, MKM, Patella, Ramos,  Tantalo Eur.Phys.J.C 80 (2020) 3]

S. Rosso G. Ray
A. Altherr P. Tavella J. Komijani

R. Gruber F. MargariT.Harris

L. Parato

A. Cotellucci G. La Scala A. De Santis

úRC

CRú

úRC

CRú

https://gitlab.com/rcstar/openQxD.
https://arxiv.org/abs/1710.08839
http://arxiv.org/abs/arXiv:1908.11673
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๏ Motivation for lattice QCD+QED 

๏ Challenges with charged particles in a finite box: classical picture

๏ A solution for gauge invariant interpolating operators of charged particles (C-parity bc’s) [ ]

๏ Other prescriptions (pros/cons):  

➡   (pure IB effects, baryon spectrum, mass splittings, HVP IB effects, …) 

➡  massive photon (decay rates, muon g-2) 

➡  (HLbL, mass splittings)

QEDC

QEDTL/QEDL

QEDM

QED∞

Summary of Lattice Q(C+E)D



PSI Particle Physics Summer School                                                                                     August 4 - 10, 2024 

๏ How to choose the renormalization scheme for QCD+QED

๏ Detailed discussion of FV corrections

๏ Applications to HLbL contribution to the muon g-2

๏ Application to decay rates                                [see e.g. N. Tantalo 2301.02097 LATT22, M.Di Carlo LATT23] 

๏ … 

Not covered in this lecture

[Phys.Rept.887, arXiv:2006.04822]
[Snowmass22 2203.15810]

[A. Patella, arXiv:1702.03857]

[ https://indico.ph.ed.ac.uk/event/257/]

https://arxiv.org/abs/2301.02097
https://arxiv.org/abs/2006.04822
https://arxiv.org/abs/2203.15810
https://arxiv.org/abs/1702.03857
https://indico.ph.ed.ac.uk/event/257/


❖ HPCP lab, July 2024

+ A. Altherr

High Performance Computational Physics  @ 

+ P. Tavella + R. Gruber + J. Pinto Baros



Thank you!
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๏ Methods for computing IB corrections

➡ Isospin breaking (IB) effects to hadronic observables (dynamical ,
) 

➡ Expanding about isosymmetric QCD (dynamical QCD + perturbative QED)

๏ Numerical results and applications

๏ Open questions and prospects (what can you do?)

QCD + QED
QCD + QEDq

Additional slides:
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QCD+QED on the lattice
Quark and Gluon fields on the lattice

Quarks

a {
Gluon

Quarks ⇠  (n), (n)

Gluons ⇠ ”Link variables” ⇠ Parallel transporter ⇠ Uµ(n) = e
iagAµ

Marina Marinković QCD: a non-perturbative perspective PSI , 26-27 July, 2014 14 / 36

Non compact formulation  
(+gauge fixing)

Compact formulation  
(gauge invariant)

 

 

Sγ = a4 ∑
xμν

1
e2 { 1

4 FμνFμν + λ
2 ( ̂∂*μ Aμ)2}

Aμ ∈ ℝ   photon field

Fμν = ̂∂μAν − ̂∂νAμ

 

 

Sγ = 1
2e2q2

el
∑
xμν

{1 − Uμν(x)}
vμ ∈ U(1)   photon link variable

vμ(x) = eiaqel Aμ(x)

∇μψ(x) = 1
a [Uμ(x) eiaqAμ(x) ψ(x + ̂μ) − ψ(x)]

Wilson’s Dirac Operator:  Df = mf + 1
2 ∑

μ
{γμ(∇μ + ∇∗

μ ) − ∇∗
μ ∇μ}

∇μψ(x) = 1
a [Uμ(x) v ̂q

μ(x) ψ(x + ̂μ) − ψ(x)]
 - electric chargeq  - electric chargeq = ̂q qel
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QCD TREATED NON-
PERTURBATIVELY, 

 “SMALL”αem

QCD AND QED TREATED      
NON-PERTURBATIVELY,

O(αem), O(mu − md)

➡ expand about isosymmetric theory ➡ simulate QED+QCD

mu ≠ md  and  αem ≠ 0

Quark and Gluon fields on the lattice

Quarks

a {
Gluon

Quarks ⇠  (n), (n)

Gluons ⇠ ”Link variables” ⇠ Parallel transporter ⇠ Uµ(n) = e
iagAµ

Marina Marinković QCD: a non-perturbative perspective PSI , 26-27 July, 2014 14 / 36

[R123: 1303.4896, PRD87(2013)11]

Quark and Gluon fields on the lattice

Quarks

a {
Gluon

Quarks ⇠  (n), (n)

Gluons ⇠ ”Link variables” ⇠ Parallel transporter ⇠ Uµ(n) = e
iagAµ

Marina Marinković QCD: a non-perturbative perspective PSI , 26-27 July, 2014 14 / 36

[Duncan,Eichten, hep-lat/9602005, PRL76(1996), 
Blum et al. 0708.0484 PRD 76 (2007)114508, …] 
[BMW: 1406.4088 Science 347 (2015), 
QCDSF: 1509.00799, JHEP 04(2016) 093, 
RCstar: 2209.13183 JHEP 03(2023)012, …]

Beyond Isosymmetric Lattice QCD

[RBC/UKQCD: JHEP09 (2017) 153, 
PRL121(2018)022003]
[BMW: Borsanyi et al. Nature 593 (2021)7857]
[Mainz: PRD106(2022)11]

… [decay rates, see e.g. M.Di Carlo LATTICE’23]

HVP:

|
{z

}
<latexit sha1_base64="jv+u32mxZF9qv1P8QcD7+V2xg9U=">AAACEHicdVBNS8NAEJ3Ur1q/oh69BIvoqSQi6LHoxWMF+wFtKZvNpF262YTdjVBC/Qde/CtePCji1aM3/43bNgdt9cHA470ZZub5CWdKu+6XVVhaXlldK66XNja3tnfs3b2GilNJsU5jHsuWTxRyJrCumebYSiSSyOfY9IdXE795h1KxWNzqUYLdiPQFCxkl2kg9+7iTigClLwnF7P5fjHt22a24UziLxMtJGXLUevZnJ4hpGqHQlBOl2p6b6G5GpGaU47jUSRUmhA5JH9uGChKh6mbTh8bOkVECJ4ylKaGdqfpzIiORUqPIN50R0QM1703Ev7x2qsOLbsZEkmoUdLYoTLmjY2eSjhMwiVTzkSGESmZudeiAmHC0ybBkQvDmX14kjdOK51a8m7Ny9TKPowgHcAgn4ME5VOEaalAHCg/wBC/waj1az9ab9T5rLVj5zD78gvXxDRsAoGw=</latexit><latexit sha1_base64="jv+u32mxZF9qv1P8QcD7+V2xg9U=">AAACEHicdVBNS8NAEJ3Ur1q/oh69BIvoqSQi6LHoxWMF+wFtKZvNpF262YTdjVBC/Qde/CtePCji1aM3/43bNgdt9cHA470ZZub5CWdKu+6XVVhaXlldK66XNja3tnfs3b2GilNJsU5jHsuWTxRyJrCumebYSiSSyOfY9IdXE795h1KxWNzqUYLdiPQFCxkl2kg9+7iTigClLwnF7P5fjHt22a24UziLxMtJGXLUevZnJ4hpGqHQlBOl2p6b6G5GpGaU47jUSRUmhA5JH9uGChKh6mbTh8bOkVECJ4ylKaGdqfpzIiORUqPIN50R0QM1703Ev7x2qsOLbsZEkmoUdLYoTLmjY2eSjhMwiVTzkSGESmZudeiAmHC0ybBkQvDmX14kjdOK51a8m7Ny9TKPowgHcAgn4ME5VOEaalAHCg/wBC/waj1az9ab9T5rLVj5zD78gvXxDRsAoGw=</latexit><latexit sha1_base64="jv+u32mxZF9qv1P8QcD7+V2xg9U=">AAACEHicdVBNS8NAEJ3Ur1q/oh69BIvoqSQi6LHoxWMF+wFtKZvNpF262YTdjVBC/Qde/CtePCji1aM3/43bNgdt9cHA470ZZub5CWdKu+6XVVhaXlldK66XNja3tnfs3b2GilNJsU5jHsuWTxRyJrCumebYSiSSyOfY9IdXE795h1KxWNzqUYLdiPQFCxkl2kg9+7iTigClLwnF7P5fjHt22a24UziLxMtJGXLUevZnJ4hpGqHQlBOl2p6b6G5GpGaU47jUSRUmhA5JH9uGChKh6mbTh8bOkVECJ4ylKaGdqfpzIiORUqPIN50R0QM1703Ev7x2qsOLbsZEkmoUdLYoTLmjY2eSjhMwiVTzkSGESmZudeiAmHC0ybBkQvDmX14kjdOK51a8m7Ny9TKPowgHcAgn4ME5VOEaalAHCg/wBC/waj1az9ab9T5rLVj5zD78gvXxDRsAoGw=</latexit><latexit sha1_base64="jv+u32mxZF9qv1P8QcD7+V2xg9U=">AAACEHicdVBNS8NAEJ3Ur1q/oh69BIvoqSQi6LHoxWMF+wFtKZvNpF262YTdjVBC/Qde/CtePCji1aM3/43bNgdt9cHA470ZZub5CWdKu+6XVVhaXlldK66XNja3tnfs3b2GilNJsU5jHsuWTxRyJrCumebYSiSSyOfY9IdXE795h1KxWNzqUYLdiPQFCxkl2kg9+7iTigClLwnF7P5fjHt22a24UziLxMtJGXLUevZnJ4hpGqHQlBOl2p6b6G5GpGaU47jUSRUmhA5JH9uGChKh6mbTh8bOkVECJ4ylKaGdqfpzIiORUqPIN50R0QM1703Ev7x2qsOLbsZEkmoUdLYoTLmjY2eSjhMwiVTzkSGESmZudeiAmHC0ybBkQvDmX14kjdOK51a8m7Ny9TKPowgHcAgn4ME5VOEaalAHCg/wBC/waj1az9ab9T5rLVj5zD78gvXxDRsAoGw=</latexit>

https://arxiv.org/abs/1303.4896
http://arxiv.org/abs/arXiv:1406.4088
https://arxiv.org/abs/1509.00799
https://arxiv.org/abs/2209.13183
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➡ Modify gauge filed: removing the global zero-mode/ spatial zero mode per timeslice ( ) 
[PRL76(1996), Prog. Theor. Phys. 120(2008)413, Science 347 (2015) 1406.4088, …] 

➡ Massive photon [PRL 117 (2016) 7, PoS LATTICE2021 (2022) 281] 

➡  [Phys. Rev. D 96 (2017), Phys. Rev. D 100 (2019) 094509] 

➡ C* boundary conditions (no zero-mode present) [JHEP 1602, 076, EPJC 80 (2020) 3, JHEP03(2023)012]

QEDTL/QEDL

QED∞

Prescriptions for lattice QCD+QED

http://arxiv.org/abs/arXiv:1406.4088
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➡Power-law finite volume corrections to masses of stable 
states and HVP understood analytically [Fodor et al. PLB 5 
245 (2016), Davoudi, Savage, PRD90 (2014) 054503 , Bijnens et 
al.   Phys.Rev.D 100 (2019) 1, 014508] 

➡Large volume simulations: physical sizes up to  
with a  lattice already ~a decade ago 

➡Wilson fermions  

Dynamical QED+QCD: 

➡Pros: simpler observables (e.g. 2-pt for mass correction or 
3-pt functions for baryon spectrum) 

➡Cons: signal is typically 

mπL = 8.1
643 × 80

Nf = 1 + 1 + 1 + 1

O(αem)

Modified gauge field:  in practiceQEDL

BMW [Borsanyi et al.,Science 347 (2015) 1406.4088
“Ab initio calculation of the neutron-proton mass difference”

http://arxiv.org/abs/arXiv:1406.4088
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➡ Effective Mass Splittings for Charged Hadrons  

➡  causes linear rise in the effective mass 

➡ Analytically remove these effects

zμ

Massive Photon:  in practiceQEDM

[Clark et al. PoS LATTICE2021 (2022) 281]

[ Endres et al. PRL 117(2016),  
Bussone et al. EPJ WC:06005(2018),  
Clark et al. PoS LATTICE2021 (2022) 281]
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QCD TREATED NON-
PERTURBATIVELY, 

 “SMALL”αem

QCD AND QED TREATED      
NON-PERTURBATIVELY,

O(αem), O(mu − md)

➡ expand about isosymmetric theory ➡ simulate QED+QCD

mu ≠ md  and  αem ≠ 0

Quark and Gluon fields on the lattice

Quarks

a {
Gluon

Quarks ⇠  (n), (n)

Gluons ⇠ ”Link variables” ⇠ Parallel transporter ⇠ Uµ(n) = e
iagAµ
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[R123: 1303.4896, PRD87(2013)11]

Quark and Gluon fields on the lattice

Quarks

a {
Gluon

Quarks ⇠  (n), (n)

Gluons ⇠ ”Link variables” ⇠ Parallel transporter ⇠ Uµ(n) = e
iagAµ

Marina Marinković QCD: a non-perturbative perspective PSI , 26-27 July, 2014 14 / 36

[Duncan,Eichten, hep-lat/9602005, PRL76(1996), 
Blum et al. 0708.0484 PRD 76 (2007)114508, …] 
[BMW: 1406.4088 Science 347 (2015), 
QCDSF: 1509.00799, JHEP 04(2016) 093, 
RCstar: 2209.13183 JHEP 03(2023)012, …]

Beyond Isosymmetric Lattice QCD

[RBC/UKQCD: JHEP09 (2017) 153, 
PRL121(2018)022003]
[BMW: Borsanyi et al. Nature 593 (2021)7857]
[Mainz: PRD106(2022)11]

… [decay rates, see e.g. M.Di Carlo 
LATTICE’23]

HVP:

|
{z

}
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https://arxiv.org/abs/1303.4896
http://arxiv.org/abs/arXiv:1406.4088
https://arxiv.org/abs/1509.00799
https://arxiv.org/abs/2209.13183
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• Compute leading isospin breaking corrections (LIBE) 

➡ Expanding an observable (in the isospin broken theory) with respect to the isosymmetric 
QCD result 

• Applied to meson mass splitting, and more recently to HVP isospin-breaking corrections 

• Main advantage w. respect to simulating QED+QCD: 

➡ Correction contributions obtained individually (before multiplying with ,  

coef.), albeit 3-pt. and 4-pt. functions 

➡ No extrapolation in  needed

O(αem) O(mu − md)

αem

Beyond Isosymmetric Lattice QCD: à la R123
[R123: 1303.4896, PRD87(2013)11]

https://arxiv.org/abs/1303.4896


• Pros: reuse the gauge configurations generated in the isosymmetric theory 

• Reweighting:  

• For simplicity, approximate sea quarks as electrically neutral:  

• Once an appropriate renormalisation procedure is applied:                    

• Example:

Isospin Breaking Effects on the Lattice Nazario Tantalo

The graphical representation given in the last of the previous formulas, corresponding to the derivative of the quark
propagator with respect to the critical mass, is specific to the lattice Dirac operators used in this work and the ! signs
correspond, respectively, to D"

f defined in Eq. (30). In the case of standard Wilson fermions red and grey ‘‘blobs’’ would
coincide. All the disconnected contributions coming from the reweighting factor can be readily obtained by using Eq. (52).
For example,

In writing Eqs. (52) and (53) we assumed that the derivatives have been evaluated at ~g ¼ ~g0 and that the functional integral
h$iA with respect to the photon field has already been performed. Note however that, in order to apply the operator! to the
product ðR½U;A; ~g'O½U;A; ~g'Þ [see Eqs. (50) and (51) above], at fixedQED gauge background one also needs the following
expressions for the first order derivatives of the quark propagators and of the quark determinants with respect to e:

A concrete example of application of the formulas given in Eqs. (52) and (53) is represented by the correction to the S"f
quark propagators worked out below

Here quarks propagators of different flavors have been
drawn with different colors and different lines.

The formulas above have been explicitly displayed not
only because they represent the building blocks of the
derivation of the LIB corrections to the hadron masses
discussed in the following, but also for illustrating the
implications of the electroquenched approximation [see
Eq. (35) above]. This approximation is not required in
the calculation of the pion mass splitting because the quark
disconnected diagrams containing sea quark loops are ex-
actly canceled in the difference of !M!þ and !M!0 [see

Eq. (66) below]. This does not happen in the case of the
kaon mass difference; see Eq. (69). Quark disconnected
diagrams are noisy and difficult to calculate and, for this
reason, we have derived the numerical results for MKþ *
MK0 within the electroquenched approximation. The per-
turbative expansion of the electroquenched theory, i.e. the
theory corresponding to the action Se¼0

sea for the sea quarks,
is obtained in practice by setting gs ¼ g0s and

rf½U;A; ~g0' ¼ 1: (56)

G.M. DE DIVITIIS et al. PHYSICAL REVIEW D 00

10

Figure 2: LIBE corrections to the quark propagator (at fixed gauge QCD background) in the graphical notation of
ref. [7]. The contributions contained in the red box are absent in the electroquenched approximation. The contributions
contained in the blue box do not “read” the charge of the valence quarks and are therefore isosymmetric.

Figure 3: Example of a non factorable diagram contributing to the physical leptonic decay rate at O(âem). In general,
the sum of factorable contributions is not QED gauge invariant, infrared divergent and, consequently, unphysical.

the different graphical contributions can be found in ref. [7]. The contributions of Figure 2 con-
tained in the red box are absent in the electroquenched approximation. The “isosymmetric vacuum
polarization” terms, those contained in the blue box, do not “read” the charge of the valence quarks
and are expected to be sizeable (see ref. [8] for a first numerical evidence). The polarization effects
proportional to the charges of the valence quarks are a flavour SU(3) breaking effect. In the case of
pseudoscalar meson masses these can be estimated by the knowledge of the low energy constants
entering the leading order chiral perturbation theory lagrangian in presence of electromagnetic in-
teractions [12].

The starting point of the calculation of LIBE on the mass of a given hadron H is the full theory
two-point correlator

CHH(t;~g) = h OH(t) O†
H(0) i~g �! eMH =

CHH(t �1;~g)

CHH(t;~g)
+ non leading exps. , (4.2)

where OH is an interpolating operator with the quantum numbers of H. If H is a charged particle,
the correlator CHH is not QED gauge invariant. For this reason it is not possible, in general, to ex-
tract physical information directly from the residues of the different poles. This can be understood
by noting that to physical decay rates contribute diagrams as the one shown in Figure 3. On the
other hand, the mass of the hadron is gauge invariant and, provided that the parameters of the ac-
tion have been properly renormalized, both ultraviolet and infrared finite. It follows that (for large
times) the ratio CHH(t � 1;~g)/CHH(t;~g) is both gauge and renormalization group (RGI) invariant.
By expanding the numerator and the denominator of this ratio one gets a formula for LIBE on

7

R[U,A;~g,~g0] = 1

�O = O(~g)�O(~g0)

Isospin Breaking Effects on the Lattice Nazario Tantalo

lattice calculations of IBE require simulations of what we call the full theory4, i.e. QCD+QED.
Full theory observables are defined in terms of the following path-integral average5

~g =
⇣

e2,g2
s ,mu,md ,ms

⌘
, hOi~g =

R
dAe�S[A] dU e�bS[U ] ’ f det(D f [U,A;~g]) O[U,A;~g]

R
dAe�S[A] dU e�bS[U ] ’ f det(D f [U,A;~g])

.

(2.1)

The direct generation of QCD+QED gauge configurations is possible, in principle, with lattice
fermion actions such that the determinant of the single flavour is real and positive-definite. In
practice this procedure would be too much expensive or at least unpractical. It is much more
efficient to re-use the gauge configurations generated in the isosymmetric theory6,

~g0 =
⇣

0,(g0
s )

2,m0
ud ,m

0
ud ,m

0
s

⌘
, hOi~g0

=

R
dU e�b 0S[U ] ’ f det

�
D f [U ;~g0]

�
O[U ;~g0]

R
dU e�b 0S[U ] ’ f det(D f [U ;~g0])

.

(2.2)

This can be done by introducing the “QED path-integral average” and a reweighting factor

hOiA =

R
dA e�S[A] O[A]
R

dA e�S[A]
, R[U,A;~g,~g0] = e�(b�b 0)S[U ] ’

f

det(D f [U,A;~g])

det(D f [U ;~g0])
, (2.3)

and by writing hOi~g as follows

hOi~g =

⌦
R[U,A;~g,~g0] O[U,A;~g]

↵A,~g0

⌦
R[U,A;~g,~g0]

↵A,~g0 . (2.4)

The formulae above and the numerical calculations are much more simple in the so-called “elec-
troquenched” approximation, i.e. by considering sea quarks as electrically neutral particles. This
“rough” approximation leads to a non-unitary theory and is obtained by setting

R[U,A;~g,~g0] 7! 1 . (2.5)

Electroquenched QED ensembles can be obtained easily and efficiently with heat-bath algorithms.
The first pioneering lattice calculation of IBE has been performed in ref. [5] by relying on the

electroquenched approximation. In that reference and also in the more recent works on the subject
QED has been simulated in the non-compact formulation: the gauge potential Aµ(x) is a dynamical
variable and the QCD+QED links are obtained by exponentiation,

Uµ(x) 7! eie f eAµ (x) Uµ(x) . (2.6)

Imposing periodic boundary conditions for the gauge potential and a gauge fixing (here Feynman),

—�
µ Aµ(x) = 0 , S[A] =

1
2 Â

x
Aµ(x)

⇥
�—�

n —+
n
⇤

Aµ(x) , (2.7)

4We call isosymmetric theory QCD with the masses of the up and of the down set equal to the common value mud .
5The bare parameters of the full theory (ignoring heavy flavour masses) are collected in the vector ~g; b = 6/g2

s ;
Aµ (x) is the photon field, the dynamical variable in the non-compact formulation of QED (see below); D[U,A;~g] is the
preferred discretization of the Dirac operator.

6The vector ~g0 collects the bare parameters of the isosymmetric QCD.

3

~g
~g0

- bare param. of the full th 
- bare param. of isosymm. th 
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BMW [Borsanyi et al. Nature 2021, arxiv:2002.12347]

➡Staggered fermions Nf = 2 + 1 + 1

https://arxiv.org/abs/2002.12347
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QCD TREATED NON-
PERTURBATIVELY, 

 “SMALL”αem

QCD AND QED TREATED      
NON-PERTURBATIVELY,

O(αem), O(mu − md)

➡ expand about isosymmetric theory ➡ simulate QED+QCD

mu ≠ md  and  αem ≠ 0

Quark and Gluon fields on the lattice

Quarks

a {
Gluon

Quarks ⇠  (n), (n)

Gluons ⇠ ”Link variables” ⇠ Parallel transporter ⇠ Uµ(n) = e
iagAµ

Marina Marinković QCD: a non-perturbative perspective PSI , 26-27 July, 2014 14 / 36

[R123: 1303.4896, PRD87(2013)11]

Quark and Gluon fields on the lattice

Quarks

a {
Gluon

Quarks ⇠  (n), (n)

Gluons ⇠ ”Link variables” ⇠ Parallel transporter ⇠ Uµ(n) = e
iagAµ

Marina Marinković QCD: a non-perturbative perspective PSI , 26-27 July, 2014 14 / 36

[Duncan,Eichten, hep-lat/9602005, PRL76(1996), 
Blum et al. 0708.0484 PRD 76 (2007)114508, …] 
[BMW: 1406.4088 Science 347 (2015), 
QCDSF: 1509.00799, JHEP 04(2016) 093, 
RCstar: 2209.13183 JHEP 03(2023)012, …]

Beyond Isosymmetric Lattice QCD

[RBC/UKQCD: JHEP09 (2017) 153, 
PRL121(2018)022003]
[BMW: Borsanyi et al. Nature 593 (2021)7857]
[Mainz: PRD106(2022)11]

… [decay rates, see e.g. N. Tantalo 
2301.02097 LATT22, M.Di Carlo LATT23]

HVP:

|
{z

}
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https://arxiv.org/abs/1303.4896
http://arxiv.org/abs/arXiv:1406.4088
https://arxiv.org/abs/1509.00799
https://arxiv.org/abs/2209.13183
https://arxiv.org/abs/2301.02097
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Dynamical QCD+QED with C-parity b.c.’s

úRC

CRú[Bushnaq et al. JHEP03(2023)012]

[Campos et al. Eur.Phys.J.C 80 (2020) 3, Bushnaq et al. JHEP03(2023)012]

http://arxiv.org/abs/arXiv:1908.11673
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[openQ*D:  https://gitlab.com/rcstar/openQxD]

[Campos, Fritzsch, Hansen, MKM, Patella, 

Ramos,  Tantalo EPJC 80 (2020) 3]
[Illustration of the HPE Cray EX 
cabinets. Copyright: Hewlett 
Packard Enterprise]

[Illustration: cscs.ch]

[Jens Lücke @ LATT’21]

[Alessandro Cotellucci @ LATT’22]

[Paola Tavella @ LATT’22]
[Anian Altherr @ LATT’22]
[Roman Gruber @ LATT’22]
[Letizia Parato @ LATT’24]

[Jens Lücke @ LATT’21]

[Roman Gruber @ LATT’21]

[Madeline Dale @ LATT’21]
[Lucius Bushnaq @ LATT’21]

[Jens Lücke @ APLAT’20]

[MKM @ LAT’17]
[A. Patella @ LAT’17]
[M. Hansen @ LAT’17]

[Campos et al., EPJC ’20]
[Hansen et al., PRD ’18] 

[Lucini et al., JHEP ’15] 

❖ Signature: C boundary conditions
❖ QCD+QED dynamical simulations

úRC

CRú

❖ configuration generation, reweighting

❖ a first look at the baryon spectrum

❖ noise reduction techniques

❖ implementation on new hardware

[R. Gruber, Kozhevnikov MKM, Schulthess, Solca  
arXiv:2202.07388, ]

[L. Bushnaq et al. arXiv:2209.13183 JHEP 03(2023)012]

Dynamical QCD+QED with C-parity b.c.’s

Clover-Wilson fermions Nf = 1 + 2 + 1

[Roman Gruber @ LATT’24]

[Alessandro Cotellucci @ LATT’24]

https://gitlab.com/rcstar/openQxD.
http://arxiv.org/abs/arXiv:1908.11673
http://cscs.ch
https://arxiv.org/abs/2202.07388
https://arxiv.org/abs/2209.13183

