
Random matrix universality 
and modular invariance

2301.05698: with C. Marteau, W. Reeves, M. Rozali

2309.00611, 2309.02533: with W. Reeves, M. Rozali


work in progress: with J. Boruch, G. Di Ubaldo, A. Etkin, E. Perlmutter, M. Rozali

Bernoulli Center, 30/09/2024

Felix Haehl 



Signatures of chaos
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Random matrix universality is ubiquitous in nature and mathematics:

Covariance matrices of large samples 
 [Wishart ’28]
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Random matrix universality is ubiquitous in nature and mathematics:

Covariance matrices of large samples 

Statistical distribution of nuclear energy levels

Quantum spectra with classically chaotic counterpart
 [BGS ’84]

[Wigner ’55]

[Wishart ’28]
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Random matrix universality is ubiquitous in nature and mathematics:

Covariance matrices of large samples 

Statistical distribution of nuclear energy levels

Quantum spectra with classically chaotic counterpart

Distribution of zeros of Riemann zeta-function
 [Montgomery (Dyson) ‘73]

[BGS ’84]

[Wigner ’55]

[Wishart ’28]

[curiosamathematica.tumblr.com]



Random matrix universality is ubiquitous in nature and mathematics:

Covariance matrices of large samples 

Statistical distribution of nuclear energy levels

Quantum spectra with classically chaotic counterpart

Distribution of zeros of Riemann zeta-function

Many more…. 

[Montgomery (Dyson) ‘73]

[BGS ’84]

[Wigner ’55]

“What is here required is a new kind of statistical mechanics, 
in which we renounce exact knowledge                                

not of the state of the system but of the system itself.”
[Dyson]

[Wishart ’28]

Universality: statistics of eigenvalues “locally” independent of exact 
probability distribution, i.e., only depends on few general properties of the 
ensemble.   —>  can be modelled by RMT



E.g.: distribution of zeros of the 
Riemann zeta-function  

Random matrix universality can be seen in ensemble 
averages, but also in individual systems after coarse-
graining

[curiosamathematica.tumblr.com]
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Symmetries obscure RMT statistics

single GOE matrix 10  GOE blocks
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With symmetries: focus on fixed “charge sector” to see chaos
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Goal of this talk:
Propose formalism for studying random matrix statistics in systems of 
interest in holography: 2d conformal field theories


Main points:
RMT universality can be uplifted to 2d CFTs 

Interesting interplay:  RMT universality <—> rigid symmetry structure

Discover “gravity from chaos”



Outline

Holography

Quantum chaos in 2d CFT

Spinning operators and arithmetic chaos

Topological expansion



Holography



AdS/CFT duality
• Some (quantum) gravitational systems are dual to 

quantum many body systems:

Quantum gravity in       
d+1 dimensions      
(negatively curved spacetime: 
asymptotically anti-de Sitter)

QFT in d dimensions 
(with conformal symmetry)

time
[Maldacena ’97]

[Witten ’98]
[Gubser/Klebanov/Polyakov ’98]



A laboratory for quantum gravity

Quantum gravity in       
d+1 dimensions      
(negatively curved spacetime: 
asymptotically anti-de Sitter)

QFT in d dimensions 
(with conformal symmetry)

black hole geometry CFT thermal state

weakly coupled gravity strongly coupled CFT

black hole entropy thermal entropy 

of microstates



Thermal CFT partition function:
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ZCFT(�) = e�Sgrav(�)

<latexit sha1_base64="UIyWLvTcQwdqoWRJIFfC4DrvEUg=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi8cKpi20oWy2m3bpZhN2J0IJ/Q1ePCji1R/kzX/jts1BWx8MPN6bYWZemEph0HW/ndLa+sbmVnm7srO7t39QPTxqmSTTjPsskYnuhNRwKRT3UaDknVRzGoeSt8Px3cxvP3FtRKIecZLyIKZDJSLBKFrJ74Ucab9ac+vuHGSVeAWpQYFmv/rVGyQsi7lCJqkxXc9NMcipRsEkn1Z6meEpZWM65F1LFY25CfL5sVNyZpUBiRJtSyGZq78nchobM4lD2xlTHJllbyb+53UzjG6CXKg0Q67YYlGUSYIJmX1OBkJzhnJiCWVa2FsJG1FNGdp8KjYEb/nlVdK6qHtX9cuHy1rjtoijDCdwCufgwTU04B6a4AMDAc/wCm+Ocl6cd+dj0Vpyiplj+APn8wfGxI6t</latexit>

�

Factorization puzzle



Thermal CFT partition function:
<latexit sha1_base64="XVWiOUY+TeK9qHmVkk4NVAoMLSc=">AAACGHicbVDLSgNBEJz1GeNr1aOXwSDEg3FXRL0IwYB4jGiimMQwO+kkg7MPZnqDYclnePFXvHhQxGtu/o2TuIKvgoaiqpvuLi+SQqPjvFsTk1PTM7OZuez8wuLSsr2yWtVhrDhUeChDdeUxDVIEUEGBEq4iBcz3JFx6t6WRf9kDpUUYXGA/gobPOoFoC87QSE1757pZR7jDpHRyMcjXPUC2RY8o3CTb56nTUaz3ZQ2ads4pOGPQv8RNSY6kKDftYb0V8tiHALlkWtdcJ8JGwhQKLmGQrccaIsZvWQdqhgbMB91Ixo8N6KZRWrQdKlMB0rH6fSJhvtZ93zOdPsOu/u2NxP+8Woztw0YigihGCPjnonYsKYZ0lBJtCQUcZd8QxpUwt1LeZYpxNFlmTQju75f/kupuwd0v7J3t5YrHaRwZsk42SJ645IAUySkpkwrh5J48kmfyYj1YT9ar9fbZOmGlM2vkB6zhB9WHn6s=</latexit>

ZCFT(�) = e�Sgrav(�)

<latexit sha1_base64="UIyWLvTcQwdqoWRJIFfC4DrvEUg=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi8cKpi20oWy2m3bpZhN2J0IJ/Q1ePCji1R/kzX/jts1BWx8MPN6bYWZemEph0HW/ndLa+sbmVnm7srO7t39QPTxqmSTTjPsskYnuhNRwKRT3UaDknVRzGoeSt8Px3cxvP3FtRKIecZLyIKZDJSLBKFrJ74Ucab9ac+vuHGSVeAWpQYFmv/rVGyQsi7lCJqkxXc9NMcipRsEkn1Z6meEpZWM65F1LFY25CfL5sVNyZpUBiRJtSyGZq78nchobM4lD2xlTHJllbyb+53UzjG6CXKg0Q67YYlGUSYIJmX1OBkJzhnJiCWVa2FsJG1FNGdp8KjYEb/nlVdK6qHtX9cuHy1rjtoijDCdwCufgwTU04B6a4AMDAc/wCm+Ocl6cd+dj0Vpyiplj+APn8wfGxI6t</latexit>

�

What if the boundary conditions consist of two CFTs?

<latexit sha1_base64="Ug/4sFm/U5NTM0bcnJriGyyFuys=">AAACIXicbZDLSgNBEEV74ivG16hLN41BUJAwE0SFIIiCuFRITDAThp5ORZv0POiuEcOQX3Hjr7hxoYg78WfsPASNFjRc7qmium6QSKHRcT6s3NT0zOxcfr6wsLi0vGKvrl3pOFUcajyWsWoETIMUEdRQoIRGooCFgYR60D0d8PodKC3iqIq9BFohu4lER3CGxvLtw2vfQ7jH7PSsuuv2t70AkPnuDvV2f5LyNykbUvEqR9S3i07JGRb9K9yxKJJxXfj2u9eOeRpChFwyrZuuk2ArYwoFl9AveKmGhPEuu4GmkRELQbey4YV9umWcNu3EyrwI6dD9OZGxUOteGJjOkOGtnmQD8z/WTLFz2MpElKQIER8t6qSSYkwHcdG2UMBR9oxgXAnzV8pvmWIcTagFE4I7efJfcVUuufulvcu94vHJOI482SCbZJu45IAck3NyQWqEkwfyRF7Iq/VoPVtv1vuoNWeNZ9bJr7I+vwAva6ED</latexit>

ZCFT,1(�1)ZCFT,2(�2) =

Factorization puzzle



Thermal CFT partition function:
<latexit sha1_base64="XVWiOUY+TeK9qHmVkk4NVAoMLSc=">AAACGHicbVDLSgNBEJz1GeNr1aOXwSDEg3FXRL0IwYB4jGiimMQwO+kkg7MPZnqDYclnePFXvHhQxGtu/o2TuIKvgoaiqpvuLi+SQqPjvFsTk1PTM7OZuez8wuLSsr2yWtVhrDhUeChDdeUxDVIEUEGBEq4iBcz3JFx6t6WRf9kDpUUYXGA/gobPOoFoC87QSE1757pZR7jDpHRyMcjXPUC2RY8o3CTb56nTUaz3ZQ2ads4pOGPQv8RNSY6kKDftYb0V8tiHALlkWtdcJ8JGwhQKLmGQrccaIsZvWQdqhgbMB91Ixo8N6KZRWrQdKlMB0rH6fSJhvtZ93zOdPsOu/u2NxP+8Woztw0YigihGCPjnonYsKYZ0lBJtCQUcZd8QxpUwt1LeZYpxNFlmTQju75f/kupuwd0v7J3t5YrHaRwZsk42SJ645IAUySkpkwrh5J48kmfyYj1YT9ar9fbZOmGlM2vkB6zhB9WHn6s=</latexit>

ZCFT(�) = e�Sgrav(�)

<latexit sha1_base64="UIyWLvTcQwdqoWRJIFfC4DrvEUg=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi8cKpi20oWy2m3bpZhN2J0IJ/Q1ePCji1R/kzX/jts1BWx8MPN6bYWZemEph0HW/ndLa+sbmVnm7srO7t39QPTxqmSTTjPsskYnuhNRwKRT3UaDknVRzGoeSt8Px3cxvP3FtRKIecZLyIKZDJSLBKFrJ74Ucab9ac+vuHGSVeAWpQYFmv/rVGyQsi7lCJqkxXc9NMcipRsEkn1Z6meEpZWM65F1LFY25CfL5sVNyZpUBiRJtSyGZq78nchobM4lD2xlTHJllbyb+53UzjG6CXKg0Q67YYlGUSYIJmX1OBkJzhnJiCWVa2FsJG1FNGdp8KjYEb/nlVdK6qHtX9cuHy1rjtoijDCdwCufgwTU04B6a4AMDAc/wCm+Ocl6cd+dj0Vpyiplj+APn8wfGxI6t</latexit>

�

What if the boundary conditions consist of two CFTs?

<latexit sha1_base64="Ug/4sFm/U5NTM0bcnJriGyyFuys=">AAACIXicbZDLSgNBEEV74ivG16hLN41BUJAwE0SFIIiCuFRITDAThp5ORZv0POiuEcOQX3Hjr7hxoYg78WfsPASNFjRc7qmium6QSKHRcT6s3NT0zOxcfr6wsLi0vGKvrl3pOFUcajyWsWoETIMUEdRQoIRGooCFgYR60D0d8PodKC3iqIq9BFohu4lER3CGxvLtw2vfQ7jH7PSsuuv2t70AkPnuDvV2f5LyNykbUvEqR9S3i07JGRb9K9yxKJJxXfj2u9eOeRpChFwyrZuuk2ArYwoFl9AveKmGhPEuu4GmkRELQbey4YV9umWcNu3EyrwI6dD9OZGxUOteGJjOkOGtnmQD8z/WTLFz2MpElKQIER8t6qSSYkwHcdG2UMBR9oxgXAnzV8pvmWIcTagFE4I7efJfcVUuufulvcu94vHJOI482SCbZJu45IAck3NyQWqEkwfyRF7Iq/VoPVtv1vuoNWeNZ9bJr7I+vwAva6ED</latexit>

ZCFT,1(�1)ZCFT,2(�2) =

<latexit sha1_base64="adUzitUYci9ByxF5Mx2hW/GaB2E=">AAAB+HicbVDLSgNBEOz1GeMjqx69DAZBEMKuBPVm0IvHCOYByRJmJ5NkyOyDmV4hLvslXjwo4tVP8ebfOEn2oIkFDUVVN91dfiyFRsf5tlZW19Y3Ngtbxe2d3b2SvX/Q1FGiGG+wSEaq7VPNpQh5AwVK3o4Vp4Evecsf30791iNXWkThA05i7gV0GIqBYBSN1LNLXY2UjRWX6XWWnmU9u+xUnBnIMnFzUoYc9Z791e1HLAl4iExSrTuuE6OXUoWCSZ4Vu4nmsdlAh7xjaEgDrr10dnhGTozSJ4NImQqRzNTfEykNtJ4EvukMKI70ojcV//M6CQ6uvFSEcYI8ZPNFg0QSjMg0BdIXijOUE0MoU8LcStiIKsrQZFU0IbiLLy+T5nnFvahU76vl2k0eRwGO4BhOwYVLqMEd1KEBDBJ4hld4s56sF+vd+pi3rlj5zCH8gfX5AwqLk1k=</latexit>

?
+

Factorization puzzle



Thermal CFT partition function:
<latexit sha1_base64="XVWiOUY+TeK9qHmVkk4NVAoMLSc=">AAACGHicbVDLSgNBEJz1GeNr1aOXwSDEg3FXRL0IwYB4jGiimMQwO+kkg7MPZnqDYclnePFXvHhQxGtu/o2TuIKvgoaiqpvuLi+SQqPjvFsTk1PTM7OZuez8wuLSsr2yWtVhrDhUeChDdeUxDVIEUEGBEq4iBcz3JFx6t6WRf9kDpUUYXGA/gobPOoFoC87QSE1757pZR7jDpHRyMcjXPUC2RY8o3CTb56nTUaz3ZQ2ads4pOGPQv8RNSY6kKDftYb0V8tiHALlkWtdcJ8JGwhQKLmGQrccaIsZvWQdqhgbMB91Ixo8N6KZRWrQdKlMB0rH6fSJhvtZ93zOdPsOu/u2NxP+8Woztw0YigihGCPjnonYsKYZ0lBJtCQUcZd8QxpUwt1LeZYpxNFlmTQju75f/kupuwd0v7J3t5YrHaRwZsk42SJ645IAUySkpkwrh5J48kmfyYj1YT9ar9fbZOmGlM2vkB6zhB9WHn6s=</latexit>

ZCFT(�) = e�Sgrav(�)

<latexit sha1_base64="UIyWLvTcQwdqoWRJIFfC4DrvEUg=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi8cKpi20oWy2m3bpZhN2J0IJ/Q1ePCji1R/kzX/jts1BWx8MPN6bYWZemEph0HW/ndLa+sbmVnm7srO7t39QPTxqmSTTjPsskYnuhNRwKRT3UaDknVRzGoeSt8Px3cxvP3FtRKIecZLyIKZDJSLBKFrJ74Ucab9ac+vuHGSVeAWpQYFmv/rVGyQsi7lCJqkxXc9NMcipRsEkn1Z6meEpZWM65F1LFY25CfL5sVNyZpUBiRJtSyGZq78nchobM4lD2xlTHJllbyb+53UzjG6CXKg0Q67YYlGUSYIJmX1OBkJzhnJiCWVa2FsJG1FNGdp8KjYEb/nlVdK6qHtX9cuHy1rjtoijDCdwCufgwTU04B6a4AMDAc/wCm+Ocl6cd+dj0Vpyiplj+APn8wfGxI6t</latexit>

�

What if the boundary conditions consist of two CFTs?

<latexit sha1_base64="Ug/4sFm/U5NTM0bcnJriGyyFuys=">AAACIXicbZDLSgNBEEV74ivG16hLN41BUJAwE0SFIIiCuFRITDAThp5ORZv0POiuEcOQX3Hjr7hxoYg78WfsPASNFjRc7qmium6QSKHRcT6s3NT0zOxcfr6wsLi0vGKvrl3pOFUcajyWsWoETIMUEdRQoIRGooCFgYR60D0d8PodKC3iqIq9BFohu4lER3CGxvLtw2vfQ7jH7PSsuuv2t70AkPnuDvV2f5LyNykbUvEqR9S3i07JGRb9K9yxKJJxXfj2u9eOeRpChFwyrZuuk2ArYwoFl9AveKmGhPEuu4GmkRELQbey4YV9umWcNu3EyrwI6dD9OZGxUOteGJjOkOGtnmQD8z/WTLFz2MpElKQIER8t6qSSYkwHcdG2UMBR9oxgXAnzV8pvmWIcTagFE4I7efJfcVUuufulvcu94vHJOI482SCbZJu45IAck3NyQWqEkwfyRF7Iq/VoPVtv1vuoNWeNZ9bJr7I+vwAva6ED</latexit>

ZCFT,1(�1)ZCFT,2(�2) =

<latexit sha1_base64="adUzitUYci9ByxF5Mx2hW/GaB2E=">AAAB+HicbVDLSgNBEOz1GeMjqx69DAZBEMKuBPVm0IvHCOYByRJmJ5NkyOyDmV4hLvslXjwo4tVP8ebfOEn2oIkFDUVVN91dfiyFRsf5tlZW19Y3Ngtbxe2d3b2SvX/Q1FGiGG+wSEaq7VPNpQh5AwVK3o4Vp4Evecsf30791iNXWkThA05i7gV0GIqBYBSN1LNLXY2UjRWX6XWWnmU9u+xUnBnIMnFzUoYc9Z791e1HLAl4iExSrTuuE6OXUoWCSZ4Vu4nmsdlAh7xjaEgDrr10dnhGTozSJ4NImQqRzNTfEykNtJ4EvukMKI70ojcV//M6CQ6uvFSEcYI8ZPNFg0QSjMg0BdIXijOUE0MoU8LcStiIKsrQZFU0IbiLLy+T5nnFvahU76vl2k0eRwGO4BhOwYVLqMEd1KEBDBJ4hld4s56sF+vd+pi3rlj5zCH8gfX5AwqLk1k=</latexit>

?
+

<latexit sha1_base64="DxbKTTKkuDyl4i9GmZdP1QaEPgk=">AAAB+XicbVDLSgNBEOz1GeNr1aOXwSAIQtiVoN4S9OIxgnlAsoTZSW8yZPbBzGwgLPkTLx4U8eqfePNvnCR70MSChqKqm+4uPxFcacf5ttbWNza3tgs7xd29/YND++i4qeJUMmywWMSy7VOFgkfY0FwLbCcSaegLbPmj+5nfGqNUPI6e9CRBL6SDiAecUW2knm13laZsJFFk1eo0u5z27JJTduYgq8TNSQly1Hv2V7cfszTESDNBleq4TqK9jErNmcBpsZsqTMwKOsCOoRENUXnZ/PIpOTdKnwSxNBVpMld/T2Q0VGoS+qYzpHqolr2Z+J/XSXVw62U8SlKNEVssClJBdExmMZA+l8i0mBhCmeTmVsKGVFKmTVhFE4K7/PIqaV6V3ety5bFSqt3lcRTgFM7gAly4gRo8QB0awGAMz/AKb1ZmvVjv1seidc3KZ07gD6zPH5SRk6I=</latexit>

??
+

<latexit sha1_base64="aCTa8yx2+SVjk3ZhnGRgB7v/O6c=">AAACA3icbVDLSsNAFJ3UV62vqDvdDBZBUEoiRd216MZlBfuAJpTJZNIOnTyYuRFKCLjxV9y4UMStP+HOv3H6WGjrgQuHc+7l3nu8RHAFlvVtFJaWV1bXiuuljc2t7R1zd6+l4lRS1qSxiGXHI4oJHrEmcBCsk0hGQk+wtje8GfvtByYVj6N7GCXMDUk/4gGnBLTUMw8cBYQOJRNZrZZnpzl2zrAj/BhUzyxbFWsCvEjsGSmjGRo988vxY5qGLAIqiFJd20rAzYgETgXLS06qWKKXkT7rahqRkCk3m/yQ42Ot+DiIpa4I8ET9PZGRUKlR6OnOkMBAzXtj8T+vm0Jw5WY8SlJgEZ0uClKBIcbjQLDPJaMgRpoQKrm+FdMBkYSCjq2kQ7DnX14krfOKfVGp3lXL9etZHEV0iI7QCbLRJaqjW9RATUTRI3pGr+jNeDJejHfjY9paMGYz++gPjM8fT8CXUA==</latexit>

??
+ . . .

Factorization puzzle



Thermal CFT partition function:
<latexit sha1_base64="XVWiOUY+TeK9qHmVkk4NVAoMLSc=">AAACGHicbVDLSgNBEJz1GeNr1aOXwSDEg3FXRL0IwYB4jGiimMQwO+kkg7MPZnqDYclnePFXvHhQxGtu/o2TuIKvgoaiqpvuLi+SQqPjvFsTk1PTM7OZuez8wuLSsr2yWtVhrDhUeChDdeUxDVIEUEGBEq4iBcz3JFx6t6WRf9kDpUUYXGA/gobPOoFoC87QSE1757pZR7jDpHRyMcjXPUC2RY8o3CTb56nTUaz3ZQ2ads4pOGPQv8RNSY6kKDftYb0V8tiHALlkWtdcJ8JGwhQKLmGQrccaIsZvWQdqhgbMB91Ixo8N6KZRWrQdKlMB0rH6fSJhvtZ93zOdPsOu/u2NxP+8Woztw0YigihGCPjnonYsKYZ0lBJtCQUcZd8QxpUwt1LeZYpxNFlmTQju75f/kupuwd0v7J3t5YrHaRwZsk42SJ645IAUySkpkwrh5J48kmfyYj1YT9ar9fbZOmGlM2vkB6zhB9WHn6s=</latexit>

ZCFT(�) = e�Sgrav(�)

<latexit sha1_base64="UIyWLvTcQwdqoWRJIFfC4DrvEUg=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi8cKpi20oWy2m3bpZhN2J0IJ/Q1ePCji1R/kzX/jts1BWx8MPN6bYWZemEph0HW/ndLa+sbmVnm7srO7t39QPTxqmSTTjPsskYnuhNRwKRT3UaDknVRzGoeSt8Px3cxvP3FtRKIecZLyIKZDJSLBKFrJ74Ucab9ac+vuHGSVeAWpQYFmv/rVGyQsi7lCJqkxXc9NMcipRsEkn1Z6meEpZWM65F1LFY25CfL5sVNyZpUBiRJtSyGZq78nchobM4lD2xlTHJllbyb+53UzjG6CXKg0Q67YYlGUSYIJmX1OBkJzhnJiCWVa2FsJG1FNGdp8KjYEb/nlVdK6qHtX9cuHy1rjtoijDCdwCufgwTU04B6a4AMDAc/wCm+Ocl6cd+dj0Vpyiplj+APn8wfGxI6t</latexit>

�

What if the boundary conditions consist of two CFTs?

<latexit sha1_base64="Ug/4sFm/U5NTM0bcnJriGyyFuys=">AAACIXicbZDLSgNBEEV74ivG16hLN41BUJAwE0SFIIiCuFRITDAThp5ORZv0POiuEcOQX3Hjr7hxoYg78WfsPASNFjRc7qmium6QSKHRcT6s3NT0zOxcfr6wsLi0vGKvrl3pOFUcajyWsWoETIMUEdRQoIRGooCFgYR60D0d8PodKC3iqIq9BFohu4lER3CGxvLtw2vfQ7jH7PSsuuv2t70AkPnuDvV2f5LyNykbUvEqR9S3i07JGRb9K9yxKJJxXfj2u9eOeRpChFwyrZuuk2ArYwoFl9AveKmGhPEuu4GmkRELQbey4YV9umWcNu3EyrwI6dD9OZGxUOteGJjOkOGtnmQD8z/WTLFz2MpElKQIER8t6qSSYkwHcdG2UMBR9oxgXAnzV8pvmWIcTagFE4I7efJfcVUuufulvcu94vHJOI482SCbZJu45IAck3NyQWqEkwfyRF7Iq/VoPVtv1vuoNWeNZ9bJr7I+vwAva6ED</latexit>

ZCFT,1(�1)ZCFT,2(�2) =

<latexit sha1_base64="adUzitUYci9ByxF5Mx2hW/GaB2E=">AAAB+HicbVDLSgNBEOz1GeMjqx69DAZBEMKuBPVm0IvHCOYByRJmJ5NkyOyDmV4hLvslXjwo4tVP8ebfOEn2oIkFDUVVN91dfiyFRsf5tlZW19Y3Ngtbxe2d3b2SvX/Q1FGiGG+wSEaq7VPNpQh5AwVK3o4Vp4Evecsf30791iNXWkThA05i7gV0GIqBYBSN1LNLXY2UjRWX6XWWnmU9u+xUnBnIMnFzUoYc9Z791e1HLAl4iExSrTuuE6OXUoWCSZ4Vu4nmsdlAh7xjaEgDrr10dnhGTozSJ4NImQqRzNTfEykNtJ4EvukMKI70ojcV//M6CQ6uvFSEcYI8ZPNFg0QSjMg0BdIXijOUE0MoU8LcStiIKsrQZFU0IbiLLy+T5nnFvahU76vl2k0eRwGO4BhOwYVLqMEd1KEBDBJ4hld4s56sF+vd+pi3rlj5zCH8gfX5AwqLk1k=</latexit>

?
+

<latexit sha1_base64="DxbKTTKkuDyl4i9GmZdP1QaEPgk=">AAAB+XicbVDLSgNBEOz1GeNr1aOXwSAIQtiVoN4S9OIxgnlAsoTZSW8yZPbBzGwgLPkTLx4U8eqfePNvnCR70MSChqKqm+4uPxFcacf5ttbWNza3tgs7xd29/YND++i4qeJUMmywWMSy7VOFgkfY0FwLbCcSaegLbPmj+5nfGqNUPI6e9CRBL6SDiAecUW2knm13laZsJFFk1eo0u5z27JJTduYgq8TNSQly1Hv2V7cfszTESDNBleq4TqK9jErNmcBpsZsqTMwKOsCOoRENUXnZ/PIpOTdKnwSxNBVpMld/T2Q0VGoS+qYzpHqolr2Z+J/XSXVw62U8SlKNEVssClJBdExmMZA+l8i0mBhCmeTmVsKGVFKmTVhFE4K7/PIqaV6V3ety5bFSqt3lcRTgFM7gAly4gRo8QB0awGAMz/AKb1ZmvVjv1seidc3KZ07gD6zPH5SRk6I=</latexit>

??
+

<latexit sha1_base64="aCTa8yx2+SVjk3ZhnGRgB7v/O6c=">AAACA3icbVDLSsNAFJ3UV62vqDvdDBZBUEoiRd216MZlBfuAJpTJZNIOnTyYuRFKCLjxV9y4UMStP+HOv3H6WGjrgQuHc+7l3nu8RHAFlvVtFJaWV1bXiuuljc2t7R1zd6+l4lRS1qSxiGXHI4oJHrEmcBCsk0hGQk+wtje8GfvtByYVj6N7GCXMDUk/4gGnBLTUMw8cBYQOJRNZrZZnpzl2zrAj/BhUzyxbFWsCvEjsGSmjGRo988vxY5qGLAIqiFJd20rAzYgETgXLS06qWKKXkT7rahqRkCk3m/yQ42Ot+DiIpa4I8ET9PZGRUKlR6OnOkMBAzXtj8T+vm0Jw5WY8SlJgEZ0uClKBIcbjQLDPJaMgRpoQKrm+FdMBkYSCjq2kQ7DnX14krfOKfVGp3lXL9etZHEV0iI7QCbLRJaqjW9RATUTRI3pGr+jNeDJejHfjY9paMGYz++gPjM8fT8CXUA==</latexit>

??
+ . . .

factorized not factorized
[Van Raamsdonk ’10]

[Saad/Shenker/Stanford ’19]

Factorization puzzle



Thermal CFT partition function:
<latexit sha1_base64="XVWiOUY+TeK9qHmVkk4NVAoMLSc=">AAACGHicbVDLSgNBEJz1GeNr1aOXwSDEg3FXRL0IwYB4jGiimMQwO+kkg7MPZnqDYclnePFXvHhQxGtu/o2TuIKvgoaiqpvuLi+SQqPjvFsTk1PTM7OZuez8wuLSsr2yWtVhrDhUeChDdeUxDVIEUEGBEq4iBcz3JFx6t6WRf9kDpUUYXGA/gobPOoFoC87QSE1757pZR7jDpHRyMcjXPUC2RY8o3CTb56nTUaz3ZQ2ads4pOGPQv8RNSY6kKDftYb0V8tiHALlkWtdcJ8JGwhQKLmGQrccaIsZvWQdqhgbMB91Ixo8N6KZRWrQdKlMB0rH6fSJhvtZ93zOdPsOu/u2NxP+8Woztw0YigihGCPjnonYsKYZ0lBJtCQUcZd8QxpUwt1LeZYpxNFlmTQju75f/kupuwd0v7J3t5YrHaRwZsk42SJ645IAUySkpkwrh5J48kmfyYj1YT9ar9fbZOmGlM2vkB6zhB9WHn6s=</latexit>

ZCFT(�) = e�Sgrav(�)

<latexit sha1_base64="UIyWLvTcQwdqoWRJIFfC4DrvEUg=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi8cKpi20oWy2m3bpZhN2J0IJ/Q1ePCji1R/kzX/jts1BWx8MPN6bYWZemEph0HW/ndLa+sbmVnm7srO7t39QPTxqmSTTjPsskYnuhNRwKRT3UaDknVRzGoeSt8Px3cxvP3FtRKIecZLyIKZDJSLBKFrJ74Ucab9ac+vuHGSVeAWpQYFmv/rVGyQsi7lCJqkxXc9NMcipRsEkn1Z6meEpZWM65F1LFY25CfL5sVNyZpUBiRJtSyGZq78nchobM4lD2xlTHJllbyb+53UzjG6CXKg0Q67YYlGUSYIJmX1OBkJzhnJiCWVa2FsJG1FNGdp8KjYEb/nlVdK6qHtX9cuHy1rjtoijDCdwCufgwTU04B6a4AMDAc/wCm+Ocl6cd+dj0Vpyiplj+APn8wfGxI6t</latexit>

�

What if the boundary conditions consist of two CFTs?

<latexit sha1_base64="Ug/4sFm/U5NTM0bcnJriGyyFuys=">AAACIXicbZDLSgNBEEV74ivG16hLN41BUJAwE0SFIIiCuFRITDAThp5ORZv0POiuEcOQX3Hjr7hxoYg78WfsPASNFjRc7qmium6QSKHRcT6s3NT0zOxcfr6wsLi0vGKvrl3pOFUcajyWsWoETIMUEdRQoIRGooCFgYR60D0d8PodKC3iqIq9BFohu4lER3CGxvLtw2vfQ7jH7PSsuuv2t70AkPnuDvV2f5LyNykbUvEqR9S3i07JGRb9K9yxKJJxXfj2u9eOeRpChFwyrZuuk2ArYwoFl9AveKmGhPEuu4GmkRELQbey4YV9umWcNu3EyrwI6dD9OZGxUOteGJjOkOGtnmQD8z/WTLFz2MpElKQIER8t6qSSYkwHcdG2UMBR9oxgXAnzV8pvmWIcTagFE4I7efJfcVUuufulvcu94vHJOI482SCbZJu45IAck3NyQWqEkwfyRF7Iq/VoPVtv1vuoNWeNZ9bJr7I+vwAva6ED</latexit>

ZCFT,1(�1)ZCFT,2(�2) =

<latexit sha1_base64="adUzitUYci9ByxF5Mx2hW/GaB2E=">AAAB+HicbVDLSgNBEOz1GeMjqx69DAZBEMKuBPVm0IvHCOYByRJmJ5NkyOyDmV4hLvslXjwo4tVP8ebfOEn2oIkFDUVVN91dfiyFRsf5tlZW19Y3Ngtbxe2d3b2SvX/Q1FGiGG+wSEaq7VPNpQh5AwVK3o4Vp4Evecsf30791iNXWkThA05i7gV0GIqBYBSN1LNLXY2UjRWX6XWWnmU9u+xUnBnIMnFzUoYc9Z791e1HLAl4iExSrTuuE6OXUoWCSZ4Vu4nmsdlAh7xjaEgDrr10dnhGTozSJ4NImQqRzNTfEykNtJ4EvukMKI70ojcV//M6CQ6uvFSEcYI8ZPNFg0QSjMg0BdIXijOUE0MoU8LcStiIKsrQZFU0IbiLLy+T5nnFvahU76vl2k0eRwGO4BhOwYVLqMEd1KEBDBJ4hld4s56sF+vd+pi3rlj5zCH8gfX5AwqLk1k=</latexit>

?
+

<latexit sha1_base64="DxbKTTKkuDyl4i9GmZdP1QaEPgk=">AAAB+XicbVDLSgNBEOz1GeNr1aOXwSAIQtiVoN4S9OIxgnlAsoTZSW8yZPbBzGwgLPkTLx4U8eqfePNvnCR70MSChqKqm+4uPxFcacf5ttbWNza3tgs7xd29/YND++i4qeJUMmywWMSy7VOFgkfY0FwLbCcSaegLbPmj+5nfGqNUPI6e9CRBL6SDiAecUW2knm13laZsJFFk1eo0u5z27JJTduYgq8TNSQly1Hv2V7cfszTESDNBleq4TqK9jErNmcBpsZsqTMwKOsCOoRENUXnZ/PIpOTdKnwSxNBVpMld/T2Q0VGoS+qYzpHqolr2Z+J/XSXVw62U8SlKNEVssClJBdExmMZA+l8i0mBhCmeTmVsKGVFKmTVhFE4K7/PIqaV6V3ety5bFSqt3lcRTgFM7gAly4gRo8QB0awGAMz/AKb1ZmvVjv1seidc3KZ07gD6zPH5SRk6I=</latexit>

??
+

<latexit sha1_base64="aCTa8yx2+SVjk3ZhnGRgB7v/O6c=">AAACA3icbVDLSsNAFJ3UV62vqDvdDBZBUEoiRd216MZlBfuAJpTJZNIOnTyYuRFKCLjxV9y4UMStP+HOv3H6WGjrgQuHc+7l3nu8RHAFlvVtFJaWV1bXiuuljc2t7R1zd6+l4lRS1qSxiGXHI4oJHrEmcBCsk0hGQk+wtje8GfvtByYVj6N7GCXMDUk/4gGnBLTUMw8cBYQOJRNZrZZnpzl2zrAj/BhUzyxbFWsCvEjsGSmjGRo988vxY5qGLAIqiFJd20rAzYgETgXLS06qWKKXkT7rahqRkCk3m/yQ42Ot+DiIpa4I8ET9PZGRUKlR6OnOkMBAzXtj8T+vm0Jw5WY8SlJgEZ0uClKBIcbjQLDPJaMgRpoQKrm+FdMBkYSCjq2kQ7DnX14krfOKfVGp3lXL9etZHEV0iI7QCbLRJaqjW9RATUTRI3pGr+jNeDJejHfjY9paMGYz++gPjM8fT8CXUA==</latexit>

??
+ . . .

?

<latexit sha1_base64="GExURnQQW+IaXAU4DoQFaEuQldE=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkVI9FLx4r2A9oQ9lsJ+3SzSbsboQS+iO8eFDEq7/Hm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJaPZpqgH9GR5CFn1Fip0xdUjgQOyhW36i5A1omXkwrkaA7KX/1hzNIIpWGCat3z3MT4GV WGM4GzUj/VmFA2oSPsWSpphNrPFufOyIVVhiSMlS1pyEL9PZHRSOtpFNjOiJqxXvXm4n9eLzXhjZ9xmaQGJVsuClNBTEzmv5MhV8iMmFpCmeL2VsLGVFFmbEIlG4K3+vI6aV9VvXq19lCrNG7zOIpwBudwCR5cQwPuoQktYDCBZ3iFNydxXpx352PZWnDymVP4A+fzB1sQj5g=</latexit>

h
<latexit sha1_base64="wHEmvlhtW/b5WVjcub7Mn1wiHRo=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkVI9FLx4r2A9oQ9lsJ+3SzSbsboQS+iO8eFDEq7/Hm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJaPZpqgH9GR5CFn1Fip01dUjgQOyhW36i5A1omXkwrkaA7KX/1hzNIIpWGCat3z3MT4GVWGM4GzUj/VmFA2oSPsWSpphNrPFufOyIVVhiSMlS1pyEL9PZHRSOtpFNjOiJqxXvXm4n9eLzXhjZ9xmaQGJVsuClNBTEzmv5MhV8iMmFpCmeL2VsLGVFFmbEIlG4K3+vI6aV9VvXq19lCrNG7zOIpwBudwCR5cQwPuoQktYDCBZ3iFNydxXpx352PZWnDymVP4A+fzB2RGj54=</latexit>

i

[Van Raamsdonk ’10]

[Saad/Shenker/Stanford ’19]

Factorization puzzle



<latexit sha1_base64="adUzitUYci9ByxF5Mx2hW/GaB2E=">AAAB+HicbVDLSgNBEOz1GeMjqx69DAZBEMKuBPVm0IvHCOYByRJmJ5NkyOyDmV4hLvslXjwo4tVP8ebfOEn2oIkFDUVVN91dfiyFRsf5tlZW19Y3Ngtbxe2d3b2SvX/Q1FGiGG+wSEaq7VPNpQh5AwVK3o4Vp4Evecsf30791iNXWkThA05i7gV0GIqBYBSN1LNLXY2UjRWX6XWWnmU9u+xUnBnIMnFzUoYc9Z791e1HLAl4iExSrTuuE6OXUoWCSZ4Vu4nmsdlAh7xjaEgDrr10dnhGTozSJ4NImQqRzNTfEykNtJ4EvukMKI70ojcV//M6CQ6uvFSEcYI8ZPNFg0QSjMg0BdIXijOUE0MoU8LcStiIKsrQZFU0IbiLLy+T5nnFvahU76vl2k0eRwGO4BhOwYVLqMEd1KEBDBJ4hld4s56sF+vd+pi3rlj5zCH8gfX5AwqLk1k=</latexit>

?
+

<latexit sha1_base64="DxbKTTKkuDyl4i9GmZdP1QaEPgk=">AAAB+XicbVDLSgNBEOz1GeNr1aOXwSAIQtiVoN4S9OIxgnlAsoTZSW8yZPbBzGwgLPkTLx4U8eqfePNvnCR70MSChqKqm+4uPxFcacf5ttbWNza3tgs7xd29/YND++i4qeJUMmywWMSy7VOFgkfY0FwLbCcSaegLbPmj+5nfGqNUPI6e9CRBL6SDiAecUW2knm13laZsJFFk1eo0u5z27JJTduYgq8TNSQly1Hv2V7cfszTESDNBleq4TqK9jErNmcBpsZsqTMwKOsCOoRENUXnZ/PIpOTdKnwSxNBVpMld/T2Q0VGoS+qYzpHqolr2Z+J/XSXVw62U8SlKNEVssClJBdExmMZA+l8i0mBhCmeTmVsKGVFKmTVhFE4K7/PIqaV6V3ety5bFSqt3lcRTgFM7gAly4gRo8QB0awGAMz/AKb1ZmvVjv1seidc3KZ07gD6zPH5SRk6I=</latexit>

??
+

<latexit sha1_base64="aCTa8yx2+SVjk3ZhnGRgB7v/O6c=">AAACA3icbVDLSsNAFJ3UV62vqDvdDBZBUEoiRd216MZlBfuAJpTJZNIOnTyYuRFKCLjxV9y4UMStP+HOv3H6WGjrgQuHc+7l3nu8RHAFlvVtFJaWV1bXiuuljc2t7R1zd6+l4lRS1qSxiGXHI4oJHrEmcBCsk0hGQk+wtje8GfvtByYVj6N7GCXMDUk/4gGnBLTUMw8cBYQOJRNZrZZnpzl2zrAj/BhUzyxbFWsCvEjsGSmjGRo988vxY5qGLAIqiFJd20rAzYgETgXLS06qWKKXkT7rahqRkCk3m/yQ42Ot+DiIpa4I8ET9PZGRUKlR6OnOkMBAzXtj8T+vm0Jw5WY8SlJgEZ0uClKBIcbjQLDPJaMgRpoQKrm+FdMBkYSCjq2kQ7DnX14krfOKfVGp3lXL9etZHEV0iI7QCbLRJaqjW9RATUTRI3pGr+jNeDJejHfjY9paMGYz++gPjM8fT8CXUA==</latexit>

??
+ . . .

<latexit sha1_base64="Ug/4sFm/U5NTM0bcnJriGyyFuys=">AAACIXicbZDLSgNBEEV74ivG16hLN41BUJAwE0SFIIiCuFRITDAThp5ORZv0POiuEcOQX3Hjr7hxoYg78WfsPASNFjRc7qmium6QSKHRcT6s3NT0zOxcfr6wsLi0vGKvrl3pOFUcajyWsWoETIMUEdRQoIRGooCFgYR60D0d8PodKC3iqIq9BFohu4lER3CGxvLtw2vfQ7jH7PSsuuv2t70AkPnuDvV2f5LyNykbUvEqR9S3i07JGRb9K9yxKJJxXfj2u9eOeRpChFwyrZuuk2ArYwoFl9AveKmGhPEuu4GmkRELQbey4YV9umWcNu3EyrwI6dD9OZGxUOteGJjOkOGtnmQD8z/WTLFz2MpElKQIER8t6qSSYkwHcdG2UMBR9oxgXAnzV8pvmWIcTagFE4I7efJfcVUuufulvcu94vHJOI482SCbZJu45IAck3NyQWqEkwfyRF7Iq/VoPVtv1vuoNWeNZ9bJr7I+vwAva6ED</latexit>

ZCFT,1(�1)ZCFT,2(�2) =

[Saad/Shenker/Stanford ’19] …

For 2d gravity:  dual to random matrix theory 

Average over random matrices

<latexit sha1_base64="GExURnQQW+IaXAU4DoQFaEuQldE=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkVI9FLx4r2A9oQ9lsJ+3SzSbsboQS+iO8eFDEq7/Hm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJaPZpqgH9GR5CFn1Fip0xdUjgQOyhW36i5A1omXkwrkaA7KX/1hzNIIpWGCat3z3MT4GVWGM4GzUj/VmFA2oSPsWSpphNrPFufOyIVVhiSMlS1pyEL9PZHRSOtpFNjOiJqxXvXm4n9eLzXhjZ9xmaQGJVsuClNBTEzmv5MhV8iMmFpCmeL2VsLGVFFmbEIlG4K3+vI6aV9VvXq19lCrNG7zOIpwBudwCR5cQwPuoQktYDCBZ3iFNydxXpx352PZWnDymVP4A+fzB1sQj5g=</latexit>

h
<latexit sha1_base64="wHEmvlhtW/b5WVjcub7Mn1wiHRo=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkVI9FLx4r2A9oQ9lsJ+3SzSbsboQS+iO8eFDEq7/Hm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJaPZpqgH9GR5CFn1Fip01dUjgQOyhW36i5A1omXkwrkaA7KX/1hzNIIpWGCat3z3MT4GVWGM4GzUj/VmFA2oSPsWSpphNrPFufOyIVVhiSMlS1pyEL9PZHRSOtpFNjOiJqxXvXm4n9eLzXhjZ9xmaQGJVsuClNBTEzmv5MhV8iMmFpCmeL2VsLGVFFmbEIlG4K3+vI6aV9VvXq19lCrNG7zOIpwBudwCR5cQwPuoQktYDCBZ3iFNydxXpx352PZWnDymVP4A+fzB2RGj54=</latexit>

i

?



<latexit sha1_base64="adUzitUYci9ByxF5Mx2hW/GaB2E=">AAAB+HicbVDLSgNBEOz1GeMjqx69DAZBEMKuBPVm0IvHCOYByRJmJ5NkyOyDmV4hLvslXjwo4tVP8ebfOEn2oIkFDUVVN91dfiyFRsf5tlZW19Y3Ngtbxe2d3b2SvX/Q1FGiGG+wSEaq7VPNpQh5AwVK3o4Vp4Evecsf30791iNXWkThA05i7gV0GIqBYBSN1LNLXY2UjRWX6XWWnmU9u+xUnBnIMnFzUoYc9Z791e1HLAl4iExSrTuuE6OXUoWCSZ4Vu4nmsdlAh7xjaEgDrr10dnhGTozSJ4NImQqRzNTfEykNtJ4EvukMKI70ojcV//M6CQ6uvFSEcYI8ZPNFg0QSjMg0BdIXijOUE0MoU8LcStiIKsrQZFU0IbiLLy+T5nnFvahU76vl2k0eRwGO4BhOwYVLqMEd1KEBDBJ4hld4s56sF+vd+pi3rlj5zCH8gfX5AwqLk1k=</latexit>

?
+

<latexit sha1_base64="DxbKTTKkuDyl4i9GmZdP1QaEPgk=">AAAB+XicbVDLSgNBEOz1GeNr1aOXwSAIQtiVoN4S9OIxgnlAsoTZSW8yZPbBzGwgLPkTLx4U8eqfePNvnCR70MSChqKqm+4uPxFcacf5ttbWNza3tgs7xd29/YND++i4qeJUMmywWMSy7VOFgkfY0FwLbCcSaegLbPmj+5nfGqNUPI6e9CRBL6SDiAecUW2knm13laZsJFFk1eo0u5z27JJTduYgq8TNSQly1Hv2V7cfszTESDNBleq4TqK9jErNmcBpsZsqTMwKOsCOoRENUXnZ/PIpOTdKnwSxNBVpMld/T2Q0VGoS+qYzpHqolr2Z+J/XSXVw62U8SlKNEVssClJBdExmMZA+l8i0mBhCmeTmVsKGVFKmTVhFE4K7/PIqaV6V3ety5bFSqt3lcRTgFM7gAly4gRo8QB0awGAMz/AKb1ZmvVjv1seidc3KZ07gD6zPH5SRk6I=</latexit>

??
+

<latexit sha1_base64="aCTa8yx2+SVjk3ZhnGRgB7v/O6c=">AAACA3icbVDLSsNAFJ3UV62vqDvdDBZBUEoiRd216MZlBfuAJpTJZNIOnTyYuRFKCLjxV9y4UMStP+HOv3H6WGjrgQuHc+7l3nu8RHAFlvVtFJaWV1bXiuuljc2t7R1zd6+l4lRS1qSxiGXHI4oJHrEmcBCsk0hGQk+wtje8GfvtByYVj6N7GCXMDUk/4gGnBLTUMw8cBYQOJRNZrZZnpzl2zrAj/BhUzyxbFWsCvEjsGSmjGRo988vxY5qGLAIqiFJd20rAzYgETgXLS06qWKKXkT7rahqRkCk3m/yQ42Ot+DiIpa4I8ET9PZGRUKlR6OnOkMBAzXtj8T+vm0Jw5WY8SlJgEZ0uClKBIcbjQLDPJaMgRpoQKrm+FdMBkYSCjq2kQ7DnX14krfOKfVGp3lXL9etZHEV0iI7QCbLRJaqjW9RATUTRI3pGr+jNeDJejHfjY9paMGYz++gPjM8fT8CXUA==</latexit>

??
+ . . .

<latexit sha1_base64="Ug/4sFm/U5NTM0bcnJriGyyFuys=">AAACIXicbZDLSgNBEEV74ivG16hLN41BUJAwE0SFIIiCuFRITDAThp5ORZv0POiuEcOQX3Hjr7hxoYg78WfsPASNFjRc7qmium6QSKHRcT6s3NT0zOxcfr6wsLi0vGKvrl3pOFUcajyWsWoETIMUEdRQoIRGooCFgYR60D0d8PodKC3iqIq9BFohu4lER3CGxvLtw2vfQ7jH7PSsuuv2t70AkPnuDvV2f5LyNykbUvEqR9S3i07JGRb9K9yxKJJxXfj2u9eOeRpChFwyrZuuk2ArYwoFl9AveKmGhPEuu4GmkRELQbey4YV9umWcNu3EyrwI6dD9OZGxUOteGJjOkOGtnmQD8z/WTLFz2MpElKQIER8t6qSSYkwHcdG2UMBR9oxgXAnzV8pvmWIcTagFE4I7efJfcVUuufulvcu94vHJOI482SCbZJu45IAck3NyQWqEkwfyRF7Iq/VoPVtv1vuoNWeNZ9bJr7I+vwAva6ED</latexit>

ZCFT,1(�1)ZCFT,2(�2) =

[Saad/Shenker/Stanford ’19] …

For 2d gravity:  dual to random matrix theory 

Average over random matrices

In higher dimensions:  no obvious ensemble

Nevertheless, interesting wormhole 
geometries exist (and predict RMT 
universality) 

<latexit sha1_base64="boOF5V+yqJgtFsfV7mA1Zfw8Tlc=">AAACG3icbZDLSsNAFIYnXmu9RV26CRahgoSkpLHuim5cVrAXbEOYTCft0MmFmYlQQt7Dja/ixoUirgQXvo3TNAttPTDw8f/nzJz5vZgSLgzjW1lZXVvf2Cxtlbd3dvf21YPDDo8ShnAbRTRiPQ9yTEmI24IIinsxwzDwKO56k+uZ333AjJMovBPTGDsBHIXEJwgKKblqLR3kl/TZyHNSQ7cs26jXzw3dMA27buVgXjbs7L46EDBxzbPMVStSzUtbBrOACiiq5aqfg2GEkgCHAlHIed80YuGkkAmCKM7Kg4TjGKIJHOG+xBAGmDtpvlamnUplqPkRkycUWq7+nkhhwPk08GRnAMWYL3oz8T+vnwi/4aQkjBOBQzR/yE+oJiJtFpQ2JAwjQacSIGJE7qqhMWQQCRlnWYZgLn55GTo13bR169aqNK+KOErgGJyAKjDBBWiCG9ACbYDAI3gGr+BNeVJelHflY966ohQzR+BPKV8/8J+c+g==</latexit>

Z(⌧1)
<latexit sha1_base64="sn7T5YQf9N7oTrhx1Ynm9yzC9Ak=">AAACG3icbZDLSsNAFIYnXmu9RV26CRahgoSkpLHuim5cVrAXTEKYTKft0MmFmYlQQt7Dja/ixoUirgQXvo3TtAttPTDw8f/nzJz5g4QSLgzjW1lZXVvf2Cxtlbd3dvf21YPDDo9ThnAbxTRmvQByTEmE24IIinsJwzAMKO4G4+up333AjJM4uhOTBHshHEZkQBAUUvLVWuYWlzhsGHiZoVuWbdTr54ZumIZdtwowLxt2fl91BUz92lnuqxWpFqUtgzmHCphXy1c/3X6M0hBHAlHIuWMaifAyyARBFOdlN+U4gWgMh9iRGMEQcy8r1sq1U6n0tUHM5ImEVqi/JzIYcj4JA9kZQjHii95U/M9zUjFoeBmJklTgCM0eGqRUE7E2DUrrE4aRoBMJEDEid9XQCDKIhIyzLEMwF7+8DJ2abtq6dWtVmlfzOErgGJyAKjDBBWiCG9ACbYDAI3gGr+BNeVJelHflY9a6osxnjsCfUr5+APIlnPs=</latexit>

Z(⌧2)

[Cotler/Jensen ’20] …

<latexit sha1_base64="GExURnQQW+IaXAU4DoQFaEuQldE=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkVI9FLx4r2A9oQ9lsJ+3SzSbsboQS+iO8eFDEq7/Hm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJaPZpqgH9GR5CFn1Fip0xdUjgQOyhW36i5A1omXkwrkaA7KX/1hzNIIpWGCat3z3MT4GVWGM4GzUj/VmFA2oSPsWSpphNrPFufOyIVVhiSMlS1pyEL9PZHRSOtpFNjOiJqxXvXm4n9eLzXhjZ9xmaQGJVsuClNBTEzmv5MhV8iMmFpCmeL2VsLGVFFmbEIlG4K3+vI6aV9VvXq19lCrNG7zOIpwBudwCR5cQwPuoQktYDCBZ3iFNydxXpx352PZWnDymVP4A+fzB1sQj5g=</latexit>

h
<latexit sha1_base64="wHEmvlhtW/b5WVjcub7Mn1wiHRo=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkVI9FLx4r2A9oQ9lsJ+3SzSbsboQS+iO8eFDEq7/Hm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJaPZpqgH9GR5CFn1Fip01dUjgQOyhW36i5A1omXkwrkaA7KX/1hzNIIpWGCat3z3MT4GVWGM4GzUj/VmFA2oSPsWSpphNrPFufOyIVVhiSMlS1pyEL9PZHRSOtpFNjOiJqxXvXm4n9eLzXhjZ9xmaQGJVsuClNBTEzmv5MhV8iMmFpCmeL2VsLGVFFmbEIlG4K3+vI6aV9VvXq19lCrNG7zOIpwBudwCR5cQwPuoQktYDCBZ3iFNydxXpx352PZWnDymVP4A+fzB2RGj54=</latexit>

i

?



<latexit sha1_base64="adUzitUYci9ByxF5Mx2hW/GaB2E=">AAAB+HicbVDLSgNBEOz1GeMjqx69DAZBEMKuBPVm0IvHCOYByRJmJ5NkyOyDmV4hLvslXjwo4tVP8ebfOEn2oIkFDUVVN91dfiyFRsf5tlZW19Y3Ngtbxe2d3b2SvX/Q1FGiGG+wSEaq7VPNpQh5AwVK3o4Vp4Evecsf30791iNXWkThA05i7gV0GIqBYBSN1LNLXY2UjRWX6XWWnmU9u+xUnBnIMnFzUoYc9Z791e1HLAl4iExSrTuuE6OXUoWCSZ4Vu4nmsdlAh7xjaEgDrr10dnhGTozSJ4NImQqRzNTfEykNtJ4EvukMKI70ojcV//M6CQ6uvFSEcYI8ZPNFg0QSjMg0BdIXijOUE0MoU8LcStiIKsrQZFU0IbiLLy+T5nnFvahU76vl2k0eRwGO4BhOwYVLqMEd1KEBDBJ4hld4s56sF+vd+pi3rlj5zCH8gfX5AwqLk1k=</latexit>

?
+

<latexit sha1_base64="DxbKTTKkuDyl4i9GmZdP1QaEPgk=">AAAB+XicbVDLSgNBEOz1GeNr1aOXwSAIQtiVoN4S9OIxgnlAsoTZSW8yZPbBzGwgLPkTLx4U8eqfePNvnCR70MSChqKqm+4uPxFcacf5ttbWNza3tgs7xd29/YND++i4qeJUMmywWMSy7VOFgkfY0FwLbCcSaegLbPmj+5nfGqNUPI6e9CRBL6SDiAecUW2knm13laZsJFFk1eo0u5z27JJTduYgq8TNSQly1Hv2V7cfszTESDNBleq4TqK9jErNmcBpsZsqTMwKOsCOoRENUXnZ/PIpOTdKnwSxNBVpMld/T2Q0VGoS+qYzpHqolr2Z+J/XSXVw62U8SlKNEVssClJBdExmMZA+l8i0mBhCmeTmVsKGVFKmTVhFE4K7/PIqaV6V3ety5bFSqt3lcRTgFM7gAly4gRo8QB0awGAMz/AKb1ZmvVjv1seidc3KZ07gD6zPH5SRk6I=</latexit>

??
+

<latexit sha1_base64="aCTa8yx2+SVjk3ZhnGRgB7v/O6c=">AAACA3icbVDLSsNAFJ3UV62vqDvdDBZBUEoiRd216MZlBfuAJpTJZNIOnTyYuRFKCLjxV9y4UMStP+HOv3H6WGjrgQuHc+7l3nu8RHAFlvVtFJaWV1bXiuuljc2t7R1zd6+l4lRS1qSxiGXHI4oJHrEmcBCsk0hGQk+wtje8GfvtByYVj6N7GCXMDUk/4gGnBLTUMw8cBYQOJRNZrZZnpzl2zrAj/BhUzyxbFWsCvEjsGSmjGRo988vxY5qGLAIqiFJd20rAzYgETgXLS06qWKKXkT7rahqRkCk3m/yQ42Ot+DiIpa4I8ET9PZGRUKlR6OnOkMBAzXtj8T+vm0Jw5WY8SlJgEZ0uClKBIcbjQLDPJaMgRpoQKrm+FdMBkYSCjq2kQ7DnX14krfOKfVGp3lXL9etZHEV0iI7QCbLRJaqjW9RATUTRI3pGr+jNeDJejHfjY9paMGYz++gPjM8fT8CXUA==</latexit>

??
+ . . .

<latexit sha1_base64="Ug/4sFm/U5NTM0bcnJriGyyFuys=">AAACIXicbZDLSgNBEEV74ivG16hLN41BUJAwE0SFIIiCuFRITDAThp5ORZv0POiuEcOQX3Hjr7hxoYg78WfsPASNFjRc7qmium6QSKHRcT6s3NT0zOxcfr6wsLi0vGKvrl3pOFUcajyWsWoETIMUEdRQoIRGooCFgYR60D0d8PodKC3iqIq9BFohu4lER3CGxvLtw2vfQ7jH7PSsuuv2t70AkPnuDvV2f5LyNykbUvEqR9S3i07JGRb9K9yxKJJxXfj2u9eOeRpChFwyrZuuk2ArYwoFl9AveKmGhPEuu4GmkRELQbey4YV9umWcNu3EyrwI6dD9OZGxUOteGJjOkOGtnmQD8z/WTLFz2MpElKQIER8t6qSSYkwHcdG2UMBR9oxgXAnzV8pvmWIcTagFE4I7efJfcVUuufulvcu94vHJOI482SCbZJu45IAck3NyQWqEkwfyRF7Iq/VoPVtv1vuoNWeNZ9bJr7I+vwAva6ED</latexit>

ZCFT,1(�1)ZCFT,2(�2) =

[Saad/Shenker/Stanford ’19] …

For 2d gravity:  dual to random matrix theory 

Average over random matrices

One idea:  average over ensemble of approximate CFTs
[Belin/de Boer ’20]  [+ Anous, Jafferis, Liska, Nayak, Sonner] … [Chandra/Collier/Hartman/Maloney ‘22] …


In higher dimensions:  no obvious ensemble

Nevertheless, interesting wormhole 
geometries exist (and predict RMT 
universality) 

<latexit sha1_base64="boOF5V+yqJgtFsfV7mA1Zfw8Tlc=">AAACG3icbZDLSsNAFIYnXmu9RV26CRahgoSkpLHuim5cVrAXbEOYTCft0MmFmYlQQt7Dja/ixoUirgQXvo3TNAttPTDw8f/nzJz5vZgSLgzjW1lZXVvf2Cxtlbd3dvf21YPDDo8ShnAbRTRiPQ9yTEmI24IIinsxwzDwKO56k+uZ333AjJMovBPTGDsBHIXEJwgKKblqLR3kl/TZyHNSQ7cs26jXzw3dMA27buVgXjbs7L46EDBxzbPMVStSzUtbBrOACiiq5aqfg2GEkgCHAlHIed80YuGkkAmCKM7Kg4TjGKIJHOG+xBAGmDtpvlamnUplqPkRkycUWq7+nkhhwPk08GRnAMWYL3oz8T+vnwi/4aQkjBOBQzR/yE+oJiJtFpQ2JAwjQacSIGJE7qqhMWQQCRlnWYZgLn55GTo13bR169aqNK+KOErgGJyAKjDBBWiCG9ACbYDAI3gGr+BNeVJelHflY966ohQzR+BPKV8/8J+c+g==</latexit>

Z(⌧1)
<latexit sha1_base64="sn7T5YQf9N7oTrhx1Ynm9yzC9Ak=">AAACG3icbZDLSsNAFIYnXmu9RV26CRahgoSkpLHuim5cVrAXTEKYTKft0MmFmYlQQt7Dja/ixoUirgQXvo3TtAttPTDw8f/nzJz5g4QSLgzjW1lZXVvf2Cxtlbd3dvf21YPDDo9ThnAbxTRmvQByTEmE24IIinsJwzAMKO4G4+up333AjJM4uhOTBHshHEZkQBAUUvLVWuYWlzhsGHiZoVuWbdTr54ZumIZdtwowLxt2fl91BUz92lnuqxWpFqUtgzmHCphXy1c/3X6M0hBHAlHIuWMaifAyyARBFOdlN+U4gWgMh9iRGMEQcy8r1sq1U6n0tUHM5ImEVqi/JzIYcj4JA9kZQjHii95U/M9zUjFoeBmJklTgCM0eGqRUE7E2DUrrE4aRoBMJEDEid9XQCDKIhIyzLEMwF7+8DJ2abtq6dWtVmlfzOErgGJyAKjDBBWiCG9ACbYDAI3gGr+BNeVJelHflY9a6osxnjsCfUr5+APIlnPs=</latexit>

Z(⌧2)

[Cotler/Jensen ’20] …

<latexit sha1_base64="GExURnQQW+IaXAU4DoQFaEuQldE=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkVI9FLx4r2A9oQ9lsJ+3SzSbsboQS+iO8eFDEq7/Hm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJaPZpqgH9GR5CFn1Fip0xdUjgQOyhW36i5A1omXkwrkaA7KX/1hzNIIpWGCat3z3MT4GVWGM4GzUj/VmFA2oSPsWSpphNrPFufOyIVVhiSMlS1pyEL9PZHRSOtpFNjOiJqxXvXm4n9eLzXhjZ9xmaQGJVsuClNBTEzmv5MhV8iMmFpCmeL2VsLGVFFmbEIlG4K3+vI6aV9VvXq19lCrNG7zOIpwBudwCR5cQwPuoQktYDCBZ3iFNydxXpx352PZWnDymVP4A+fzB1sQj5g=</latexit>

h
<latexit sha1_base64="wHEmvlhtW/b5WVjcub7Mn1wiHRo=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkVI9FLx4r2A9oQ9lsJ+3SzSbsboQS+iO8eFDEq7/Hm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJaPZpqgH9GR5CFn1Fip01dUjgQOyhW36i5A1omXkwrkaA7KX/1hzNIIpWGCat3z3MT4GVWGM4GzUj/VmFA2oSPsWSpphNrPFufOyIVVhiSMlS1pyEL9PZHRSOtpFNjOiJqxXvXm4n9eLzXhjZ9xmaQGJVsuClNBTEzmv5MhV8iMmFpCmeL2VsLGVFFmbEIlG4K3+vI6aV9VvXq19lCrNG7zOIpwBudwCR5cQwPuoQktYDCBZ3iFNydxXpx352PZWnDymVP4A+fzB2RGj54=</latexit>

i

?



<latexit sha1_base64="adUzitUYci9ByxF5Mx2hW/GaB2E=">AAAB+HicbVDLSgNBEOz1GeMjqx69DAZBEMKuBPVm0IvHCOYByRJmJ5NkyOyDmV4hLvslXjwo4tVP8ebfOEn2oIkFDUVVN91dfiyFRsf5tlZW19Y3Ngtbxe2d3b2SvX/Q1FGiGG+wSEaq7VPNpQh5AwVK3o4Vp4Evecsf30791iNXWkThA05i7gV0GIqBYBSN1LNLXY2UjRWX6XWWnmU9u+xUnBnIMnFzUoYc9Z791e1HLAl4iExSrTuuE6OXUoWCSZ4Vu4nmsdlAh7xjaEgDrr10dnhGTozSJ4NImQqRzNTfEykNtJ4EvukMKI70ojcV//M6CQ6uvFSEcYI8ZPNFg0QSjMg0BdIXijOUE0MoU8LcStiIKsrQZFU0IbiLLy+T5nnFvahU76vl2k0eRwGO4BhOwYVLqMEd1KEBDBJ4hld4s56sF+vd+pi3rlj5zCH8gfX5AwqLk1k=</latexit>

?
+

<latexit sha1_base64="DxbKTTKkuDyl4i9GmZdP1QaEPgk=">AAAB+XicbVDLSgNBEOz1GeNr1aOXwSAIQtiVoN4S9OIxgnlAsoTZSW8yZPbBzGwgLPkTLx4U8eqfePNvnCR70MSChqKqm+4uPxFcacf5ttbWNza3tgs7xd29/YND++i4qeJUMmywWMSy7VOFgkfY0FwLbCcSaegLbPmj+5nfGqNUPI6e9CRBL6SDiAecUW2knm13laZsJFFk1eo0u5z27JJTduYgq8TNSQly1Hv2V7cfszTESDNBleq4TqK9jErNmcBpsZsqTMwKOsCOoRENUXnZ/PIpOTdKnwSxNBVpMld/T2Q0VGoS+qYzpHqolr2Z+J/XSXVw62U8SlKNEVssClJBdExmMZA+l8i0mBhCmeTmVsKGVFKmTVhFE4K7/PIqaV6V3ety5bFSqt3lcRTgFM7gAly4gRo8QB0awGAMz/AKb1ZmvVjv1seidc3KZ07gD6zPH5SRk6I=</latexit>

??
+

<latexit sha1_base64="aCTa8yx2+SVjk3ZhnGRgB7v/O6c=">AAACA3icbVDLSsNAFJ3UV62vqDvdDBZBUEoiRd216MZlBfuAJpTJZNIOnTyYuRFKCLjxV9y4UMStP+HOv3H6WGjrgQuHc+7l3nu8RHAFlvVtFJaWV1bXiuuljc2t7R1zd6+l4lRS1qSxiGXHI4oJHrEmcBCsk0hGQk+wtje8GfvtByYVj6N7GCXMDUk/4gGnBLTUMw8cBYQOJRNZrZZnpzl2zrAj/BhUzyxbFWsCvEjsGSmjGRo988vxY5qGLAIqiFJd20rAzYgETgXLS06qWKKXkT7rahqRkCk3m/yQ42Ot+DiIpa4I8ET9PZGRUKlR6OnOkMBAzXtj8T+vm0Jw5WY8SlJgEZ0uClKBIcbjQLDPJaMgRpoQKrm+FdMBkYSCjq2kQ7DnX14krfOKfVGp3lXL9etZHEV0iI7QCbLRJaqjW9RATUTRI3pGr+jNeDJejHfjY9paMGYz++gPjM8fT8CXUA==</latexit>

??
+ . . .

<latexit sha1_base64="Ug/4sFm/U5NTM0bcnJriGyyFuys=">AAACIXicbZDLSgNBEEV74ivG16hLN41BUJAwE0SFIIiCuFRITDAThp5ORZv0POiuEcOQX3Hjr7hxoYg78WfsPASNFjRc7qmium6QSKHRcT6s3NT0zOxcfr6wsLi0vGKvrl3pOFUcajyWsWoETIMUEdRQoIRGooCFgYR60D0d8PodKC3iqIq9BFohu4lER3CGxvLtw2vfQ7jH7PSsuuv2t70AkPnuDvV2f5LyNykbUvEqR9S3i07JGRb9K9yxKJJxXfj2u9eOeRpChFwyrZuuk2ArYwoFl9AveKmGhPEuu4GmkRELQbey4YV9umWcNu3EyrwI6dD9OZGxUOteGJjOkOGtnmQD8z/WTLFz2MpElKQIER8t6qSSYkwHcdG2UMBR9oxgXAnzV8pvmWIcTagFE4I7efJfcVUuufulvcu94vHJOI482SCbZJu45IAck3NyQWqEkwfyRF7Iq/VoPVtv1vuoNWeNZ9bJr7I+vwAva6ED</latexit>

ZCFT,1(�1)ZCFT,2(�2) =

[Saad/Shenker/Stanford ’19] …

For 2d gravity:  dual to random matrix theory 

Average over random matrices

One idea:  average over ensemble of approximate CFTs
[Belin/de Boer ’20]  [+ Anous, Jafferis, Liska, Nayak, Sonner] … [Chandra/Collier/Hartman/Maloney ‘22] …


Focus of this talk:  (i) average microcanonically over a single CFT
[Pollack/Rozali/Sully/Wakeham ’20] … 

[FH/Marteau/Reeves/Rozali ’23] [Di Ubaldo/Perlmutter ’23] …


[Boruch/Di Ubaldo/FH/Perlmutter/Rozali  (to appear)]


(ii) uplift structure of SSS matrix model to 2d: “RMT2 ”

In higher dimensions:  no obvious ensemble

Nevertheless, interesting wormhole 
geometries exist (and predict RMT 
universality) 

<latexit sha1_base64="boOF5V+yqJgtFsfV7mA1Zfw8Tlc=">AAACG3icbZDLSsNAFIYnXmu9RV26CRahgoSkpLHuim5cVrAXbEOYTCft0MmFmYlQQt7Dja/ixoUirgQXvo3TNAttPTDw8f/nzJz5vZgSLgzjW1lZXVvf2Cxtlbd3dvf21YPDDo8ShnAbRTRiPQ9yTEmI24IIinsxwzDwKO56k+uZ333AjJMovBPTGDsBHIXEJwgKKblqLR3kl/TZyHNSQ7cs26jXzw3dMA27buVgXjbs7L46EDBxzbPMVStSzUtbBrOACiiq5aqfg2GEkgCHAlHIed80YuGkkAmCKM7Kg4TjGKIJHOG+xBAGmDtpvlamnUplqPkRkycUWq7+nkhhwPk08GRnAMWYL3oz8T+vnwi/4aQkjBOBQzR/yE+oJiJtFpQ2JAwjQacSIGJE7qqhMWQQCRlnWYZgLn55GTo13bR169aqNK+KOErgGJyAKjDBBWiCG9ACbYDAI3gGr+BNeVJelHflY966ohQzR+BPKV8/8J+c+g==</latexit>

Z(⌧1)
<latexit sha1_base64="sn7T5YQf9N7oTrhx1Ynm9yzC9Ak=">AAACG3icbZDLSsNAFIYnXmu9RV26CRahgoSkpLHuim5cVrAXTEKYTKft0MmFmYlQQt7Dja/ixoUirgQXvo3TtAttPTDw8f/nzJz5g4QSLgzjW1lZXVvf2Cxtlbd3dvf21YPDDo9ThnAbxTRmvQByTEmE24IIinsJwzAMKO4G4+up333AjJM4uhOTBHshHEZkQBAUUvLVWuYWlzhsGHiZoVuWbdTr54ZumIZdtwowLxt2fl91BUz92lnuqxWpFqUtgzmHCphXy1c/3X6M0hBHAlHIuWMaifAyyARBFOdlN+U4gWgMh9iRGMEQcy8r1sq1U6n0tUHM5ImEVqi/JzIYcj4JA9kZQjHii95U/M9zUjFoeBmJklTgCM0eGqRUE7E2DUrrE4aRoBMJEDEid9XQCDKIhIyzLEMwF7+8DJ2abtq6dWtVmlfzOErgGJyAKjDBBWiCG9ACbYDAI3gGr+BNeVJelHflY9a6osxnjsCfUr5+APIlnPs=</latexit>

Z(⌧2)

[Cotler/Jensen ’20] …

<latexit sha1_base64="GExURnQQW+IaXAU4DoQFaEuQldE=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkVI9FLx4r2A9oQ9lsJ+3SzSbsboQS+iO8eFDEq7/Hm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJaPZpqgH9GR5CFn1Fip0xdUjgQOyhW36i5A1omXkwrkaA7KX/1hzNIIpWGCat3z3MT4GVWGM4GzUj/VmFA2oSPsWSpphNrPFufOyIVVhiSMlS1pyEL9PZHRSOtpFNjOiJqxXvXm4n9eLzXhjZ9xmaQGJVsuClNBTEzmv5MhV8iMmFpCmeL2VsLGVFFmbEIlG4K3+vI6aV9VvXq19lCrNG7zOIpwBudwCR5cQwPuoQktYDCBZ3iFNydxXpx352PZWnDymVP4A+fzB1sQj5g=</latexit>

h
<latexit sha1_base64="wHEmvlhtW/b5WVjcub7Mn1wiHRo=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkVI9FLx4r2A9oQ9lsJ+3SzSbsboQS+iO8eFDEq7/Hm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJaPZpqgH9GR5CFn1Fip01dUjgQOyhW36i5A1omXkwrkaA7KX/1hzNIIpWGCat3z3MT4GVWGM4GzUj/VmFA2oSPsWSpphNrPFufOyIVVhiSMlS1pyEL9PZHRSOtpFNjOiJqxXvXm4n9eLzXhjZ9xmaQGJVsuClNBTEzmv5MhV8iMmFpCmeL2VsLGVFFmbEIlG4K3+vI6aV9VvXq19lCrNG7zOIpwBudwCR5cQwPuoQktYDCBZ3iFNydxXpx352PZWnDymVP4A+fzB2RGj54=</latexit>

i

?



Chaos in 2d CFT



h̄ ⌘ c� 1

24
+ P̄ 2

<latexit sha1_base64="BdosUWN1pRmNaukFAO2FZTTzP+s=">AAACEXicbVDLSsNAFJ3UV62vqEs3g0UoiCUpFV0W3bisYB/QxDKZTtqhk0mcmRRKyC+48VfcuFDErTt3/o2TNgttPXDhcM693HuPFzEqlWV9G4WV1bX1jeJmaWt7Z3fP3D9oyzAWmLRwyELR9ZAkjHLSUlQx0o0EQYHHSMcbX2d+Z0KEpCG/U9OIuAEacupTjJSW+mbF8ZCAI+iQh5hOoOMLhBN8ZqdJrZ7CU5jZSTO9r/XNslW1ZoDLxM5JGeRo9s0vZxDiOCBcYYak7NlWpNwECUUxI2nJiSWJEB6jIelpylFApJvMPkrhiVYG0A+FLq7gTP09kaBAymng6c4AqZFc9DLxP68XK//STSiPYkU4ni/yYwZVCLN44IAKghWbaoKwoPpWiEdIh6J0iCUdgr348jJp16p2vXp+Wy83rvI4iuAIHIMKsMEFaIAb0AQtgMEjeAav4M14Ml6Md+Nj3low8plD8AfG5w89hJwF</latexit>

c� 1

24

<latexit sha1_base64="QHi2dV5y51lwVfEIR5v7aHAelJc=">AAAB9XicbVBNSwMxEJ31s9avqkcvwSJ4seyWih6LXjxWsB/QriWbZtvQbLIkWaUs+z+8eFDEq//Fm//GtN2Dtj4YeLw3w8y8IOZMG9f9dlZW19Y3Ngtbxe2d3b390sFhS8tEEdokkkvVCbCmnAnaNMxw2okVxVHAaTsY30z99iNVmklxbyYx9SM8FCxkBBsrPfRChUlKzr0srdayfqnsVtwZ0DLxclKGHI1+6as3kCSJqDCEY627nhsbP8XKMMJpVuwlmsaYjPGQdi0VOKLaT2dXZ+jUKgMUSmVLGDRTf0+kONJ6EgW2M8JmpBe9qfif101MeOWnTMSJoYLMF4UJR0aiaQRowBQlhk8swUQxeysiI2yDMDaoog3BW3x5mbSqFa9WubirlevXeRwFOIYTOAMPLqEOt9CAJhBQ8Ayv8OY8OS/Ou/Mxb11x8pkj+APn8wfgkJId</latexit>

c� 1

24

<latexit sha1_base64="QHi2dV5y51lwVfEIR5v7aHAelJc=">AAAB9XicbVBNSwMxEJ31s9avqkcvwSJ4seyWih6LXjxWsB/QriWbZtvQbLIkWaUs+z+8eFDEq//Fm//GtN2Dtj4YeLw3w8y8IOZMG9f9dlZW19Y3Ngtbxe2d3b390sFhS8tEEdokkkvVCbCmnAnaNMxw2okVxVHAaTsY30z99iNVmklxbyYx9SM8FCxkBBsrPfRChUlKzr0srdayfqnsVtwZ0DLxclKGHI1+6as3kCSJqDCEY627nhsbP8XKMMJpVuwlmsaYjPGQdi0VOKLaT2dXZ+jUKgMUSmVLGDRTf0+kONJ6EgW2M8JmpBe9qfif101MeOWnTMSJoYLMF4UJR0aiaQRowBQlhk8swUQxeysiI2yDMDaoog3BW3x5mbSqFa9WubirlevXeRwFOIYTOAMPLqEOt9CAJhBQ8Ayv8OY8OS/Ou/Mxb11x8pkj+APn8wfgkJId</latexit>

m
=
0

<latexit sha1_base64="JoOh1ySgeYx30CnhEDcWLHszMmQ=">AAACFXicdVBLSwMxGMz6rPW16tFLsAgeypLa7WMPQtGLxwr2Ae1SsmnahmYfJFmhLP0TXvwrXjwo4lXw5r8x3bagogOBYWa+5Mt4EWdSIfRprKyurW9sZray2zu7e/vmwWFThrEgtEFCHoq2hyXlLKANxRSn7UhQ7Huctrzx1cxv3VEhWRjcqklEXR8PAzZgBCst9cx80k0v6Yih5ybIQnbVcap5ZBUrTrFc0qRcsVHRmfoXaNozc8sEXCbgMgELFkqRAwvUe+ZHtx+S2KeBIhxL2SmgSLkJFooRTqfZbixphMkYD2lH0wD7VLpJutAUnmqlDweh0CdQMFW/TyTYl3LiezrpYzWSv72Z+JfXidWg6iYsiGJFAzJ/aBBzqEI4qwj2maBE8YkmmAimd4VkhAUmSheZ1SUsfwr/J81zq2BbpRs7V7tc1JEBx+AEnIECqIAauAZ10AAE3INH8AxejAfjyXg13ubRFWMxcwR+wHj/Ancqmz0=</latexit>

m
=
1

<latexit sha1_base64="MX2uUrLpqlu+VS7aWot6Ye3nzeY=">AAACFXicbVBLS8NAGNz4rPUV9eglWAQPJSQ2feQgFL14rGAfkIay2W7bpZsHuxuhhPwJL/4VLx4U8Sp489+4TXPQ1oGFYWa+3W/HiyjhwjC+lbX1jc2t7cJOcXdv/+BQPTru8DBmCLdRSEPW8yDHlAS4LYiguBcxDH2P4q43vZn73QfMOAmDezGLsOvDcUBGBEEhpYFaTvrZJQ4be25i6IbVsO1G2dArdbtSq0pSq1tGxU79KzMdqCWZyKCtEjMnJZCjNVC/+sMQxT4OBKKQc8c0IuEmkAmCKE6L/ZjjCKIpHGNH0gD6mLtJtlCqnUtlqI1CJk8gtEz9PZFAn/OZ78mkD8WEL3tz8T/PicWo4SYkiGKBA7R4aBRTTYTavCJtSBhGgs4kgYgRuauGJpBBJGSRRVmCufzlVdK51E1Lr95ZpeZ1XkcBnIIzcAFMUAdNcAtaoA0QeATP4BW8KU/Ki/KufCyia0o+cwL+QPn8Aeexmto=</latexit>

m
=
�1

<latexit sha1_base64="pfOtGUF5dUhjDslHbaE3tMatUAs=">AAACFnicbVBLS8NAGNzUV62vqEcvwSJ4sCGx6SMHoejFYwX7gDSUzXbbLt082N0IJeRXePGvePGgiFfx5r9xm/agrQMLw8x8u9+OF1HChWF8K7m19Y3Nrfx2YWd3b/9APTxq8zBmCLdQSEPW9SDHlAS4JYiguBsxDH2P4o43uZn5nQfMOAmDezGNsOvDUUCGBEEhpb5aSnrZJQ4beW5i6IZVt+36haGXa3a5WpGkWrOMsp36VyUz7atFGcmgrRJzQYpggWZf/eoNQhT7OBCIQs4d04iEm0AmCKI4LfRijiOIJnCEHUkD6GPuJtlGqXYmlYE2DJk8gdAy9fdEAn3Op74nkz4UY77szcT/PCcWw7qbkCCKBQ7Q/KFhTDURarOOtAFhGAk6lQQiRuSuGhpDBpGQTRZkCebyl1dJ+1I3Lb1yZxUb14s68uAEnIJzYIIaaIBb0AQtgMAjeAav4E15Ul6Ud+VjHs0pi5lj8AfK5w9daJsR</latexit>

m
=
�2

<latexit sha1_base64="cIkoF4J1svjk6VItLY6cEEVfTnw=">AAACFnicbVBLSwMxGMzWV62vqkcvwSJ4sGW37z0IRS8eK9ha2C4lm6ZtaPZBkhXKsr/Ci3/FiwdFvIo3/43pdg/aOhAYZuZLvowTMCqkrn9rmbX1jc2t7HZuZ3dv/yB/eNQVfsgx6WCf+bznIEEY9UhHUslIL+AEuQ4j9870eu7fPxAuqO/dyVlAbBeNPTqiGEklDfLFqJ9cYvGxY0d6Sa82TbN5oZcqDbNSrylSb1T1ihm7l8VyPMgXVCQBXCVGSgogRXuQ/+oPfRy6xJOYISEsQw+kHSEuKWYkzvVDQQKEp2hMLEU95BJhR8lGMTxTyhCOfK6OJ2Gi/p6IkCvEzHVU0kVyIpa9ufifZ4Vy1LQj6gWhJB5ePDQKGZQ+nHcEh5QTLNlMEYQ5VbtCPEEcYamazKkSjOUvr5JuuWRUS7XbaqF1ldaRBSfgFJwDAzRAC9yANugADB7BM3gFb9qT9qK9ax+LaEZLZ47BH2ifP17tmxI=</latexit>

m
=
2

<latexit sha1_base64="rPvEPTlibHv6A5UKn7mwjy/MUUs=">AAACFXicbVBLS8NAGNzUV62vqkcvwSJ4KCVp09dBKHrxWME+IA1ls922SzebsLsRSsif8OJf8eJBEa+CN/+N2zQHbR1YGGbm2/123IASIQ3jW8tsbG5t72R3c3v7B4dH+eOTrvBDjnAH+dTnfRcKTAnDHUkkxf2AY+i5FPfc2c3C7z1gLojP7uU8wI4HJ4yMCYJSScN8MRokl9h84jqRUTKsRrPZKBqlSr1ZqVUVqdUto9KMvatyPMwXVCKBvk7MlBRAivYw/zUY+Sj0MJOIQiFs0wikE0EuCaI4zg1CgQOIZnCCbUUZ9LBwomShWL9Qykgf+1wdJvVE/T0RQU+IueeqpAflVKx6C/E/zw7luOFEhAWhxAwtHxqHVJe+vqhIHxGOkaRzRSDiRO2qoynkEElVZE6VYK5+eZ10yyXTKlXvrELrOq0jC87AObgEJqiDFrgFbdABCDyCZ/AK3rQn7UV71z6W0YyWzpyCP9A+fwDpNprb</latexit>

· · ·

<latexit sha1_base64="B/hZgYIu9OU58/msQjgFehfrTRs=">AAACGHicbVBLSwMxGMzWV62vqkcvwSJ4kLpr37eiF48V7AN2l5JN0zY0myxJVihLf4YX/4oXD4p47c1/Y/o4aOtAYJiZL/kyQcSo0rb9baU2Nre2d9K7mb39g8Oj7PFJS4lYYtLEggnZCZAijHLS1FQz0okkQWHASDsY3c389hORigr+qMcR8UM04LRPMdJG6mavE29+iSsHgZ/YebtYrdWqV3a+UKkVyiVDypWiXahNPNwTWk262ZwJzQHXibMkObBEo5udej2B45BwjRlSynXsSPsJkppiRiYZL1YkQniEBsQ1lKOQKD+Z7zSBF0bpwb6Q5nAN5+rviQSFSo3DwCRDpIdq1ZuJ/3lurPtVP6E8ijXhePFQP2ZQCzhrCfaoJFizsSEIS2p2hXiIJMLadJkxJTirX14nrZu8U8yXHoq5+u2yjjQ4A+fgEjigAurgHjRAE2DwDF7BO/iwXqw369P6WkRT1nLmFPyBNf0B8wmclg==</latexit>

··
·

<latexit sha1_base64="B/hZgYIu9OU58/msQjgFehfrTRs=">AAACGHicbVBLSwMxGMzWV62vqkcvwSJ4kLpr37eiF48V7AN2l5JN0zY0myxJVihLf4YX/4oXD4p47c1/Y/o4aOtAYJiZL/kyQcSo0rb9baU2Nre2d9K7mb39g8Oj7PFJS4lYYtLEggnZCZAijHLS1FQz0okkQWHASDsY3c389hORigr+qMcR8UM04LRPMdJG6mavE29+iSsHgZ/YebtYrdWqV3a+UKkVyiVDypWiXahNPNwTWk262ZwJzQHXibMkObBEo5udej2B45BwjRlSynXsSPsJkppiRiYZL1YkQniEBsQ1lKOQKD+Z7zSBF0bpwb6Q5nAN5+rviQSFSo3DwCRDpIdq1ZuJ/3lurPtVP6E8ijXhePFQP2ZQCzhrCfaoJFizsSEIS2p2hXiIJMLadJkxJTirX14nrZu8U8yXHoq5+u2yjjQ4A+fgEjigAurgHjRAE2DwDF7BO/iwXqw369P6WkRT1nLmFPyBNf0B8wmclg==</latexit>

h ⌘ c� 1

24
+ P 2

<latexit sha1_base64="KRrRtr6hf3m+lOPOI8WkSkl5XA8=">AAACBnicbVDLSgNBEJyNrxhfqx5FGAyCIIbdENFj0IvHCOYB2RhmJ73JkNmHM7OBsOzJi7/ixYMiXv0Gb/6Nk2QPmljQUFR1093lRpxJZVnfRm5peWV1Lb9e2Njc2t4xd/caMowFhToNeShaLpHAWQB1xRSHViSA+C6Hpju8nvjNEQjJwuBOjSPo+KQfMI9RorTUNQ8H2IGHmI2w4wlCE3pmp0m5kuJTXLsvd82iVbKmwIvEzkgRZah1zS+nF9LYh0BRTqRs21akOgkRilEOacGJJUSEDkkf2poGxAfZSaZvpPhYKz3shUJXoPBU/T2REF/Kse/qTp+ogZz3JuJ/XjtW3mUnYUEUKwjobJEXc6xCPMkE95gAqvhYE0IF07diOiA6DqWTK+gQ7PmXF0mjXLIrpfPbSrF6lcWRRwfoCJ0gG12gKrpBNVRHFD2iZ/SK3own48V4Nz5mrTkjm9lHf2B8/gC67Zdd</latexit>

Cartoon of holographic 2d CFT spectrum:



h̄ ⌘ c� 1

24
+ P̄ 2

<latexit sha1_base64="BdosUWN1pRmNaukFAO2FZTTzP+s=">AAACEXicbVDLSsNAFJ3UV62vqEs3g0UoiCUpFV0W3bisYB/QxDKZTtqhk0mcmRRKyC+48VfcuFDErTt3/o2TNgttPXDhcM693HuPFzEqlWV9G4WV1bX1jeJmaWt7Z3fP3D9oyzAWmLRwyELR9ZAkjHLSUlQx0o0EQYHHSMcbX2d+Z0KEpCG/U9OIuAEacupTjJSW+mbF8ZCAI+iQh5hOoOMLhBN8ZqdJrZ7CU5jZSTO9r/XNslW1ZoDLxM5JGeRo9s0vZxDiOCBcYYak7NlWpNwECUUxI2nJiSWJEB6jIelpylFApJvMPkrhiVYG0A+FLq7gTP09kaBAymng6c4AqZFc9DLxP68XK//STSiPYkU4ni/yYwZVCLN44IAKghWbaoKwoPpWiEdIh6J0iCUdgr348jJp16p2vXp+Wy83rvI4iuAIHIMKsMEFaIAb0AQtgMEjeAav4M14Ml6Md+Nj3low8plD8AfG5w89hJwF</latexit>

c� 1

24

<latexit sha1_base64="QHi2dV5y51lwVfEIR5v7aHAelJc=">AAAB9XicbVBNSwMxEJ31s9avqkcvwSJ4seyWih6LXjxWsB/QriWbZtvQbLIkWaUs+z+8eFDEq//Fm//GtN2Dtj4YeLw3w8y8IOZMG9f9dlZW19Y3Ngtbxe2d3b390sFhS8tEEdokkkvVCbCmnAnaNMxw2okVxVHAaTsY30z99iNVmklxbyYx9SM8FCxkBBsrPfRChUlKzr0srdayfqnsVtwZ0DLxclKGHI1+6as3kCSJqDCEY627nhsbP8XKMMJpVuwlmsaYjPGQdi0VOKLaT2dXZ+jUKgMUSmVLGDRTf0+kONJ6EgW2M8JmpBe9qfif101MeOWnTMSJoYLMF4UJR0aiaQRowBQlhk8swUQxeysiI2yDMDaoog3BW3x5mbSqFa9WubirlevXeRwFOIYTOAMPLqEOt9CAJhBQ8Ayv8OY8OS/Ou/Mxb11x8pkj+APn8wfgkJId</latexit>

c� 1

24

<latexit sha1_base64="QHi2dV5y51lwVfEIR5v7aHAelJc=">AAAB9XicbVBNSwMxEJ31s9avqkcvwSJ4seyWih6LXjxWsB/QriWbZtvQbLIkWaUs+z+8eFDEq//Fm//GtN2Dtj4YeLw3w8y8IOZMG9f9dlZW19Y3Ngtbxe2d3b390sFhS8tEEdokkkvVCbCmnAnaNMxw2okVxVHAaTsY30z99iNVmklxbyYx9SM8FCxkBBsrPfRChUlKzr0srdayfqnsVtwZ0DLxclKGHI1+6as3kCSJqDCEY627nhsbP8XKMMJpVuwlmsaYjPGQdi0VOKLaT2dXZ+jUKgMUSmVLGDRTf0+kONJ6EgW2M8JmpBe9qfif101MeOWnTMSJoYLMF4UJR0aiaQRowBQlhk8swUQxeysiI2yDMDaoog3BW3x5mbSqFa9WubirlevXeRwFOIYTOAMPLqEOt9CAJhBQ8Ayv8OY8OS/Ou/Mxb11x8pkj+APn8wfgkJId</latexit>

m
=
0

<latexit sha1_base64="JoOh1ySgeYx30CnhEDcWLHszMmQ=">AAACFXicdVBLSwMxGMz6rPW16tFLsAgeypLa7WMPQtGLxwr2Ae1SsmnahmYfJFmhLP0TXvwrXjwo4lXw5r8x3bagogOBYWa+5Mt4EWdSIfRprKyurW9sZray2zu7e/vmwWFThrEgtEFCHoq2hyXlLKANxRSn7UhQ7Huctrzx1cxv3VEhWRjcqklEXR8PAzZgBCst9cx80k0v6Yih5ybIQnbVcap5ZBUrTrFc0qRcsVHRmfoXaNozc8sEXCbgMgELFkqRAwvUe+ZHtx+S2KeBIhxL2SmgSLkJFooRTqfZbixphMkYD2lH0wD7VLpJutAUnmqlDweh0CdQMFW/TyTYl3LiezrpYzWSv72Z+JfXidWg6iYsiGJFAzJ/aBBzqEI4qwj2maBE8YkmmAimd4VkhAUmSheZ1SUsfwr/J81zq2BbpRs7V7tc1JEBx+AEnIECqIAauAZ10AAE3INH8AxejAfjyXg13ubRFWMxcwR+wHj/Ancqmz0=</latexit>

m
=
1

<latexit sha1_base64="MX2uUrLpqlu+VS7aWot6Ye3nzeY=">AAACFXicbVBLS8NAGNz4rPUV9eglWAQPJSQ2feQgFL14rGAfkIay2W7bpZsHuxuhhPwJL/4VLx4U8Sp489+4TXPQ1oGFYWa+3W/HiyjhwjC+lbX1jc2t7cJOcXdv/+BQPTru8DBmCLdRSEPW8yDHlAS4LYiguBcxDH2P4q43vZn73QfMOAmDezGLsOvDcUBGBEEhpYFaTvrZJQ4be25i6IbVsO1G2dArdbtSq0pSq1tGxU79KzMdqCWZyKCtEjMnJZCjNVC/+sMQxT4OBKKQc8c0IuEmkAmCKE6L/ZjjCKIpHGNH0gD6mLtJtlCqnUtlqI1CJk8gtEz9PZFAn/OZ78mkD8WEL3tz8T/PicWo4SYkiGKBA7R4aBRTTYTavCJtSBhGgs4kgYgRuauGJpBBJGSRRVmCufzlVdK51E1Lr95ZpeZ1XkcBnIIzcAFMUAdNcAtaoA0QeATP4BW8KU/Ki/KufCyia0o+cwL+QPn8Aeexmto=</latexit>

m
=
�1

<latexit sha1_base64="pfOtGUF5dUhjDslHbaE3tMatUAs=">AAACFnicbVBLS8NAGNzUV62vqEcvwSJ4sCGx6SMHoejFYwX7gDSUzXbbLt082N0IJeRXePGvePGgiFfx5r9xm/agrQMLw8x8u9+OF1HChWF8K7m19Y3Nrfx2YWd3b/9APTxq8zBmCLdQSEPW9SDHlAS4JYiguBsxDH2P4o43uZn5nQfMOAmDezGNsOvDUUCGBEEhpb5aSnrZJQ4beW5i6IZVt+36haGXa3a5WpGkWrOMsp36VyUz7atFGcmgrRJzQYpggWZf/eoNQhT7OBCIQs4d04iEm0AmCKI4LfRijiOIJnCEHUkD6GPuJtlGqXYmlYE2DJk8gdAy9fdEAn3Op74nkz4UY77szcT/PCcWw7qbkCCKBQ7Q/KFhTDURarOOtAFhGAk6lQQiRuSuGhpDBpGQTRZkCebyl1dJ+1I3Lb1yZxUb14s68uAEnIJzYIIaaIBb0AQtgMAjeAav4E15Ul6Ud+VjHs0pi5lj8AfK5w9daJsR</latexit>

m
=
�2

<latexit sha1_base64="cIkoF4J1svjk6VItLY6cEEVfTnw=">AAACFnicbVBLSwMxGMzWV62vqkcvwSJ4sGW37z0IRS8eK9ha2C4lm6ZtaPZBkhXKsr/Ci3/FiwdFvIo3/43pdg/aOhAYZuZLvowTMCqkrn9rmbX1jc2t7HZuZ3dv/yB/eNQVfsgx6WCf+bznIEEY9UhHUslIL+AEuQ4j9870eu7fPxAuqO/dyVlAbBeNPTqiGEklDfLFqJ9cYvGxY0d6Sa82TbN5oZcqDbNSrylSb1T1ihm7l8VyPMgXVCQBXCVGSgogRXuQ/+oPfRy6xJOYISEsQw+kHSEuKWYkzvVDQQKEp2hMLEU95BJhR8lGMTxTyhCOfK6OJ2Gi/p6IkCvEzHVU0kVyIpa9ufifZ4Vy1LQj6gWhJB5ePDQKGZQ+nHcEh5QTLNlMEYQ5VbtCPEEcYamazKkSjOUvr5JuuWRUS7XbaqF1ldaRBSfgFJwDAzRAC9yANugADB7BM3gFb9qT9qK9ax+LaEZLZ47BH2ifP17tmxI=</latexit>

m
=
2

<latexit sha1_base64="rPvEPTlibHv6A5UKn7mwjy/MUUs=">AAACFXicbVBLS8NAGNzUV62vqkcvwSJ4KCVp09dBKHrxWME+IA1ls922SzebsLsRSsif8OJf8eJBEa+CN/+N2zQHbR1YGGbm2/123IASIQ3jW8tsbG5t72R3c3v7B4dH+eOTrvBDjnAH+dTnfRcKTAnDHUkkxf2AY+i5FPfc2c3C7z1gLojP7uU8wI4HJ4yMCYJSScN8MRokl9h84jqRUTKsRrPZKBqlSr1ZqVUVqdUto9KMvatyPMwXVCKBvk7MlBRAivYw/zUY+Sj0MJOIQiFs0wikE0EuCaI4zg1CgQOIZnCCbUUZ9LBwomShWL9Qykgf+1wdJvVE/T0RQU+IueeqpAflVKx6C/E/zw7luOFEhAWhxAwtHxqHVJe+vqhIHxGOkaRzRSDiRO2qoynkEElVZE6VYK5+eZ10yyXTKlXvrELrOq0jC87AObgEJqiDFrgFbdABCDyCZ/AK3rQn7UV71z6W0YyWzpyCP9A+fwDpNprb</latexit>

· · ·

<latexit sha1_base64="B/hZgYIu9OU58/msQjgFehfrTRs=">AAACGHicbVBLSwMxGMzWV62vqkcvwSJ4kLpr37eiF48V7AN2l5JN0zY0myxJVihLf4YX/4oXD4p47c1/Y/o4aOtAYJiZL/kyQcSo0rb9baU2Nre2d9K7mb39g8Oj7PFJS4lYYtLEggnZCZAijHLS1FQz0okkQWHASDsY3c389hORigr+qMcR8UM04LRPMdJG6mavE29+iSsHgZ/YebtYrdWqV3a+UKkVyiVDypWiXahNPNwTWk262ZwJzQHXibMkObBEo5udej2B45BwjRlSynXsSPsJkppiRiYZL1YkQniEBsQ1lKOQKD+Z7zSBF0bpwb6Q5nAN5+rviQSFSo3DwCRDpIdq1ZuJ/3lurPtVP6E8ijXhePFQP2ZQCzhrCfaoJFizsSEIS2p2hXiIJMLadJkxJTirX14nrZu8U8yXHoq5+u2yjjQ4A+fgEjigAurgHjRAE2DwDF7BO/iwXqw369P6WkRT1nLmFPyBNf0B8wmclg==</latexit>

··
·

<latexit sha1_base64="B/hZgYIu9OU58/msQjgFehfrTRs=">AAACGHicbVBLSwMxGMzWV62vqkcvwSJ4kLpr37eiF48V7AN2l5JN0zY0myxJVihLf4YX/4oXD4p47c1/Y/o4aOtAYJiZL/kyQcSo0rb9baU2Nre2d9K7mb39g8Oj7PFJS4lYYtLEggnZCZAijHLS1FQz0okkQWHASDsY3c389hORigr+qMcR8UM04LRPMdJG6mavE29+iSsHgZ/YebtYrdWqV3a+UKkVyiVDypWiXahNPNwTWk262ZwJzQHXibMkObBEo5udej2B45BwjRlSynXsSPsJkppiRiYZL1YkQniEBsQ1lKOQKD+Z7zSBF0bpwb6Q5nAN5+rviQSFSo3DwCRDpIdq1ZuJ/3lurPtVP6E8ijXhePFQP2ZQCzhrCfaoJFizsSEIS2p2hXiIJMLadJkxJTirX14nrZu8U8yXHoq5+u2yjjQ4A+fgEjigAurgHjRAE2DwDF7BO/iwXqw369P6WkRT1nLmFPyBNf0B8wmclg==</latexit>

h ⌘ c� 1

24
+ P 2

<latexit sha1_base64="KRrRtr6hf3m+lOPOI8WkSkl5XA8=">AAACBnicbVDLSgNBEJyNrxhfqx5FGAyCIIbdENFj0IvHCOYB2RhmJ73JkNmHM7OBsOzJi7/ixYMiXv0Gb/6Nk2QPmljQUFR1093lRpxJZVnfRm5peWV1Lb9e2Njc2t4xd/caMowFhToNeShaLpHAWQB1xRSHViSA+C6Hpju8nvjNEQjJwuBOjSPo+KQfMI9RorTUNQ8H2IGHmI2w4wlCE3pmp0m5kuJTXLsvd82iVbKmwIvEzkgRZah1zS+nF9LYh0BRTqRs21akOgkRilEOacGJJUSEDkkf2poGxAfZSaZvpPhYKz3shUJXoPBU/T2REF/Kse/qTp+ogZz3JuJ/XjtW3mUnYUEUKwjobJEXc6xCPMkE95gAqvhYE0IF07diOiA6DqWTK+gQ7PmXF0mjXLIrpfPbSrF6lcWRRwfoCJ0gG12gKrpBNVRHFD2iZ/SK3own48V4Nz5mrTkjm9lHf2B8/gC67Zdd</latexit>

Cartoon of holographic 2d CFT spectrum:

sparse 
states


(no chaos)



h̄ ⌘ c� 1

24
+ P̄ 2

<latexit sha1_base64="BdosUWN1pRmNaukFAO2FZTTzP+s=">AAACEXicbVDLSsNAFJ3UV62vqEs3g0UoiCUpFV0W3bisYB/QxDKZTtqhk0mcmRRKyC+48VfcuFDErTt3/o2TNgttPXDhcM693HuPFzEqlWV9G4WV1bX1jeJmaWt7Z3fP3D9oyzAWmLRwyELR9ZAkjHLSUlQx0o0EQYHHSMcbX2d+Z0KEpCG/U9OIuAEacupTjJSW+mbF8ZCAI+iQh5hOoOMLhBN8ZqdJrZ7CU5jZSTO9r/XNslW1ZoDLxM5JGeRo9s0vZxDiOCBcYYak7NlWpNwECUUxI2nJiSWJEB6jIelpylFApJvMPkrhiVYG0A+FLq7gTP09kaBAymng6c4AqZFc9DLxP68XK//STSiPYkU4ni/yYwZVCLN44IAKghWbaoKwoPpWiEdIh6J0iCUdgr348jJp16p2vXp+Wy83rvI4iuAIHIMKsMEFaIAb0AQtgMEjeAav4M14Ml6Md+Nj3low8plD8AfG5w89hJwF</latexit>

c� 1

24

<latexit sha1_base64="QHi2dV5y51lwVfEIR5v7aHAelJc=">AAAB9XicbVBNSwMxEJ31s9avqkcvwSJ4seyWih6LXjxWsB/QriWbZtvQbLIkWaUs+z+8eFDEq//Fm//GtN2Dtj4YeLw3w8y8IOZMG9f9dlZW19Y3Ngtbxe2d3b390sFhS8tEEdokkkvVCbCmnAnaNMxw2okVxVHAaTsY30z99iNVmklxbyYx9SM8FCxkBBsrPfRChUlKzr0srdayfqnsVtwZ0DLxclKGHI1+6as3kCSJqDCEY627nhsbP8XKMMJpVuwlmsaYjPGQdi0VOKLaT2dXZ+jUKgMUSmVLGDRTf0+kONJ6EgW2M8JmpBe9qfif101MeOWnTMSJoYLMF4UJR0aiaQRowBQlhk8swUQxeysiI2yDMDaoog3BW3x5mbSqFa9WubirlevXeRwFOIYTOAMPLqEOt9CAJhBQ8Ayv8OY8OS/Ou/Mxb11x8pkj+APn8wfgkJId</latexit>

c� 1

24

<latexit sha1_base64="QHi2dV5y51lwVfEIR5v7aHAelJc=">AAAB9XicbVBNSwMxEJ31s9avqkcvwSJ4seyWih6LXjxWsB/QriWbZtvQbLIkWaUs+z+8eFDEq//Fm//GtN2Dtj4YeLw3w8y8IOZMG9f9dlZW19Y3Ngtbxe2d3b390sFhS8tEEdokkkvVCbCmnAnaNMxw2okVxVHAaTsY30z99iNVmklxbyYx9SM8FCxkBBsrPfRChUlKzr0srdayfqnsVtwZ0DLxclKGHI1+6as3kCSJqDCEY627nhsbP8XKMMJpVuwlmsaYjPGQdi0VOKLaT2dXZ+jUKgMUSmVLGDRTf0+kONJ6EgW2M8JmpBe9qfif101MeOWnTMSJoYLMF4UJR0aiaQRowBQlhk8swUQxeysiI2yDMDaoog3BW3x5mbSqFa9WubirlevXeRwFOIYTOAMPLqEOt9CAJhBQ8Ayv8OY8OS/Ou/Mxb11x8pkj+APn8wfgkJId</latexit>

m
=
0

<latexit sha1_base64="JoOh1ySgeYx30CnhEDcWLHszMmQ=">AAACFXicdVBLSwMxGMz6rPW16tFLsAgeypLa7WMPQtGLxwr2Ae1SsmnahmYfJFmhLP0TXvwrXjwo4lXw5r8x3bagogOBYWa+5Mt4EWdSIfRprKyurW9sZray2zu7e/vmwWFThrEgtEFCHoq2hyXlLKANxRSn7UhQ7Huctrzx1cxv3VEhWRjcqklEXR8PAzZgBCst9cx80k0v6Yih5ybIQnbVcap5ZBUrTrFc0qRcsVHRmfoXaNozc8sEXCbgMgELFkqRAwvUe+ZHtx+S2KeBIhxL2SmgSLkJFooRTqfZbixphMkYD2lH0wD7VLpJutAUnmqlDweh0CdQMFW/TyTYl3LiezrpYzWSv72Z+JfXidWg6iYsiGJFAzJ/aBBzqEI4qwj2maBE8YkmmAimd4VkhAUmSheZ1SUsfwr/J81zq2BbpRs7V7tc1JEBx+AEnIECqIAauAZ10AAE3INH8AxejAfjyXg13ubRFWMxcwR+wHj/Ancqmz0=</latexit>

m
=
1

<latexit sha1_base64="MX2uUrLpqlu+VS7aWot6Ye3nzeY=">AAACFXicbVBLS8NAGNz4rPUV9eglWAQPJSQ2feQgFL14rGAfkIay2W7bpZsHuxuhhPwJL/4VLx4U8Sp489+4TXPQ1oGFYWa+3W/HiyjhwjC+lbX1jc2t7cJOcXdv/+BQPTru8DBmCLdRSEPW8yDHlAS4LYiguBcxDH2P4q43vZn73QfMOAmDezGLsOvDcUBGBEEhpYFaTvrZJQ4be25i6IbVsO1G2dArdbtSq0pSq1tGxU79KzMdqCWZyKCtEjMnJZCjNVC/+sMQxT4OBKKQc8c0IuEmkAmCKE6L/ZjjCKIpHGNH0gD6mLtJtlCqnUtlqI1CJk8gtEz9PZFAn/OZ78mkD8WEL3tz8T/PicWo4SYkiGKBA7R4aBRTTYTavCJtSBhGgs4kgYgRuauGJpBBJGSRRVmCufzlVdK51E1Lr95ZpeZ1XkcBnIIzcAFMUAdNcAtaoA0QeATP4BW8KU/Ki/KufCyia0o+cwL+QPn8Aeexmto=</latexit>

m
=
�1

<latexit sha1_base64="pfOtGUF5dUhjDslHbaE3tMatUAs=">AAACFnicbVBLS8NAGNzUV62vqEcvwSJ4sCGx6SMHoejFYwX7gDSUzXbbLt082N0IJeRXePGvePGgiFfx5r9xm/agrQMLw8x8u9+OF1HChWF8K7m19Y3Nrfx2YWd3b/9APTxq8zBmCLdQSEPW9SDHlAS4JYiguBsxDH2P4o43uZn5nQfMOAmDezGNsOvDUUCGBEEhpb5aSnrZJQ4beW5i6IZVt+36haGXa3a5WpGkWrOMsp36VyUz7atFGcmgrRJzQYpggWZf/eoNQhT7OBCIQs4d04iEm0AmCKI4LfRijiOIJnCEHUkD6GPuJtlGqXYmlYE2DJk8gdAy9fdEAn3Op74nkz4UY77szcT/PCcWw7qbkCCKBQ7Q/KFhTDURarOOtAFhGAk6lQQiRuSuGhpDBpGQTRZkCebyl1dJ+1I3Lb1yZxUb14s68uAEnIJzYIIaaIBb0AQtgMAjeAav4E15Ul6Ud+VjHs0pi5lj8AfK5w9daJsR</latexit>

m
=
�2

<latexit sha1_base64="cIkoF4J1svjk6VItLY6cEEVfTnw=">AAACFnicbVBLSwMxGMzWV62vqkcvwSJ4sGW37z0IRS8eK9ha2C4lm6ZtaPZBkhXKsr/Ci3/FiwdFvIo3/43pdg/aOhAYZuZLvowTMCqkrn9rmbX1jc2t7HZuZ3dv/yB/eNQVfsgx6WCf+bznIEEY9UhHUslIL+AEuQ4j9870eu7fPxAuqO/dyVlAbBeNPTqiGEklDfLFqJ9cYvGxY0d6Sa82TbN5oZcqDbNSrylSb1T1ihm7l8VyPMgXVCQBXCVGSgogRXuQ/+oPfRy6xJOYISEsQw+kHSEuKWYkzvVDQQKEp2hMLEU95BJhR8lGMTxTyhCOfK6OJ2Gi/p6IkCvEzHVU0kVyIpa9ufifZ4Vy1LQj6gWhJB5ePDQKGZQ+nHcEh5QTLNlMEYQ5VbtCPEEcYamazKkSjOUvr5JuuWRUS7XbaqF1ldaRBSfgFJwDAzRAC9yANugADB7BM3gFb9qT9qK9ax+LaEZLZ47BH2ifP17tmxI=</latexit>

m
=
2

<latexit sha1_base64="rPvEPTlibHv6A5UKn7mwjy/MUUs=">AAACFXicbVBLS8NAGNzUV62vqkcvwSJ4KCVp09dBKHrxWME+IA1ls922SzebsLsRSsif8OJf8eJBEa+CN/+N2zQHbR1YGGbm2/123IASIQ3jW8tsbG5t72R3c3v7B4dH+eOTrvBDjnAH+dTnfRcKTAnDHUkkxf2AY+i5FPfc2c3C7z1gLojP7uU8wI4HJ4yMCYJSScN8MRokl9h84jqRUTKsRrPZKBqlSr1ZqVUVqdUto9KMvatyPMwXVCKBvk7MlBRAivYw/zUY+Sj0MJOIQiFs0wikE0EuCaI4zg1CgQOIZnCCbUUZ9LBwomShWL9Qykgf+1wdJvVE/T0RQU+IueeqpAflVKx6C/E/zw7luOFEhAWhxAwtHxqHVJe+vqhIHxGOkaRzRSDiRO2qoynkEElVZE6VYK5+eZ10yyXTKlXvrELrOq0jC87AObgEJqiDFrgFbdABCDyCZ/AK3rQn7UV71z6W0YyWzpyCP9A+fwDpNprb</latexit>

· · ·

<latexit sha1_base64="B/hZgYIu9OU58/msQjgFehfrTRs=">AAACGHicbVBLSwMxGMzWV62vqkcvwSJ4kLpr37eiF48V7AN2l5JN0zY0myxJVihLf4YX/4oXD4p47c1/Y/o4aOtAYJiZL/kyQcSo0rb9baU2Nre2d9K7mb39g8Oj7PFJS4lYYtLEggnZCZAijHLS1FQz0okkQWHASDsY3c389hORigr+qMcR8UM04LRPMdJG6mavE29+iSsHgZ/YebtYrdWqV3a+UKkVyiVDypWiXahNPNwTWk262ZwJzQHXibMkObBEo5udej2B45BwjRlSynXsSPsJkppiRiYZL1YkQniEBsQ1lKOQKD+Z7zSBF0bpwb6Q5nAN5+rviQSFSo3DwCRDpIdq1ZuJ/3lurPtVP6E8ijXhePFQP2ZQCzhrCfaoJFizsSEIS2p2hXiIJMLadJkxJTirX14nrZu8U8yXHoq5+u2yjjQ4A+fgEjigAurgHjRAE2DwDF7BO/iwXqw369P6WkRT1nLmFPyBNf0B8wmclg==</latexit>

··
·

<latexit sha1_base64="B/hZgYIu9OU58/msQjgFehfrTRs=">AAACGHicbVBLSwMxGMzWV62vqkcvwSJ4kLpr37eiF48V7AN2l5JN0zY0myxJVihLf4YX/4oXD4p47c1/Y/o4aOtAYJiZL/kyQcSo0rb9baU2Nre2d9K7mb39g8Oj7PFJS4lYYtLEggnZCZAijHLS1FQz0okkQWHASDsY3c389hORigr+qMcR8UM04LRPMdJG6mavE29+iSsHgZ/YebtYrdWqV3a+UKkVyiVDypWiXahNPNwTWk262ZwJzQHXibMkObBEo5udej2B45BwjRlSynXsSPsJkppiRiYZL1YkQniEBsQ1lKOQKD+Z7zSBF0bpwb6Q5nAN5+rviQSFSo3DwCRDpIdq1ZuJ/3lurPtVP6E8ijXhePFQP2ZQCzhrCfaoJFizsSEIS2p2hXiIJMLadJkxJTirX14nrZu8U8yXHoq5+u2yjjQ4A+fgEjigAurgHjRAE2DwDF7BO/iwXqw369P6WkRT1nLmFPyBNf0B8wmclg==</latexit>

h ⌘ c� 1

24
+ P 2

<latexit sha1_base64="KRrRtr6hf3m+lOPOI8WkSkl5XA8=">AAACBnicbVDLSgNBEJyNrxhfqx5FGAyCIIbdENFj0IvHCOYB2RhmJ73JkNmHM7OBsOzJi7/ixYMiXv0Gb/6Nk2QPmljQUFR1093lRpxJZVnfRm5peWV1Lb9e2Njc2t4xd/caMowFhToNeShaLpHAWQB1xRSHViSA+C6Hpju8nvjNEQjJwuBOjSPo+KQfMI9RorTUNQ8H2IGHmI2w4wlCE3pmp0m5kuJTXLsvd82iVbKmwIvEzkgRZah1zS+nF9LYh0BRTqRs21akOgkRilEOacGJJUSEDkkf2poGxAfZSaZvpPhYKz3shUJXoPBU/T2REF/Kse/qTp+ogZz3JuJ/XjtW3mUnYUEUKwjobJEXc6xCPMkE95gAqvhYE0IF07diOiA6DqWTK+gQ7PmXF0mjXLIrpfPbSrF6lcWRRwfoCJ0gG12gKrpBNVRHFD2iZ/SK3own48V4Nz5mrTkjm9lHf2B8/gC67Zdd</latexit>

Cartoon of holographic 2d CFT spectrum:

sparse 
states


(no chaos)

dense spectrum

<latexit sha1_base64="ZgYhWqI0zrkpMGJmGgLKRRrmbCA="></latexit>

h⇢m(E)i ⇠ eS

<latexit sha1_base64="0Q+78ppBoffB8C7q21ZmgdxCc9w="></latexit>

⇢m(E) ⇡ h⇢m(E)i+ e⇢m(E)

<latexit sha1_base64="eXfNlLeEZv4r1NI8bWh6HqH+oXI="></latexit>

he⇢m(E1)e⇢m(E2)i
?⇠ RMT



-1/2     0     1/2

2d CFTs are modular invariant:

<latexit sha1_base64="REQVCvwxC/Da4GErfyfznkvp1IA=">AAAB8nicdVDLSgNBEJyNrxhfUY9eBoMgCMusbNZ4EIJePEYwD0hCmJ1MkiGzD2Z6xbDkM7x4UMSrX+PNv3GyiaCiBQ1FVTfdXX4shQZCPqzc0vLK6lp+vbCxubW9U9zda+goUYzXWSQj1fKp5lKEvA4CJG/FitPAl7zpj69mfvOOKy2i8BYmMe8GdBiKgWAUjNTuAE3wBb4/EZNesURs1/VIuYyJTRzild2MOOcVDzs2yVBCC9R6xfdOP2JJwENgkmrddkgM3ZQqEEzyaaGTaB5TNqZD3jY0pAHX3TQ7eYqPjNLHg0iZCgFn6veJlAZaTwLfdAYURvq3NxP/8toJDCrdVIRxAjxk80WDRGKI8Ox/3BeKM5ATQyhTwtyK2YgqysCkVDAhfH2K/yeNU9vxbPfGLVUvF3Hk0QE6RMfIQWeoiq5RDdURQxF6QE/o2QLr0XqxXuetOWsxs49+wHr7BJ/pkNo=</latexit>

⌧ = x+ iy

<latexit sha1_base64="xNanP+6+R9EtZ8Ukmyqenn8Lapc=">AAACEXicbVDLSsNAFJ3UV62vqEs3g0WoIDUpRd0IRUG6cFHRPrAJZTKdtEMnD2YmQgn5BTf+ihsXirh1586/cdJG0OqBC4dz7uXee5yQUSEN41PLzc0vLC7llwsrq2vrG/rmVksEEcekiQMW8I6DBGHUJ01JJSOdkBPkOYy0ndF56rfvCBc08G/kOCS2hwY+dSlGUkk9vRRbGDF4kcBTaHlIDh0nrifwEF5flioH38ptst/Ti0bZmAD+JWZGiiBDo6d/WP0ARx7xJWZIiK5phNKOEZcUM5IUrEiQEOERGpCuoj7yiLDjyUcJ3FNKH7oBV+VLOFF/TsTIE2LsOaozPVHMeqn4n9eNpHtix9QPI0l8PF3kRgzKAKbxwD7lBEs2VgRhTtWtEA8RR1iqEAsqBHP25b+kVSmbR+XqVbVYO8viyIMdsAtKwATHoAbqoAGaAIN78AiewYv2oD1pr9rbtDWnZTPb4Be09y96cJuO</latexit>

F = H/SL(2,Z)

<latexit sha1_base64="8LVrqJucQl9xNwsjgr7UF8xAfX0=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKexKUC9C0IvHBMwDkiXMTnqTMbOzy8ysEEK+wIsHRbz6Sd78GyfJHjSxoKGo6qa7K0gE18Z1v53c2vrG5lZ+u7Czu7d/UDw8auo4VQwbLBaxagdUo+ASG4Ybge1EIY0Cga1gdDfzW0+oNI/lgxkn6Ed0IHnIGTVWqt/0iiW37M5BVomXkRJkqPWKX91+zNIIpWGCat3x3MT4E6oMZwKnhW6qMaFsRAfYsVTSCLU/mR86JWdW6ZMwVrakIXP198SERlqPo8B2RtQM9bI3E//zOqkJr/0Jl0lqULLFojAVxMRk9jXpc4XMiLEllClubyVsSBVlxmZTsCF4yy+vkuZF2bssV+qVUvU2iyMPJ3AK5+DBFVThHmrQAAYIz/AKb86j8+K8Ox+L1pyTzRzDHzifP4+7jMo=</latexit>=
<latexit sha1_base64="UQcuZLqmri1oXG95wJAVKPJnW/M=">AAACFnicdVBLSwMxGMzWV62vVY9egkXwoEtWtmu9Fb14rGAfsF1KNk3b0OyDJCuUpb/Ci3/FiwdFvIo3/43ptgUVHQgMM/MlXyZIOJMKoU+jsLS8srpWXC9tbG5t75i7e00Zp4LQBol5LNoBlpSziDYUU5y2E0FxGHDaCkZXU791R4VkcXSrxgn1QzyIWJ8RrLTUNU+zTn6JJwaBnyHLcVxUqZwgC9nIrTg5sS+q7qSjcDrpmuVFBC4icBGBtoVylMEc9a750enFJA1ppAjHUno2SpSfYaEY4XRS6qSSJpiM8IB6mkY4pNLP8o0m8EgrPdiPhT6Rgrn6fSLDoZTjMNDJEKuh/O1Nxb88L1X9qp+xKEkVjcjsoX7KoYrhtCPYY4ISxceaYCKY3hWSIRaYKN1kSZew+Cn8nzTPLNu1nBunXLuc11EEB+AQHAMbnIMauAZ10AAE3INH8AxejAfjyXg13mbRgjGf2Qc/YLx/AXRKm84=</latexit>⌧

<latexit sha1_base64="DSs/otLGM3tGcbw7Y+b2owP1uy4=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOlptcvV9yqOwdZJV5OKpCj0S9/9QYxSyOUhgmqdddzE+NnVBnOBE5LvVRjQtmYDrFrqaQRaj+bHzolZ1YZkDBWtqQhc/X3REYjrSdRYDsjakZ62ZuJ/3nd1ITXfsZlkhqUbLEoTAUxMZl9TQZcITNiYgllittbCRtRRZmx2ZRsCN7yy6ukfVH1Lqu1Zq1Sv8njKMIJnMI5eHAFdbiDBrSAAcIzvMKb8+i8OO/Ox6K14OQzx/AHzucPfYuMvg==</latexit>

1

<latexit sha1_base64="h1JWoS3pFt1o+rClXZQderr3i5M="></latexit>

Z(⌧) = Z(� · ⌧)
<latexit sha1_base64="gNCcV2sMXWdJiexOUM+NQJVXGc8="></latexit>

� 2 SL(2,Z)
<latexit sha1_base64="5LyORHdlvdyAV+6upq7tX4Yccns="></latexit>

y ⌘ Im(⌧) ⌘ �

<latexit sha1_base64="BU9ze/De0UDcnFTybmpLHhVr9JM="></latexit>

x ⌘ Re(⌧)

(implies spin quantization)

(relates high energy to low energy spectrum)

<latexit sha1_base64="sMQC0JhSusvLsfzT7SjwRoumWM4=">AAACFHicbVA9SwNBEN3zM8avqKXNYhCEQLiToKKNaGMZwaiQC8fcZpMs2b277M4J4ciPsPGv2FgoYmth579xc6ZQ44OBx3szzMwLEykMuu6nMzM7N7+wWFgqLq+srq2XNjavTZxqxhsslrG+DcFwKSLeQIGS3yaagwolvwn752P/5o5rI+LoCocJbynoRqIjGKCVglLF74JSEGTB1eiY+oNBCm3qI6TUP/EVJAZj/yQXKl5QKrtVNwedJt6ElMkE9aD04bdjlioeIZNgTNNzE2xloFEwyUdFPzU8AdaHLm9aGoHippXlT43orlXatBNrWxHSXP05kYEyZqhC26kAe+avNxb/85opdo5amYiSFHnEvhd1UkkxpuOEaFtozlAOLQGmhb2Vsh5oYGhzLNoQvL8vT5Pr/ap3UK1d1sqnZ5M4CmSb7JA94pFDckouSJ00CCP35JE8kxfnwXlyXp2379YZZzKzRX7Bef8CYOqdww==</latexit>

�T : ⌧ 7! ⌧ + 1

<latexit sha1_base64="25kR71bKEYKwAFSVOcZXC6WvuZU=">AAACFXicbVA9SwNBEN3zM8avqKXNYhAsNN5JUDGNaGOpaFTIhWNus4lLdu8uu3NCOPInbPwrNhaK2Ap2/hs3H4VGHww83pthZl6YSGHQdb+cicmp6ZnZ3Fx+fmFxabmwsnpt4lQzXmWxjPVtCIZLEfEqCpT8NtEcVCj5Tdg+7fs391wbEUdX2E14XUErEk3BAK0UFLb9FigFQRZc9o6o3+mk0KA+Qkr9iq8gMRj7Fbrj7fa1oFB0S+4A9C/xRqRIRjgPCp9+I2ap4hEyCcbUPDfBegYaBZO8l/dTwxNgbWjxmqURKG7q2eCrHt20SoM2Y20rQjpQf05koIzpqtB2KsA7M+71xf+8WorNw3omoiRFHrHhomYqKca0HxFtCM0Zyq4lwLSwt1J2BxoY2iDzNgRv/OW/5Hqv5O2Xyhfl4vHJKI4cWScbZIt45IAckzNyTqqEkQfyRF7Iq/PoPDtvzvuwdcIZzayRX3A+vgHbhp39</latexit>

�S : ⌧ 7! �1/⌧



-1/2     0     1/2

2d CFTs are modular invariant:

<latexit sha1_base64="REQVCvwxC/Da4GErfyfznkvp1IA=">AAAB8nicdVDLSgNBEJyNrxhfUY9eBoMgCMusbNZ4EIJePEYwD0hCmJ1MkiGzD2Z6xbDkM7x4UMSrX+PNv3GyiaCiBQ1FVTfdXX4shQZCPqzc0vLK6lp+vbCxubW9U9zda+goUYzXWSQj1fKp5lKEvA4CJG/FitPAl7zpj69mfvOOKy2i8BYmMe8GdBiKgWAUjNTuAE3wBb4/EZNesURs1/VIuYyJTRzild2MOOcVDzs2yVBCC9R6xfdOP2JJwENgkmrddkgM3ZQqEEzyaaGTaB5TNqZD3jY0pAHX3TQ7eYqPjNLHg0iZCgFn6veJlAZaTwLfdAYURvq3NxP/8toJDCrdVIRxAjxk80WDRGKI8Ox/3BeKM5ATQyhTwtyK2YgqysCkVDAhfH2K/yeNU9vxbPfGLVUvF3Hk0QE6RMfIQWeoiq5RDdURQxF6QE/o2QLr0XqxXuetOWsxs49+wHr7BJ/pkNo=</latexit>

⌧ = x+ iy

<latexit sha1_base64="xNanP+6+R9EtZ8Ukmyqenn8Lapc=">AAACEXicbVDLSsNAFJ3UV62vqEs3g0WoIDUpRd0IRUG6cFHRPrAJZTKdtEMnD2YmQgn5BTf+ihsXirh1586/cdJG0OqBC4dz7uXee5yQUSEN41PLzc0vLC7llwsrq2vrG/rmVksEEcekiQMW8I6DBGHUJ01JJSOdkBPkOYy0ndF56rfvCBc08G/kOCS2hwY+dSlGUkk9vRRbGDF4kcBTaHlIDh0nrifwEF5flioH38ptst/Ti0bZmAD+JWZGiiBDo6d/WP0ARx7xJWZIiK5phNKOEZcUM5IUrEiQEOERGpCuoj7yiLDjyUcJ3FNKH7oBV+VLOFF/TsTIE2LsOaozPVHMeqn4n9eNpHtix9QPI0l8PF3kRgzKAKbxwD7lBEs2VgRhTtWtEA8RR1iqEAsqBHP25b+kVSmbR+XqVbVYO8viyIMdsAtKwATHoAbqoAGaAIN78AiewYv2oD1pr9rbtDWnZTPb4Be09y96cJuO</latexit>

F = H/SL(2,Z)

<latexit sha1_base64="8LVrqJucQl9xNwsjgr7UF8xAfX0=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKexKUC9C0IvHBMwDkiXMTnqTMbOzy8ysEEK+wIsHRbz6Sd78GyfJHjSxoKGo6qa7K0gE18Z1v53c2vrG5lZ+u7Czu7d/UDw8auo4VQwbLBaxagdUo+ASG4Ybge1EIY0Cga1gdDfzW0+oNI/lgxkn6Ed0IHnIGTVWqt/0iiW37M5BVomXkRJkqPWKX91+zNIIpWGCat3x3MT4E6oMZwKnhW6qMaFsRAfYsVTSCLU/mR86JWdW6ZMwVrakIXP198SERlqPo8B2RtQM9bI3E//zOqkJr/0Jl0lqULLFojAVxMRk9jXpc4XMiLEllClubyVsSBVlxmZTsCF4yy+vkuZF2bssV+qVUvU2iyMPJ3AK5+DBFVThHmrQAAYIz/AKb86j8+K8Ox+L1pyTzRzDHzifP4+7jMo=</latexit>=
<latexit sha1_base64="UQcuZLqmri1oXG95wJAVKPJnW/M=">AAACFnicdVBLSwMxGMzWV62vVY9egkXwoEtWtmu9Fb14rGAfsF1KNk3b0OyDJCuUpb/Ci3/FiwdFvIo3/43ptgUVHQgMM/MlXyZIOJMKoU+jsLS8srpWXC9tbG5t75i7e00Zp4LQBol5LNoBlpSziDYUU5y2E0FxGHDaCkZXU791R4VkcXSrxgn1QzyIWJ8RrLTUNU+zTn6JJwaBnyHLcVxUqZwgC9nIrTg5sS+q7qSjcDrpmuVFBC4icBGBtoVylMEc9a750enFJA1ppAjHUno2SpSfYaEY4XRS6qSSJpiM8IB6mkY4pNLP8o0m8EgrPdiPhT6Rgrn6fSLDoZTjMNDJEKuh/O1Nxb88L1X9qp+xKEkVjcjsoX7KoYrhtCPYY4ISxceaYCKY3hWSIRaYKN1kSZew+Cn8nzTPLNu1nBunXLuc11EEB+AQHAMbnIMauAZ10AAE3INH8AxejAfjyXg13mbRgjGf2Qc/YLx/AXRKm84=</latexit>⌧

<latexit sha1_base64="DSs/otLGM3tGcbw7Y+b2owP1uy4=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0mkqMeiF48t2FpoQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgpr6xubW8Xt0s7u3v5B+fCoreNUMWyxWMSqE1CNgktsGW4EdhKFNAoEPgTj25n/8IRK81jem0mCfkSHkoecUWOlptcvV9yqOwdZJV5OKpCj0S9/9QYxSyOUhgmqdddzE+NnVBnOBE5LvVRjQtmYDrFrqaQRaj+bHzolZ1YZkDBWtqQhc/X3REYjrSdRYDsjakZ62ZuJ/3nd1ITXfsZlkhqUbLEoTAUxMZl9TQZcITNiYgllittbCRtRRZmx2ZRsCN7yy6ukfVH1Lqu1Zq1Sv8njKMIJnMI5eHAFdbiDBrSAAcIzvMKb8+i8OO/Ox6K14OQzx/AHzucPfYuMvg==</latexit>

1

<latexit sha1_base64="h1JWoS3pFt1o+rClXZQderr3i5M="></latexit>

Z(⌧) = Z(� · ⌧)
<latexit sha1_base64="gNCcV2sMXWdJiexOUM+NQJVXGc8="></latexit>

� 2 SL(2,Z)
<latexit sha1_base64="5LyORHdlvdyAV+6upq7tX4Yccns="></latexit>

y ⌘ Im(⌧) ⌘ �

<latexit sha1_base64="BU9ze/De0UDcnFTybmpLHhVr9JM="></latexit>

x ⌘ Re(⌧)

(implies spin quantization)

(relates high energy to low energy spectrum)

Cardy formula:

low temperature 

dominated by 

ground state

<latexit sha1_base64="MdJDF0JwMqEkGhi8gZKDYnWr/hQ=">AAAB+HicbVBNSwMxEJ2tX7V+dNWjl2ARPJVdKeqx6MVjBfsB7VKyaXYbmk2WJKvU0l/ixYMiXv0p3vw3pu0etPXBwOO9GWbmhSln2njet1NYW9/Y3Cpul3Z29/bL7sFhS8tMEdokkkvVCbGmnAnaNMxw2kkVxUnIaTsc3cz89gNVmklxb8YpDRIcCxYxgo2V+m65x6WIFYuHBislH/tuxat6c6BV4uekAjkafferN5AkS6gwhGOtu76XmmCClWGE02mpl2maYjLCMe1aKnBCdTCZHz5Fp1YZoEgqW8Kgufp7YoITrcdJaDsTbIZ62ZuJ/3ndzERXwYSJNDNUkMWiKOPISDRLAQ2YosTwsSWYKGZvRWSIFSbGZlWyIfjLL6+S1nnVv6jW7mqV+nUeRxGO4QTOwIdLqMMtNKAJBDJ4hld4c56cF+fd+Vi0Fpx85gj+wPn8AXUmk58=</latexit>�!
<latexit sha1_base64="s4qC6MKli/3o3WD3Or1NMFhNFEg=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi8eK9gPaUCbbTbt0N4m7G6GE/gkvHhTx6t/x5r9x2+agrQ8GHu/NMDMvSATXxnW/ncLK6tr6RnGztLW9s7tX3j9o6jhVlDVoLGLVDlAzwSPWMNwI1k4UQxkI1gpGN1O/9cSU5nH0YMYJ8yUOIh5yisZK7e4ApcTefa9ccavuDGSZeDmpQI56r/zV7cc0lSwyVKDWHc9NjJ+hMpwKNil1U80SpCMcsI6lEUqm/Wx274ScWKVPwljZigyZqb8nMpRaj2VgOyWaoV70puJ/Xic14ZWf8ShJDYvofFGYCmJiMn2e9Lli1IixJUgVt7cSOkSF1NiISjYEb/HlZdI8q3oX1fO780rtOo+jCEdwDKfgwSXU4Bbq0AAKAp7hFd6cR+fFeXc+5q0FJ585hD9wPn8A5quP5A==</latexit>�S exponentially 


dense high 

energy spectrum

E

<latexit sha1_base64="s4qC6MKli/3o3WD3Or1NMFhNFEg=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi8eK9gPaUCbbTbt0N4m7G6GE/gkvHhTx6t/x5r9x2+agrQ8GHu/NMDMvSATXxnW/ncLK6tr6RnGztLW9s7tX3j9o6jhVlDVoLGLVDlAzwSPWMNwI1k4UQxkI1gpGN1O/9cSU5nH0YMYJ8yUOIh5yisZK7e4ApcTefa9ccavuDGSZeDmpQI56r/zV7cc0lSwyVKDWHc9NjJ+hMpwKNil1U80SpCMcsI6lEUqm/Wx274ScWKVPwljZigyZqb8nMpRaj2VgOyWaoV70puJ/Xic14ZWf8ShJDYvofFGYCmJiMn2e9Lli1IixJUgVt7cSOkSF1NiISjYEb/HlZdI8q3oX1fO780rtOo+jCEdwDKfgwSXU4Bbq0AAKAp7hFd6cR+fFeXc+5q0FJ585hD9wPn8A5quP5A==</latexit>�S

<latexit sha1_base64="sMQC0JhSusvLsfzT7SjwRoumWM4=">AAACFHicbVA9SwNBEN3zM8avqKXNYhCEQLiToKKNaGMZwaiQC8fcZpMs2b277M4J4ciPsPGv2FgoYmth579xc6ZQ44OBx3szzMwLEykMuu6nMzM7N7+wWFgqLq+srq2XNjavTZxqxhsslrG+DcFwKSLeQIGS3yaagwolvwn752P/5o5rI+LoCocJbynoRqIjGKCVglLF74JSEGTB1eiY+oNBCm3qI6TUP/EVJAZj/yQXKl5QKrtVNwedJt6ElMkE9aD04bdjlioeIZNgTNNzE2xloFEwyUdFPzU8AdaHLm9aGoHippXlT43orlXatBNrWxHSXP05kYEyZqhC26kAe+avNxb/85opdo5amYiSFHnEvhd1UkkxpuOEaFtozlAOLQGmhb2Vsh5oYGhzLNoQvL8vT5Pr/ap3UK1d1sqnZ5M4CmSb7JA94pFDckouSJ00CCP35JE8kxfnwXlyXp2379YZZzKzRX7Bef8CYOqdww==</latexit>

�T : ⌧ 7! ⌧ + 1

<latexit sha1_base64="25kR71bKEYKwAFSVOcZXC6WvuZU=">AAACFXicbVA9SwNBEN3zM8avqKXNYhAsNN5JUDGNaGOpaFTIhWNus4lLdu8uu3NCOPInbPwrNhaK2Ap2/hs3H4VGHww83pthZl6YSGHQdb+cicmp6ZnZ3Fx+fmFxabmwsnpt4lQzXmWxjPVtCIZLEfEqCpT8NtEcVCj5Tdg+7fs391wbEUdX2E14XUErEk3BAK0UFLb9FigFQRZc9o6o3+mk0KA+Qkr9iq8gMRj7Fbrj7fa1oFB0S+4A9C/xRqRIRjgPCp9+I2ap4hEyCcbUPDfBegYaBZO8l/dTwxNgbWjxmqURKG7q2eCrHt20SoM2Y20rQjpQf05koIzpqtB2KsA7M+71xf+8WorNw3omoiRFHrHhomYqKca0HxFtCM0Zyq4lwLSwt1J2BxoY2iDzNgRv/OW/5Hqv5O2Xyhfl4vHJKI4cWScbZIt45IAckzNyTqqEkQfyRF7Iq/PoPDtvzvuwdcIZzayRX3A+vgHbhp39</latexit>

�S : ⌧ 7! �1/⌧



       can be defined in modular invariant way

h̄ ⌘ c� 1

24
+ P̄ 2

<latexit sha1_base64="BdosUWN1pRmNaukFAO2FZTTzP+s=">AAACEXicbVDLSsNAFJ3UV62vqEs3g0UoiCUpFV0W3bisYB/QxDKZTtqhk0mcmRRKyC+48VfcuFDErTt3/o2TNgttPXDhcM693HuPFzEqlWV9G4WV1bX1jeJmaWt7Z3fP3D9oyzAWmLRwyELR9ZAkjHLSUlQx0o0EQYHHSMcbX2d+Z0KEpCG/U9OIuAEacupTjJSW+mbF8ZCAI+iQh5hOoOMLhBN8ZqdJrZ7CU5jZSTO9r/XNslW1ZoDLxM5JGeRo9s0vZxDiOCBcYYak7NlWpNwECUUxI2nJiSWJEB6jIelpylFApJvMPkrhiVYG0A+FLq7gTP09kaBAymng6c4AqZFc9DLxP68XK//STSiPYkU4ni/yYwZVCLN44IAKghWbaoKwoPpWiEdIh6J0iCUdgr348jJp16p2vXp+Wy83rvI4iuAIHIMKsMEFaIAb0AQtgMEjeAav4M14Ml6Md+Nj3low8plD8AfG5w89hJwF</latexit>

c� 1

24

<latexit sha1_base64="QHi2dV5y51lwVfEIR5v7aHAelJc=">AAAB9XicbVBNSwMxEJ31s9avqkcvwSJ4seyWih6LXjxWsB/QriWbZtvQbLIkWaUs+z+8eFDEq//Fm//GtN2Dtj4YeLw3w8y8IOZMG9f9dlZW19Y3Ngtbxe2d3b390sFhS8tEEdokkkvVCbCmnAnaNMxw2okVxVHAaTsY30z99iNVmklxbyYx9SM8FCxkBBsrPfRChUlKzr0srdayfqnsVtwZ0DLxclKGHI1+6as3kCSJqDCEY627nhsbP8XKMMJpVuwlmsaYjPGQdi0VOKLaT2dXZ+jUKgMUSmVLGDRTf0+kONJ6EgW2M8JmpBe9qfif101MeOWnTMSJoYLMF4UJR0aiaQRowBQlhk8swUQxeysiI2yDMDaoog3BW3x5mbSqFa9WubirlevXeRwFOIYTOAMPLqEOt9CAJhBQ8Ayv8OY8OS/Ou/Mxb11x8pkj+APn8wfgkJId</latexit>

c� 1

24

<latexit sha1_base64="QHi2dV5y51lwVfEIR5v7aHAelJc=">AAAB9XicbVBNSwMxEJ31s9avqkcvwSJ4seyWih6LXjxWsB/QriWbZtvQbLIkWaUs+z+8eFDEq//Fm//GtN2Dtj4YeLw3w8y8IOZMG9f9dlZW19Y3Ngtbxe2d3b390sFhS8tEEdokkkvVCbCmnAnaNMxw2okVxVHAaTsY30z99iNVmklxbyYx9SM8FCxkBBsrPfRChUlKzr0srdayfqnsVtwZ0DLxclKGHI1+6as3kCSJqDCEY627nhsbP8XKMMJpVuwlmsaYjPGQdi0VOKLaT2dXZ+jUKgMUSmVLGDRTf0+kONJ6EgW2M8JmpBe9qfif101MeOWnTMSJoYLMF4UJR0aiaQRowBQlhk8swUQxeysiI2yDMDaoog3BW3x5mbSqFa9WubirlevXeRwFOIYTOAMPLqEOt9CAJhBQ8Ayv8OY8OS/Ou/Mxb11x8pkj+APn8wfgkJId</latexit>

m
=
0

<latexit sha1_base64="JoOh1ySgeYx30CnhEDcWLHszMmQ=">AAACFXicdVBLSwMxGMz6rPW16tFLsAgeypLa7WMPQtGLxwr2Ae1SsmnahmYfJFmhLP0TXvwrXjwo4lXw5r8x3bagogOBYWa+5Mt4EWdSIfRprKyurW9sZray2zu7e/vmwWFThrEgtEFCHoq2hyXlLKANxRSn7UhQ7Huctrzx1cxv3VEhWRjcqklEXR8PAzZgBCst9cx80k0v6Yih5ybIQnbVcap5ZBUrTrFc0qRcsVHRmfoXaNozc8sEXCbgMgELFkqRAwvUe+ZHtx+S2KeBIhxL2SmgSLkJFooRTqfZbixphMkYD2lH0wD7VLpJutAUnmqlDweh0CdQMFW/TyTYl3LiezrpYzWSv72Z+JfXidWg6iYsiGJFAzJ/aBBzqEI4qwj2maBE8YkmmAimd4VkhAUmSheZ1SUsfwr/J81zq2BbpRs7V7tc1JEBx+AEnIECqIAauAZ10AAE3INH8AxejAfjyXg13ubRFWMxcwR+wHj/Ancqmz0=</latexit>

m
=
1

<latexit sha1_base64="MX2uUrLpqlu+VS7aWot6Ye3nzeY=">AAACFXicbVBLS8NAGNz4rPUV9eglWAQPJSQ2feQgFL14rGAfkIay2W7bpZsHuxuhhPwJL/4VLx4U8Sp489+4TXPQ1oGFYWa+3W/HiyjhwjC+lbX1jc2t7cJOcXdv/+BQPTru8DBmCLdRSEPW8yDHlAS4LYiguBcxDH2P4q43vZn73QfMOAmDezGLsOvDcUBGBEEhpYFaTvrZJQ4be25i6IbVsO1G2dArdbtSq0pSq1tGxU79KzMdqCWZyKCtEjMnJZCjNVC/+sMQxT4OBKKQc8c0IuEmkAmCKE6L/ZjjCKIpHGNH0gD6mLtJtlCqnUtlqI1CJk8gtEz9PZFAn/OZ78mkD8WEL3tz8T/PicWo4SYkiGKBA7R4aBRTTYTavCJtSBhGgs4kgYgRuauGJpBBJGSRRVmCufzlVdK51E1Lr95ZpeZ1XkcBnIIzcAFMUAdNcAtaoA0QeATP4BW8KU/Ki/KufCyia0o+cwL+QPn8Aeexmto=</latexit>

m
=
�1

<latexit sha1_base64="pfOtGUF5dUhjDslHbaE3tMatUAs=">AAACFnicbVBLS8NAGNzUV62vqEcvwSJ4sCGx6SMHoejFYwX7gDSUzXbbLt082N0IJeRXePGvePGgiFfx5r9xm/agrQMLw8x8u9+OF1HChWF8K7m19Y3Nrfx2YWd3b/9APTxq8zBmCLdQSEPW9SDHlAS4JYiguBsxDH2P4o43uZn5nQfMOAmDezGNsOvDUUCGBEEhpb5aSnrZJQ4beW5i6IZVt+36haGXa3a5WpGkWrOMsp36VyUz7atFGcmgrRJzQYpggWZf/eoNQhT7OBCIQs4d04iEm0AmCKI4LfRijiOIJnCEHUkD6GPuJtlGqXYmlYE2DJk8gdAy9fdEAn3Op74nkz4UY77szcT/PCcWw7qbkCCKBQ7Q/KFhTDURarOOtAFhGAk6lQQiRuSuGhpDBpGQTRZkCebyl1dJ+1I3Lb1yZxUb14s68uAEnIJzYIIaaIBb0AQtgMAjeAav4E15Ul6Ud+VjHs0pi5lj8AfK5w9daJsR</latexit>

m
=
�2

<latexit sha1_base64="cIkoF4J1svjk6VItLY6cEEVfTnw=">AAACFnicbVBLSwMxGMzWV62vqkcvwSJ4sGW37z0IRS8eK9ha2C4lm6ZtaPZBkhXKsr/Ci3/FiwdFvIo3/43pdg/aOhAYZuZLvowTMCqkrn9rmbX1jc2t7HZuZ3dv/yB/eNQVfsgx6WCf+bznIEEY9UhHUslIL+AEuQ4j9870eu7fPxAuqO/dyVlAbBeNPTqiGEklDfLFqJ9cYvGxY0d6Sa82TbN5oZcqDbNSrylSb1T1ihm7l8VyPMgXVCQBXCVGSgogRXuQ/+oPfRy6xJOYISEsQw+kHSEuKWYkzvVDQQKEp2hMLEU95BJhR8lGMTxTyhCOfK6OJ2Gi/p6IkCvEzHVU0kVyIpa9ufifZ4Vy1LQj6gWhJB5ePDQKGZQ+nHcEh5QTLNlMEYQ5VbtCPEEcYamazKkSjOUvr5JuuWRUS7XbaqF1ldaRBSfgFJwDAzRAC9yANugADB7BM3gFb9qT9qK9ax+LaEZLZ47BH2ifP17tmxI=</latexit>

m
=
2

<latexit sha1_base64="rPvEPTlibHv6A5UKn7mwjy/MUUs=">AAACFXicbVBLS8NAGNzUV62vqkcvwSJ4KCVp09dBKHrxWME+IA1ls922SzebsLsRSsif8OJf8eJBEa+CN/+N2zQHbR1YGGbm2/123IASIQ3jW8tsbG5t72R3c3v7B4dH+eOTrvBDjnAH+dTnfRcKTAnDHUkkxf2AY+i5FPfc2c3C7z1gLojP7uU8wI4HJ4yMCYJSScN8MRokl9h84jqRUTKsRrPZKBqlSr1ZqVUVqdUto9KMvatyPMwXVCKBvk7MlBRAivYw/zUY+Sj0MJOIQiFs0wikE0EuCaI4zg1CgQOIZnCCbUUZ9LBwomShWL9Qykgf+1wdJvVE/T0RQU+IueeqpAflVKx6C/E/zw7luOFEhAWhxAwtHxqHVJe+vqhIHxGOkaRzRSDiRO2qoynkEElVZE6VYK5+eZ10yyXTKlXvrELrOq0jC87AObgEJqiDFrgFbdABCDyCZ/AK3rQn7UV71z6W0YyWzpyCP9A+fwDpNprb</latexit>

· · ·

<latexit sha1_base64="B/hZgYIu9OU58/msQjgFehfrTRs=">AAACGHicbVBLSwMxGMzWV62vqkcvwSJ4kLpr37eiF48V7AN2l5JN0zY0myxJVihLf4YX/4oXD4p47c1/Y/o4aOtAYJiZL/kyQcSo0rb9baU2Nre2d9K7mb39g8Oj7PFJS4lYYtLEggnZCZAijHLS1FQz0okkQWHASDsY3c389hORigr+qMcR8UM04LRPMdJG6mavE29+iSsHgZ/YebtYrdWqV3a+UKkVyiVDypWiXahNPNwTWk262ZwJzQHXibMkObBEo5udej2B45BwjRlSynXsSPsJkppiRiYZL1YkQniEBsQ1lKOQKD+Z7zSBF0bpwb6Q5nAN5+rviQSFSo3DwCRDpIdq1ZuJ/3lurPtVP6E8ijXhePFQP2ZQCzhrCfaoJFizsSEIS2p2hXiIJMLadJkxJTirX14nrZu8U8yXHoq5+u2yjjQ4A+fgEjigAurgHjRAE2DwDF7BO/iwXqw369P6WkRT1nLmFPyBNf0B8wmclg==</latexit>

··
·

<latexit sha1_base64="B/hZgYIu9OU58/msQjgFehfrTRs=">AAACGHicbVBLSwMxGMzWV62vqkcvwSJ4kLpr37eiF48V7AN2l5JN0zY0myxJVihLf4YX/4oXD4p47c1/Y/o4aOtAYJiZL/kyQcSo0rb9baU2Nre2d9K7mb39g8Oj7PFJS4lYYtLEggnZCZAijHLS1FQz0okkQWHASDsY3c389hORigr+qMcR8UM04LRPMdJG6mavE29+iSsHgZ/YebtYrdWqV3a+UKkVyiVDypWiXahNPNwTWk262ZwJzQHXibMkObBEo5udej2B45BwjRlSynXsSPsJkppiRiYZL1YkQniEBsQ1lKOQKD+Z7zSBF0bpwb6Q5nAN5+rviQSFSo3DwCRDpIdq1ZuJ/3lurPtVP6E8ijXhePFQP2ZQCzhrCfaoJFizsSEIS2p2hXiIJMLadJkxJTirX14nrZu8U8yXHoq5+u2yjjQ4A+fgEjigAurgHjRAE2DwDF7BO/iwXqw369P6WkRT1nLmFPyBNf0B8wmclg==</latexit>

h ⌘ c� 1

24
+ P 2

<latexit sha1_base64="KRrRtr6hf3m+lOPOI8WkSkl5XA8=">AAACBnicbVDLSgNBEJyNrxhfqx5FGAyCIIbdENFj0IvHCOYB2RhmJ73JkNmHM7OBsOzJi7/ixYMiXv0Gb/6Nk2QPmljQUFR1093lRpxJZVnfRm5peWV1Lb9e2Njc2t4xd/caMowFhToNeShaLpHAWQB1xRSHViSA+C6Hpju8nvjNEQjJwuBOjSPo+KQfMI9RorTUNQ8H2IGHmI2w4wlCE3pmp0m5kuJTXLsvd82iVbKmwIvEzkgRZah1zS+nF9LYh0BRTqRs21akOgkRilEOacGJJUSEDkkf2poGxAfZSaZvpPhYKz3shUJXoPBU/T2REF/Kse/qTp+ogZz3JuJ/XjtW3mUnYUEUKwjobJEXc6xCPMkE95gAqvhYE0IF07diOiA6DqWTK+gQ7PmXF0mjXLIrpfPbSrF6lcWRRwfoCJ0gG12gKrpBNVRHFD2iZ/SK3own48V4Nz5mrTkjm9lHf2B8/gC67Zdd</latexit>

Focus on chaotic part of spectrum that’s unconstrained by symmetries

1. Only consider primary states

2. Subtract “background” due to 
sporadic states below extremality

[Benjamin/Collier/Fitzpatrick/

  Maloney/Perlmutter ’21]


RMT correlations in        are now a reasonable assumption!
<latexit sha1_base64="5uIphbl5Jo0o/Siurg2JRreBHrM="></latexit>

e⇢m
P

<latexit sha1_base64="tZYIy6noqvdYdG+zWdkjx2UFU9I="></latexit>

⇢(E) ! ⇢P (E)

<latexit sha1_base64="fH62rNItB4RczYm9A08PMo3d5Ag="></latexit>

⇢P (E) = ⇢̂sparse(E) + e⇢P (E)

<latexit sha1_base64="6Em/3yK/o8sPudB2TUKa6sqrEwY=">AAACAnicbVDJSgNBEO1xjXEb9SReGoPgKcxIUI9BLx4jmAUyQ+jp1CRNeha6a8QwBC/+ihcPinj1K7z5N3aWgyY+KHi8V0VVvSCVQqPjfFtLyyura+uFjeLm1vbOrr2339BJpjjUeSIT1QqYBiliqKNACa1UAYsCCc1gcD32m/egtEjiOxym4EesF4tQcIZG6tiHnhYR9RAeMJei10eqkSHoEe3YJafsTEAXiTsjJTJDrWN/ed2EZxHEyCXTuu06Kfo5Uyi4hFHRyzSkjA9YD9qGxiwC7eeTF0b0xChdGibKVIx0ov6eyFmk9TAKTGfEsK/nvbH4n9fOMLz0cxGnGULMp4vCTFJM6DgP2hUKOMqhIYwrYW6lvM8U42hSK5oQ3PmXF0njrOyelyu3lVL1ahZHgRyRY3JKXHJBquSG1EidcPJInskrebOerBfr3fqYti5Zs5kD8gfW5w9xP5d4</latexit>

⇠ light states
<latexit sha1_base64="n9NYKfTjMWzU2gKu9D5H0W0s7p4=">AAAB+nicbVDLSsNAFJ3UV62vVJduBosgKCWRoi6L3bisYB/QhDKZTNuhkwczN2qI/RQ3LhRx65e482+ctllo64ELh3Pu5d57vFhwBZb1bRRWVtfWN4qbpa3tnd09s7zfVlEiKWvRSESy6xHFBA9ZCzgI1o0lI4EnWMcbN6Z+555JxaPwDtKYuQEZhnzAKQEt9c3yKXbOsAPsEbIGkX466ZsVq2rNgJeJnZMKytHsm1+OH9EkYCFQQZTq2VYMbkYkcCrYpOQkisWEjsmQ9TQNScCUm81On+Bjrfh4EEldIeCZ+nsiI4FSaeDpzoDASC16U/E/r5fA4MrNeBgnwEI6XzRIBIYIT3PAPpeMgkg1IVRyfSumIyIJBZ1WSYdgL768TNrnVfuiWrutVerXeRxFdIiO0Amy0SWqoxvURC1E0QN6Rq/ozXgyXox342PeWjDymQP0B8bnDzovk10=</latexit>

+Cardy fluctuations around

dense average (self-averaging)

(oscillatory)
<latexit sha1_base64="kT8NbdaDs6DzEphICtwT8Z4Nk/w="></latexit>

⇢̃P



-1/2     0     1/2

Want to discuss RMT statistics without giving up modular invariance

E.g.,                                                           .               

………..is not a modular invariant statement

<latexit sha1_base64="REQVCvwxC/Da4GErfyfznkvp1IA=">AAAB8nicdVDLSgNBEJyNrxhfUY9eBoMgCMusbNZ4EIJePEYwD0hCmJ1MkiGzD2Z6xbDkM7x4UMSrX+PNv3GyiaCiBQ1FVTfdXX4shQZCPqzc0vLK6lp+vbCxubW9U9zda+goUYzXWSQj1fKp5lKEvA4CJG/FitPAl7zpj69mfvOOKy2i8BYmMe8GdBiKgWAUjNTuAE3wBb4/EZNesURs1/VIuYyJTRzild2MOOcVDzs2yVBCC9R6xfdOP2JJwENgkmrddkgM3ZQqEEzyaaGTaB5TNqZD3jY0pAHX3TQ7eYqPjNLHg0iZCgFn6veJlAZaTwLfdAYURvq3NxP/8toJDCrdVIRxAjxk80WDRGKI8Ox/3BeKM5ATQyhTwtyK2YgqysCkVDAhfH2K/yeNU9vxbPfGLVUvF3Hk0QE6RMfIQWeoiq5RDdURQxF6QE/o2QLr0XqxXuetOWsxs49+wHr7BJ/pkNo=</latexit>

⌧ = x+ iy

<latexit sha1_base64="xNanP+6+R9EtZ8Ukmyqenn8Lapc=">AAACEXicbVDLSsNAFJ3UV62vqEs3g0WoIDUpRd0IRUG6cFHRPrAJZTKdtEMnD2YmQgn5BTf+ihsXirh1586/cdJG0OqBC4dz7uXee5yQUSEN41PLzc0vLC7llwsrq2vrG/rmVksEEcekiQMW8I6DBGHUJ01JJSOdkBPkOYy0ndF56rfvCBc08G/kOCS2hwY+dSlGUkk9vRRbGDF4kcBTaHlIDh0nrifwEF5flioH38ptst/Ti0bZmAD+JWZGiiBDo6d/WP0ARx7xJWZIiK5phNKOEZcUM5IUrEiQEOERGpCuoj7yiLDjyUcJ3FNKH7oBV+VLOFF/TsTIE2LsOaozPVHMeqn4n9eNpHtix9QPI0l8PF3kRgzKAKbxwD7lBEs2VgRhTtWtEA8RR1iqEAsqBHP25b+kVSmbR+XqVbVYO8viyIMdsAtKwATHoAbqoAGaAIN78AiewYv2oD1pr9rbtDWnZTPb4Be09y96cJuO</latexit>

F = H/SL(2,Z)<latexit sha1_base64="L0bROiOfeVcMkukxIMfVBv7qbX4="></latexit>

h eZm
P (y1 = � + iT ) eZm

P (y2 = � � iT )i ⇠ T

2⇡�
+ . . .

(and modular transformations mix spin)



Work in variables where modular invariance is manifest!

[Rankin ’39] [Selberg ’40] …


[Benjamin/Collier/Fitzpatrick/

Maloney/Perlmutter ’21]


-1/2     0     1/2

Want to discuss RMT statistics without giving up modular invariance

E.g.,                                                           .               

………..is not a modular invariant statement

<latexit sha1_base64="REQVCvwxC/Da4GErfyfznkvp1IA=">AAAB8nicdVDLSgNBEJyNrxhfUY9eBoMgCMusbNZ4EIJePEYwD0hCmJ1MkiGzD2Z6xbDkM7x4UMSrX+PNv3GyiaCiBQ1FVTfdXX4shQZCPqzc0vLK6lp+vbCxubW9U9zda+goUYzXWSQj1fKp5lKEvA4CJG/FitPAl7zpj69mfvOOKy2i8BYmMe8GdBiKgWAUjNTuAE3wBb4/EZNesURs1/VIuYyJTRzild2MOOcVDzs2yVBCC9R6xfdOP2JJwENgkmrddkgM3ZQqEEzyaaGTaB5TNqZD3jY0pAHX3TQ7eYqPjNLHg0iZCgFn6veJlAZaTwLfdAYURvq3NxP/8toJDCrdVIRxAjxk80WDRGKI8Ox/3BeKM5ATQyhTwtyK2YgqysCkVDAhfH2K/yeNU9vxbPfGLVUvF3Hk0QE6RMfIQWeoiq5RDdURQxF6QE/o2QLr0XqxXuetOWsxs49+wHr7BJ/pkNo=</latexit>

⌧ = x+ iy

<latexit sha1_base64="xNanP+6+R9EtZ8Ukmyqenn8Lapc=">AAACEXicbVDLSsNAFJ3UV62vqEs3g0WoIDUpRd0IRUG6cFHRPrAJZTKdtEMnD2YmQgn5BTf+ihsXirh1586/cdJG0OqBC4dz7uXee5yQUSEN41PLzc0vLC7llwsrq2vrG/rmVksEEcekiQMW8I6DBGHUJ01JJSOdkBPkOYy0ndF56rfvCBc08G/kOCS2hwY+dSlGUkk9vRRbGDF4kcBTaHlIDh0nrifwEF5flioH38ptst/Ti0bZmAD+JWZGiiBDo6d/WP0ARx7xJWZIiK5phNKOEZcUM5IUrEiQEOERGpCuoj7yiLDjyUcJ3FNKH7oBV+VLOFF/TsTIE2LsOaozPVHMeqn4n9eNpHtix9QPI0l8PF3kRgzKAKbxwD7lBEs2VgRhTtWtEA8RR1iqEAsqBHP25b+kVSmbR+XqVbVYO8viyIMdsAtKwATHoAbqoAGaAIN78AiewYv2oD1pr9rbtDWnZTPb4Be09y96cJuO</latexit>

F = H/SL(2,Z)

<latexit sha1_base64="O8ZW+yuZvVUTu5OlMygimC+n+Ok="></latexit>

eZP(⌧) = h eZPi+
1

4⇡i

Z

s⌘ 1
2+iR

ds
� eZP, Es

�
Es(⌧) +

X

n�1

� eZP, ⌫n
�
⌫n(⌧)

<latexit sha1_base64="L0bROiOfeVcMkukxIMfVBv7qbX4="></latexit>

h eZm
P (y1 = � + iT ) eZm

P (y2 = � � iT )i ⇠ T

2⇡�
+ . . .

<latexit sha1_base64="SEOO6IbuSvrOGPJDY2kj9xB861g="></latexit>

const. +

(and modular transformations mix spin)



Work in variables where modular invariance is manifest!

[Rankin ’39] [Selberg ’40] …


[Benjamin/Collier/Fitzpatrick/

Maloney/Perlmutter ’21]


-1/2     0     1/2

Want to discuss RMT statistics without giving up modular invariance

E.g.,                                                           .               

………..is not a modular invariant statement

<latexit sha1_base64="9X5VbuCr484Z97vCuj34wWXuU8s=">AAACF3icbZC7TsMwFIYdrqXcCowsERUSA4qc0AvdKlgYi0QvUhpVjuu2Vh0nsh2kEuUtWHgVFgYQYoWNt8FNO0DLkSx9+v9z7OPfjxiVCsJvY2V1bX1jM7eV397Z3dsvHBy2ZBgLTJo4ZKHo+EgSRjlpKqoY6USCoMBnpO2Pr6d++54ISUN+pyYR8QI05HRAMVJa6hWspJtd4oqh7yXQchynapfOoVWBFzWnpqFWLttlmD70Ep6mvUIRWjArcxnsORTBvBq9wle3H+I4IFxhhqR0bRgpL0FCUcxImu/GkkQIj9GQuBo5Coj0kmyl1DzVSt8chEIfrsxM/T2RoEDKSeDrzgCpkVz0puJ/nhurwaWXUB7FinA8e2gQM1OF5jQks08FwYpNNCAsqN7VxCMkEFY6yrwOwV788jK0HMuuWKXbUrF+NY8jB47BCTgDNqiCOrgBDdAEGDyCZ/AK3own48V4Nz5mrSvGfOYI/Cnj8wc8d5w3</latexit>zn
<latexit sha1_base64="yRUBb2RdXbn0pCw5ASUcsfHJzt4="></latexit>zs⌘ 1

2+i↵

<latexit sha1_base64="REQVCvwxC/Da4GErfyfznkvp1IA=">AAAB8nicdVDLSgNBEJyNrxhfUY9eBoMgCMusbNZ4EIJePEYwD0hCmJ1MkiGzD2Z6xbDkM7x4UMSrX+PNv3GyiaCiBQ1FVTfdXX4shQZCPqzc0vLK6lp+vbCxubW9U9zda+goUYzXWSQj1fKp5lKEvA4CJG/FitPAl7zpj69mfvOOKy2i8BYmMe8GdBiKgWAUjNTuAE3wBb4/EZNesURs1/VIuYyJTRzild2MOOcVDzs2yVBCC9R6xfdOP2JJwENgkmrddkgM3ZQqEEzyaaGTaB5TNqZD3jY0pAHX3TQ7eYqPjNLHg0iZCgFn6veJlAZaTwLfdAYURvq3NxP/8toJDCrdVIRxAjxk80WDRGKI8Ox/3BeKM5ATQyhTwtyK2YgqysCkVDAhfH2K/yeNU9vxbPfGLVUvF3Hk0QE6RMfIQWeoiq5RDdURQxF6QE/o2QLr0XqxXuetOWsxs49+wHr7BJ/pkNo=</latexit>

⌧ = x+ iy

<latexit sha1_base64="xNanP+6+R9EtZ8Ukmyqenn8Lapc=">AAACEXicbVDLSsNAFJ3UV62vqEs3g0WoIDUpRd0IRUG6cFHRPrAJZTKdtEMnD2YmQgn5BTf+ihsXirh1586/cdJG0OqBC4dz7uXee5yQUSEN41PLzc0vLC7llwsrq2vrG/rmVksEEcekiQMW8I6DBGHUJ01JJSOdkBPkOYy0ndF56rfvCBc08G/kOCS2hwY+dSlGUkk9vRRbGDF4kcBTaHlIDh0nrifwEF5flioH38ptst/Ti0bZmAD+JWZGiiBDo6d/WP0ARx7xJWZIiK5phNKOEZcUM5IUrEiQEOERGpCuoj7yiLDjyUcJ3FNKH7oBV+VLOFF/TsTIE2LsOaozPVHMeqn4n9eNpHtix9QPI0l8PF3kRgzKAKbxwD7lBEs2VgRhTtWtEA8RR1iqEAsqBHP25b+kVSmbR+XqVbVYO8viyIMdsAtKwATHoAbqoAGaAIN78AiewYv2oD1pr9rbtDWnZTPb4Be09y96cJuO</latexit>

F = H/SL(2,Z)

<latexit sha1_base64="O8ZW+yuZvVUTu5OlMygimC+n+Ok="></latexit>

eZP(⌧) = h eZPi+
1

4⇡i

Z

s⌘ 1
2+iR

ds
� eZP, Es

�
Es(⌧) +

X

n�1

� eZP, ⌫n
�
⌫n(⌧)

<latexit sha1_base64="L0bROiOfeVcMkukxIMfVBv7qbX4="></latexit>

h eZm
P (y1 = � + iT ) eZm

P (y2 = � � iT )i ⇠ T

2⇡�
+ . . .

<latexit sha1_base64="SEOO6IbuSvrOGPJDY2kj9xB861g="></latexit>

const. +

(and modular transformations mix spin)



Work in variables where modular invariance is manifest!

[Rankin ’39] [Selberg ’40] …


[Benjamin/Collier/Fitzpatrick/

Maloney/Perlmutter ’21]


-1/2     0     1/2

Want to discuss RMT statistics without giving up modular invariance

E.g.,                                                           .               

………..is not a modular invariant statement

<latexit sha1_base64="9X5VbuCr484Z97vCuj34wWXuU8s=">AAACF3icbZC7TsMwFIYdrqXcCowsERUSA4qc0AvdKlgYi0QvUhpVjuu2Vh0nsh2kEuUtWHgVFgYQYoWNt8FNO0DLkSx9+v9z7OPfjxiVCsJvY2V1bX1jM7eV397Z3dsvHBy2ZBgLTJo4ZKHo+EgSRjlpKqoY6USCoMBnpO2Pr6d++54ISUN+pyYR8QI05HRAMVJa6hWspJtd4oqh7yXQchynapfOoVWBFzWnpqFWLttlmD70Ep6mvUIRWjArcxnsORTBvBq9wle3H+I4IFxhhqR0bRgpL0FCUcxImu/GkkQIj9GQuBo5Coj0kmyl1DzVSt8chEIfrsxM/T2RoEDKSeDrzgCpkVz0puJ/nhurwaWXUB7FinA8e2gQM1OF5jQks08FwYpNNCAsqN7VxCMkEFY6yrwOwV788jK0HMuuWKXbUrF+NY8jB47BCTgDNqiCOrgBDdAEGDyCZ/AK3own48V4Nz5mrSvGfOYI/Cnj8wc8d5w3</latexit>zn
<latexit sha1_base64="yRUBb2RdXbn0pCw5ASUcsfHJzt4="></latexit>zs⌘ 1

2+i↵

<latexit sha1_base64="REQVCvwxC/Da4GErfyfznkvp1IA=">AAAB8nicdVDLSgNBEJyNrxhfUY9eBoMgCMusbNZ4EIJePEYwD0hCmJ1MkiGzD2Z6xbDkM7x4UMSrX+PNv3GyiaCiBQ1FVTfdXX4shQZCPqzc0vLK6lp+vbCxubW9U9zda+goUYzXWSQj1fKp5lKEvA4CJG/FitPAl7zpj69mfvOOKy2i8BYmMe8GdBiKgWAUjNTuAE3wBb4/EZNesURs1/VIuYyJTRzild2MOOcVDzs2yVBCC9R6xfdOP2JJwENgkmrddkgM3ZQqEEzyaaGTaB5TNqZD3jY0pAHX3TQ7eYqPjNLHg0iZCgFn6veJlAZaTwLfdAYURvq3NxP/8toJDCrdVIRxAjxk80WDRGKI8Ox/3BeKM5ATQyhTwtyK2YgqysCkVDAhfH2K/yeNU9vxbPfGLVUvF3Hk0QE6RMfIQWeoiq5RDdURQxF6QE/o2QLr0XqxXuetOWsxs49+wHr7BJ/pkNo=</latexit>

⌧ = x+ iy

—> encode spectral statistics in                            etc.
<latexit sha1_base64="ssEP5al38kY0kHgW9T49IunLdNo="></latexit>

hzs1zs2i , hzn1zn2i
        encode all information about spectrum.

<latexit sha1_base64="xNanP+6+R9EtZ8Ukmyqenn8Lapc=">AAACEXicbVDLSsNAFJ3UV62vqEs3g0WoIDUpRd0IRUG6cFHRPrAJZTKdtEMnD2YmQgn5BTf+ihsXirh1586/cdJG0OqBC4dz7uXee5yQUSEN41PLzc0vLC7llwsrq2vrG/rmVksEEcekiQMW8I6DBGHUJ01JJSOdkBPkOYy0ndF56rfvCBc08G/kOCS2hwY+dSlGUkk9vRRbGDF4kcBTaHlIDh0nrifwEF5flioH38ptst/Ti0bZmAD+JWZGiiBDo6d/WP0ARx7xJWZIiK5phNKOEZcUM5IUrEiQEOERGpCuoj7yiLDjyUcJ3FNKH7oBV+VLOFF/TsTIE2LsOaozPVHMeqn4n9eNpHtix9QPI0l8PF3kRgzKAKbxwD7lBEs2VgRhTtWtEA8RR1iqEAsqBHP25b+kVSmbR+XqVbVYO8viyIMdsAtKwATHoAbqoAGaAIN78AiewYv2oD1pr9rbtDWnZTPb4Be09y96cJuO</latexit>

F = H/SL(2,Z)

<latexit sha1_base64="O8ZW+yuZvVUTu5OlMygimC+n+Ok="></latexit>

eZP(⌧) = h eZPi+
1

4⇡i

Z

s⌘ 1
2+iR

ds
� eZP, Es

�
Es(⌧) +

X

n�1

� eZP, ⌫n
�
⌫n(⌧)

<latexit sha1_base64="L0bROiOfeVcMkukxIMfVBv7qbX4="></latexit>

h eZm
P (y1 = � + iT ) eZm

P (y2 = � � iT )i ⇠ T

2⇡�
+ . . .

<latexit sha1_base64="SEOO6IbuSvrOGPJDY2kj9xB861g="></latexit>

const. +

(and modular transformations mix spin)



2. Maass cusp forms (“bound states”):

1. Real-analytic Eisenstein series (“scattering states”):
<latexit sha1_base64="TyC7+XEUafv5k+QC1kLXy0EEua8="></latexit>

�FEs = s(1� s)Es

<latexit sha1_base64="0PuHBu1EbfDmKYhytMOodZsyjRM="></latexit>

s 2 1

2
+ iR

<latexit sha1_base64="O8ZW+yuZvVUTu5OlMygimC+n+Ok="></latexit>

eZP(⌧) = h eZPi+
1

4⇡i

Z

s⌘ 1
2+iR

ds
� eZP, Es

�
Es(⌧) +

X

n�1

� eZP, ⌫n
�
⌫n(⌧)

<latexit sha1_base64="uR3vt8OQrt4Z/GbtXkcgszst1Xo="></latexit>

�F ⌫n =

✓
1

4
+R2

n

◆
⌫n

<latexit sha1_base64="Wum9pSEsBy0PmfpHEz5jiO47bJI="></latexit>

Rn = 13.780, 17.739, 19.424, . . . (n = 1, 2, 3, . . .)

<latexit sha1_base64="SEOO6IbuSvrOGPJDY2kj9xB861g="></latexit>

const. +



2. Maass cusp forms (“bound states”):

1. Real-analytic Eisenstein series (“scattering states”):
<latexit sha1_base64="TyC7+XEUafv5k+QC1kLXy0EEua8="></latexit>

�FEs = s(1� s)Es

<latexit sha1_base64="0PuHBu1EbfDmKYhytMOodZsyjRM="></latexit>

s 2 1

2
+ iR

<latexit sha1_base64="O8ZW+yuZvVUTu5OlMygimC+n+Ok="></latexit>

eZP(⌧) = h eZPi+
1

4⇡i

Z

s⌘ 1
2+iR

ds
� eZP, Es

�
Es(⌧) +

X

n�1

� eZP, ⌫n
�
⌫n(⌧)

<latexit sha1_base64="YhXxOM6HH9gBVxuVaxVUxSK5ZjE="></latexit>

⌫n(⌧ = x+ iy) =
X

m>0

cos(2⇡mx) a(n)m
p
y KiRn(2⇡my)

<latexit sha1_base64="6cWZ2+xE3pGOx98umotrQD7Pjw4="></latexit>

Es= 1
2+i↵(⌧ = x+ iy) =

X

m�0

cos(2⇡mx) ã(↵)m
p
y Ki↵(2⇡my)

<latexit sha1_base64="r0cL7F2QQjF2xeVLFbZebVXWqBs="></latexit>

ã(↵)m =
4

�(�i↵)⇣(�2i↵)

X

d|m

✓
d2

m⇡

◆i↵

Fourier coeffi

Fourier coeffi
interesting math conjectures (e.g.,                           )

<latexit sha1_base64="Qd/4L9MOGsSm4/ZT42Db6TxCrS4=">AAACEHicbVA9SwNBEN3zM8avqKXNYhC1MNyFoJZBG0sFY4Qkhr3NRBd3987dOTEc9xNs/Cs2ForYWtr5b9x8FGp8MPB4b4aZeWEshUXf//ImJqemZ2Zzc/n5hcWl5cLK6rmNEsOhxiMZmYuQWZBCQw0FSriIDTAVSqiHN0d9v34HxopIn2EvhpZiV1p0BWfopHZha7dMmxJuKWunqolwjymNjVCQZZfptt7Jhm65XSj6JX8AOk6CESmSEU7ahc9mJ+KJAo1cMmsbgR9jK2UGBZeQ5ZuJhZjxG3YFDUc1U2Bb6eChjG46pUO7kXGlkQ7UnxMpU9b2VOg6FcNr+9fri/95jQS7B61U6DhB0Hy4qJtIihHtp0M7wgBH2XOEcSPcrZRfM8M4ugzzLoTg78vj5LxcCvZKldNKsXo4iiNH1skG2SYB2SdVckxOSI1w8kCeyAt59R69Z+/Nex+2TnijmTXyC97HNzgwnBc=</latexit>

�2  a(n)m prime  2

(arithmetic chaos)

<latexit sha1_base64="uR3vt8OQrt4Z/GbtXkcgszst1Xo="></latexit>

�F ⌫n =

✓
1

4
+R2

n

◆
⌫n

<latexit sha1_base64="Wum9pSEsBy0PmfpHEz5jiO47bJI="></latexit>

Rn = 13.780, 17.739, 19.424, . . . (n = 1, 2, 3, . . .)

<latexit sha1_base64="SEOO6IbuSvrOGPJDY2kj9xB861g="></latexit>

const. +



Spin m=0  ‘ramp’
‘Ramp’ in the spectrum of scalar operators:

<latexit sha1_base64="ZfX/RYUuwsMXqEFlStUimMsbVAk="></latexit>

1

(4⇡i)2

ZZ

1
2+iR

ds1ds2 hzs1zs2iramp Es1(x1 + iy1)Es2(x2 + iy2) ⇠
1

⇡

y1y2
y1 + y2

+(subleading)

<latexit sha1_base64="IHhx4UqFDRhFQgAfBpraTZzNrP8="></latexit>

+
X

m1,m2>0

(subleading)

<latexit sha1_base64="JJCj5NfLXs62d2kBiCxYNrQzjmE=">AAAB6HicdVDJSgNBEK2JW4xb1KOXxiB4GnpkMsZb0IvHBMwCyRB6Oj1Ja89Cd48QhnyBFw+KePWTvPk3dhZBRR8UPN6roqpekAquNMYfVmFldW19o7hZ2tre2d0r7x+0VZJJylo0EYnsBkQxwWPW0lwL1k0lI1EgWCe4u5r5nXsmFU/iGz1JmR+RUcxDTok2UhMPyhVsu66Hq1WEbexgr+rOiXNR85Bj4zkqsERjUH7vDxOaRSzWVBCleg5OtZ8TqTkVbFrqZ4qlhN6REesZGpOIKT+fHzpFJ0YZojCRpmKN5ur3iZxESk2iwHRGRI/Vb28m/uX1Mh3W/JzHaaZZTBeLwkwgnaDZ12jIJaNaTAwhVHJzK6JjIgnVJpuSCeHrU/Q/aZ/Zjme7TbdSv1zGUYQjOIZTcOAc6nANDWgBBQYP8ATP1q31aL1Yr4vWgrWcOYQfsN4+AdnfjP4=</latexit>

0
<latexit sha1_base64="JJCj5NfLXs62d2kBiCxYNrQzjmE=">AAAB6HicdVDJSgNBEK2JW4xb1KOXxiB4GnpkMsZb0IvHBMwCyRB6Oj1Ja89Cd48QhnyBFw+KePWTvPk3dhZBRR8UPN6roqpekAquNMYfVmFldW19o7hZ2tre2d0r7x+0VZJJylo0EYnsBkQxwWPW0lwL1k0lI1EgWCe4u5r5nXsmFU/iGz1JmR+RUcxDTok2UhMPyhVsu66Hq1WEbexgr+rOiXNR85Bj4zkqsERjUH7vDxOaRSzWVBCleg5OtZ8TqTkVbFrqZ4qlhN6REesZGpOIKT+fHzpFJ0YZojCRpmKN5ur3iZxESk2iwHRGRI/Vb28m/uX1Mh3W/JzHaaZZTBeLwkwgnaDZ12jIJaNaTAwhVHJzK6JjIgnVJpuSCeHrU/Q/aZ/Zjme7TbdSv1zGUYQjOIZTcOAc6nANDWgBBQYP8ATP1q31aL1Yr4vWgrWcOYQfsN4+AdnfjP4=</latexit>

0



Spin m=0  ‘ramp’
‘Ramp’ in the spectrum of scalar operators:

Ignore ‘subleading’ and invert the integral transform:
<latexit sha1_base64="D6eWCwbsx6HqjrRDIJbwXieRQuQ="></latexit>

hzs1zs2iramp =
1

2 cosh(⇡↵1)
⇥ 4⇡�(↵1 + ↵2)

[FH/Marteau/Reeves/Rozali]

<latexit sha1_base64="ZfX/RYUuwsMXqEFlStUimMsbVAk="></latexit>

1

(4⇡i)2

ZZ

1
2+iR

ds1ds2 hzs1zs2iramp Es1(x1 + iy1)Es2(x2 + iy2) ⇠
1

⇡

y1y2
y1 + y2

+(subleading)

<latexit sha1_base64="IHhx4UqFDRhFQgAfBpraTZzNrP8="></latexit>

+
X

m1,m2>0

(subleading)

<latexit sha1_base64="JJCj5NfLXs62d2kBiCxYNrQzjmE=">AAAB6HicdVDJSgNBEK2JW4xb1KOXxiB4GnpkMsZb0IvHBMwCyRB6Oj1Ja89Cd48QhnyBFw+KePWTvPk3dhZBRR8UPN6roqpekAquNMYfVmFldW19o7hZ2tre2d0r7x+0VZJJylo0EYnsBkQxwWPW0lwL1k0lI1EgWCe4u5r5nXsmFU/iGz1JmR+RUcxDTok2UhMPyhVsu66Hq1WEbexgr+rOiXNR85Bj4zkqsERjUH7vDxOaRSzWVBCleg5OtZ8TqTkVbFrqZ4qlhN6REesZGpOIKT+fHzpFJ0YZojCRpmKN5ur3iZxESk2iwHRGRI/Vb28m/uX1Mh3W/JzHaaZZTBeLwkwgnaDZ12jIJaNaTAwhVHJzK6JjIgnVJpuSCeHrU/Q/aZ/Zjme7TbdSv1zGUYQjOIZTcOAc6nANDWgBBQYP8ATP1q31aL1Yr4vWgrWcOYQfsN4+AdnfjP4=</latexit>

0
<latexit sha1_base64="JJCj5NfLXs62d2kBiCxYNrQzjmE=">AAAB6HicdVDJSgNBEK2JW4xb1KOXxiB4GnpkMsZb0IvHBMwCyRB6Oj1Ja89Cd48QhnyBFw+KePWTvPk3dhZBRR8UPN6roqpekAquNMYfVmFldW19o7hZ2tre2d0r7x+0VZJJylo0EYnsBkQxwWPW0lwL1k0lI1EgWCe4u5r5nXsmFU/iGz1JmR+RUcxDTok2UhMPyhVsu66Hq1WEbexgr+rOiXNR85Bj4zkqsERjUH7vDxOaRSzWVBCleg5OtZ8TqTkVbFrqZ4qlhN6REesZGpOIKT+fHzpFJ0YZojCRpmKN5ur3iZxESk2iwHRGRI/Vb28m/uX1Mh3W/JzHaaZZTBeLwkwgnaDZ12jIJaNaTAwhVHJzK6JjIgnVJpuSCeHrU/Q/aZ/Zjme7TbdSv1zGUYQjOIZTcOAc6nANDWgBBQYP8ATP1q31aL1Yr4vWgrWcOYQfsN4+AdnfjP4=</latexit>

0



Spin m=0  ‘ramp’
‘Ramp’ in the spectrum of scalar operators:

Ignore ‘subleading’ and invert the integral transform:
<latexit sha1_base64="D6eWCwbsx6HqjrRDIJbwXieRQuQ="></latexit>

hzs1zs2iramp =
1

2 cosh(⇡↵1)
⇥ 4⇡�(↵1 + ↵2)

[FH/Marteau/Reeves/Rozali]

<latexit sha1_base64="CgjKYgfBcTCfcQ6Aft3AzYwtreM="></latexit>

hzs1zs2iramp ⇠ e�⇡↵1 ⇥ 4⇡�(↵1 + ↵2)

For leading term (linear ramp), only need asymptotics: 

different functions with these asymptotics give different subleading corrections   

[Di Ubaldo/Perlmutter]


<latexit sha1_base64="ZfX/RYUuwsMXqEFlStUimMsbVAk="></latexit>

1

(4⇡i)2

ZZ

1
2+iR

ds1ds2 hzs1zs2iramp Es1(x1 + iy1)Es2(x2 + iy2) ⇠
1

⇡

y1y2
y1 + y2

+(subleading)

<latexit sha1_base64="IHhx4UqFDRhFQgAfBpraTZzNrP8="></latexit>

+
X

m1,m2>0

(subleading)

<latexit sha1_base64="JJCj5NfLXs62d2kBiCxYNrQzjmE=">AAAB6HicdVDJSgNBEK2JW4xb1KOXxiB4GnpkMsZb0IvHBMwCyRB6Oj1Ja89Cd48QhnyBFw+KePWTvPk3dhZBRR8UPN6roqpekAquNMYfVmFldW19o7hZ2tre2d0r7x+0VZJJylo0EYnsBkQxwWPW0lwL1k0lI1EgWCe4u5r5nXsmFU/iGz1JmR+RUcxDTok2UhMPyhVsu66Hq1WEbexgr+rOiXNR85Bj4zkqsERjUH7vDxOaRSzWVBCleg5OtZ8TqTkVbFrqZ4qlhN6REesZGpOIKT+fHzpFJ0YZojCRpmKN5ur3iZxESk2iwHRGRI/Vb28m/uX1Mh3W/JzHaaZZTBeLwkwgnaDZ12jIJaNaTAwhVHJzK6JjIgnVJpuSCeHrU/Q/aZ/Zjme7TbdSv1zGUYQjOIZTcOAc6nANDWgBBQYP8ATP1q31aL1Yr4vWgrWcOYQfsN4+AdnfjP4=</latexit>

0
<latexit sha1_base64="JJCj5NfLXs62d2kBiCxYNrQzjmE=">AAAB6HicdVDJSgNBEK2JW4xb1KOXxiB4GnpkMsZb0IvHBMwCyRB6Oj1Ja89Cd48QhnyBFw+KePWTvPk3dhZBRR8UPN6roqpekAquNMYfVmFldW19o7hZ2tre2d0r7x+0VZJJylo0EYnsBkQxwWPW0lwL1k0lI1EgWCe4u5r5nXsmFU/iGz1JmR+RUcxDTok2UhMPyhVsu66Hq1WEbexgr+rOiXNR85Bj4zkqsERjUH7vDxOaRSzWVBCleg5OtZ8TqTkVbFrqZ4qlhN6REesZGpOIKT+fHzpFJ0YZojCRpmKN5ur3iZxESk2iwHRGRI/Vb28m/uX1Mh3W/JzHaaZZTBeLwkwgnaDZ12jIJaNaTAwhVHJzK6JjIgnVJpuSCeHrU/Q/aZ/Zjme7TbdSv1zGUYQjOIZTcOAc6nANDWgBBQYP8ATP1q31aL1Yr4vWgrWcOYQfsN4+AdnfjP4=</latexit>

0



Spin m=0  ‘ramp’
‘Ramp’ in the spectrum of scalar operators:



Spin m=0  ‘ramp’

<latexit sha1_base64="BNf6K5K3RXvGBsW4dOJkyY2R28c="></latexit>⌦ eZm
P (� + iT ) eZm

P (� � iT )
↵

⇠ T 2

2⇡�
+ (subleading)

time domain modular invariant basis

<latexit sha1_base64="tgKJlFbluc6HY2uG+AbN4yr1l/g="></latexit>⌦
z 1

2+i↵1
z 1

2+i↵2

↵

⇠
�
e�⇡↵1 + subleading

�
⇥ 4⇡�(↵1 + ↵2)

required for mod.inv. mod.inv. by itself!

‘Ramp’ in the spectrum of scalar operators:



Spin m=0  ‘ramp’

<latexit sha1_base64="BNf6K5K3RXvGBsW4dOJkyY2R28c="></latexit>⌦ eZm
P (� + iT ) eZm

P (� � iT )
↵

⇠ T 2

2⇡�
+ (subleading)

time domain modular invariant basis

<latexit sha1_base64="tgKJlFbluc6HY2uG+AbN4yr1l/g="></latexit>⌦
z 1

2+i↵1
z 1

2+i↵2

↵

⇠
�
e�⇡↵1 + subleading

�
⇥ 4⇡�(↵1 + ↵2)

required for mod.inv. mod.inv. by itself!

How to find possible 
modular completions?

Any choice is an allowed 
modular completion.

‘Ramp’ in the spectrum of scalar operators:



Spin m=0  ‘ramp’

<latexit sha1_base64="BNf6K5K3RXvGBsW4dOJkyY2R28c="></latexit>⌦ eZm
P (� + iT ) eZm

P (� � iT )
↵

⇠ T 2

2⇡�
+ (subleading)

time domain modular invariant basis

<latexit sha1_base64="tgKJlFbluc6HY2uG+AbN4yr1l/g="></latexit>⌦
z 1

2+i↵1
z 1

2+i↵2

↵

⇠
�
e�⇡↵1 + subleading

�
⇥ 4⇡�(↵1 + ↵2)

required for mod.inv. mod.inv. by itself!

How to find possible 
modular completions?

Any choice is an allowed 
modular completion.

Important example: holography
<latexit sha1_base64="nGXQ048J2Nv3u/ccmnLQ8UO3nek="></latexit>⌦
z 1

2+i↵1
z 1

2+i↵2

↵
AdS3 wormhole

⇠ 1

2 cosh(⇡↵1)
⇥ 4⇡�(↵1 + ↵2)

<latexit sha1_base64="4PsjDPA9xQBA7fnTIboXuap0AS4="></latexit>

(subleading)AdS3 wormhole

=
X

c

S(m1,m2, c)(· · · )

[Di Ubaldo/Perlmutter ’23]
[Cotler/Jensen ’20]
 [FH/Reeves/Rozali ’23]

[Collier]


<latexit sha1_base64="8LVrqJucQl9xNwsjgr7UF8xAfX0=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKexKUC9C0IvHBMwDkiXMTnqTMbOzy8ysEEK+wIsHRbz6Sd78GyfJHjSxoKGo6qa7K0gE18Z1v53c2vrG5lZ+u7Czu7d/UDw8auo4VQwbLBaxagdUo+ASG4Ybge1EIY0Cga1gdDfzW0+oNI/lgxkn6Ed0IHnIGTVWqt/0iiW37M5BVomXkRJkqPWKX91+zNIIpWGCat3x3MT4E6oMZwKnhW6qMaFsRAfYsVTSCLU/mR86JWdW6ZMwVrakIXP198SERlqPo8B2RtQM9bI3E//zOqkJr/0Jl0lqULLFojAVxMRk9jXpc4XMiLEllClubyVsSBVlxmZTsCF4yy+vkuZF2bssV+qVUvU2iyMPJ3AK5+DBFVThHmrQAAYIz/AKb86j8+K8Ox+L1pyTzRzDHzifP4+7jMo=</latexit>=

‘Ramp’ in the spectrum of scalar operators:



What about RMT universality in spin m>0 spectrum? 


Can be encoded in Maass cusp forms


[Bruggeman ’78] [Kuznetsov ’81]
[FH/Reeves/Rozali ’23]

Shortcut: spectral decomposition follows from a trace fomula

<latexit sha1_base64="fo1KehH8eKal4Y4g9TnWU1DDeu4="></latexit>

�m1m2 I[g](y1, y2) + Gm1m2 [g](y1, y2)
<latexit sha1_base64="umneVvPDpDnDguo6mdF56HRu8hI="></latexit>

=

Z

R

d↵

4⇡

g(↵)

2 cosh(⇡↵)
Em1

1
2+i↵

(y1)E
m2
1
2+i↵

(y2) +
X

n�1

g(Rn)

2 cosh(⇡Rn)

⌫m1
n (y1)

||⌫n||
⌫m2
n (y2)

||⌫n||



What about RMT universality in spin m>0 spectrum? 


Can be encoded in Maass cusp forms


[Bruggeman ’78] [Kuznetsov ’81]
[FH/Reeves/Rozali ’23]

Shortcut: spectral decomposition follows from a trace fomula

<latexit sha1_base64="fo1KehH8eKal4Y4g9TnWU1DDeu4="></latexit>

�m1m2 I[g](y1, y2) + Gm1m2 [g](y1, y2)
<latexit sha1_base64="umneVvPDpDnDguo6mdF56HRu8hI="></latexit>

=

Z

R

d↵

4⇡

g(↵)

2 cosh(⇡↵)
Em1

1
2+i↵

(y1)E
m2
1
2+i↵

(y2) +
X

n�1

g(Rn)

2 cosh(⇡Rn)

⌫m1
n (y1)

||⌫n||
⌫m2
n (y2)

||⌫n||

<latexit sha1_base64="DrPIZDGdYDMZptiZGazP4JC1PVc="></latexit>

I[g](y1, y2) =
y1y2
⇡2

Z

R
d↵↵ tanh(⇡↵) g(↵)Ki↵(2⇡m1y1)Ki↵(2⇡m2y2)

<latexit sha1_base64="CxhWE7Z5WGPci+xn9f2XW0BLZ6M="></latexit>

Gm1m2 [g](y1, y2) = 8i
p
y1y2

X

c�1

S(|m1|, |m2|; c)
c

Z

R

d↵

4⇡

↵ g(↵)

cosh(⇡↵)
J2i↵

 
4⇡
p

|m1m2|
c

!
Ki↵(2⇡m1y1)Ki↵(2⇡m2y2)

+
16

⇡

p
y1y2

X

c�1

S(|m1|,�|m2|; c)
c

Z

R

d↵

4⇡
↵ g(↵) sinh(⇡↵)K2i↵

 
4⇡
p
|m1m2|
c

!
Ki↵(2⇡m1y1)Ki↵(2⇡m2y2)



What about RMT universality in spin m>0 spectrum? 


Can be encoded in Maass cusp forms


[Bruggeman ’78] [Kuznetsov ’81]
[FH/Reeves/Rozali ’23]

Shortcut: spectral decomposition follows from a trace fomula

<latexit sha1_base64="fo1KehH8eKal4Y4g9TnWU1DDeu4="></latexit>

�m1m2 I[g](y1, y2) + Gm1m2 [g](y1, y2)
<latexit sha1_base64="umneVvPDpDnDguo6mdF56HRu8hI="></latexit>

=

Z

R

d↵

4⇡

g(↵)

2 cosh(⇡↵)
Em1

1
2+i↵

(y1)E
m2
1
2+i↵

(y2) +
X

n�1

g(Rn)

2 cosh(⇡Rn)

⌫m1
n (y1)

||⌫n||
⌫m2
n (y2)

||⌫n||

“modular completion” 
(subleading for              )spin-diagonal term

<latexit sha1_base64="K7GtvqFMHaLmIrnup+CvWSxn5hs="></latexit>

T � �

Maass cusp formsEisenstein series



What about RMT universality in spin m>0 spectrum? 


Can be encoded in Maass cusp forms


[Bruggeman ’78] [Kuznetsov ’81]
[FH/Reeves/Rozali ’23]

Shortcut: spectral decomposition follows from a trace fomula

<latexit sha1_base64="fo1KehH8eKal4Y4g9TnWU1DDeu4="></latexit>

�m1m2 I[g](y1, y2) + Gm1m2 [g](y1, y2)
<latexit sha1_base64="umneVvPDpDnDguo6mdF56HRu8hI="></latexit>

=

Z

R

d↵

4⇡

g(↵)

2 cosh(⇡↵)
Em1

1
2+i↵

(y1)E
m2
1
2+i↵

(y2) +
X

n�1

g(Rn)

2 cosh(⇡Rn)

⌫m1
n (y1)

||⌫n||
⌫m2
n (y2)

||⌫n||

“modular completion” 
(subleading for              )spin-diagonal term

<latexit sha1_base64="K7GtvqFMHaLmIrnup+CvWSxn5hs="></latexit>

T � �

Maass cusp formsEisenstein series

Simplest application: 
<latexit sha1_base64="WpnUzGuKp/otVxMrn/bSFC3Kz/U="></latexit>

g(↵) = 1



What about RMT universality in spin m>0 spectrum? 


Can be encoded in Maass cusp forms


[Bruggeman ’78] [Kuznetsov ’81]
[FH/Reeves/Rozali ’23]

Shortcut: spectral decomposition follows from a trace fomula

<latexit sha1_base64="fo1KehH8eKal4Y4g9TnWU1DDeu4="></latexit>

�m1m2 I[g](y1, y2) + Gm1m2 [g](y1, y2)
<latexit sha1_base64="umneVvPDpDnDguo6mdF56HRu8hI="></latexit>

=
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1
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X

n�1

g(Rn)

2 cosh(⇡Rn)

⌫m1
n (y1)

||⌫n||
⌫m2
n (y2)

||⌫n||

“modular completion” 
(subleading for              )spin-diagonal term

<latexit sha1_base64="K7GtvqFMHaLmIrnup+CvWSxn5hs="></latexit>

T � �

Maass cusp formsEisenstein series

<latexit sha1_base64="DI4iebSlJciqxEREkhZQLNWWz68="></latexit>

Gm1m2 [g(↵) = 1](y1, y2) = GAdS3 wormhole
m1m2

(y1, y2)
wormhole amplitude

in AdS3 gravity

[Cotler/Jensen ’20]


<latexit sha1_base64="tj4elkkEMfgZdwCOQbsvUEKkKfU="></latexit>

I[g(↵) = 1](y1, y2) =
1

⇡

y1y2
y1 + y2

e�2⇡m1(y1+y2) = exact (!) linear ramp

Simplest application: 
<latexit sha1_base64="WpnUzGuKp/otVxMrn/bSFC3Kz/U="></latexit>

g(↵) = 1



<latexit sha1_base64="fo1KehH8eKal4Y4g9TnWU1DDeu4="></latexit>

�m1m2 I[g](y1, y2) + Gm1m2 [g](y1, y2)
<latexit sha1_base64="umneVvPDpDnDguo6mdF56HRu8hI="></latexit>

=
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2 cosh(⇡Rn)

⌫m1
n (y1)

||⌫n||
⌫m2
n (y2)

||⌫n||

“modular completion” 
(subleading for              )spin-diagonal term

<latexit sha1_base64="K7GtvqFMHaLmIrnup+CvWSxn5hs="></latexit>

T � �

Maass cusp formsEisenstein series

<latexit sha1_base64="DI4iebSlJciqxEREkhZQLNWWz68="></latexit>

Gm1m2 [g(↵) = 1](y1, y2) = GAdS3 wormhole
m1m2

(y1, y2)
wormhole amplitude

in AdS3 gravity

[Cotler/Jensen ’20]


<latexit sha1_base64="tj4elkkEMfgZdwCOQbsvUEKkKfU="></latexit>

I[g(↵) = 1](y1, y2) =
1

⇡

y1y2
y1 + y2

e�2⇡m1(y1+y2) = exact (!) linear ramp

Simplest application: 
<latexit sha1_base64="WpnUzGuKp/otVxMrn/bSFC3Kz/U="></latexit>

g(↵) = 1

Gravity amplitude = simplest (minimal) completion of the 
‘bare ramp’ into a SFF consistent with modular invariance

[Di Ubaldo/Perlmutter ’23]

“MaxRMT” principle

… [FH/Reeves/Rozali ’23]




Spinning ramps and 
arithmetic chaos



Spinning ramps encoded in “random sum of cusp forms”!  How??

spin m ‘ramp’
(quantum chaos)

‘arithmetic chaos’

<latexit sha1_base64="57On1svYyDMVnuDUGNgMpFNqf/8="></latexit>
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X

n�1

1

2 cosh(⇡Rn)

⌫mn (y1)⌫mn (y2)

||⌫n||2

[Sarnak ’93] [Hejhal/Arno ’93] [Steil ’94]




Spinning ramps encoded in “random sum of cusp forms”!  How??

spin m ‘ramp’
(quantum chaos)

‘arithmetic chaos’

<latexit sha1_base64="57On1svYyDMVnuDUGNgMpFNqf/8="></latexit>
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y1y2
y1 + y2

e�2⇡m(y1+y2) + . . . =
X

n�1

1

2 cosh(⇡Rn)

⌫mn (y1)⌫mn (y2)

||⌫n||2

Eigenvalues      : sporadic numbers, Poisson distributed
<latexit sha1_base64="TaJjx8/fw8+LFGIZiLiTEopVUsc=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKqMegF4/xkQckS5idzCZDZmeXmV4hLPkELx4U8eoXefNvnCR70MSChqKqm+6uIJHCoOt+O4WV1bX1jeJmaWt7Z3evvH/QNHGqGW+wWMa6HVDDpVC8gQIlbyea0yiQvBWMbqZ+64lrI2L1iOOE+xEdKBEKRtFKD/c91StX3Ko7A1kmXk4qkKPeK391+zFLI66QSWpMx3MT9DOqUTDJJ6VuanhC2YgOeMdSRSNu/Gx26oScWKVPwljbUkhm6u+JjEbGjKPAdkYUh2bRm4r/eZ0Uwys/EypJkSs2XxSmkmBMpn+TvtCcoRxbQpkW9lbChlRThjadkg3BW3x5mTTPqt5F9fzuvFK7zuMowhEcwyl4cAk1uIU6NIDBAJ7hFd4c6bw4787HvLXg5DOH8AfO5w8xLo3A</latexit>

Rn

<latexit sha1_base64="vIzcdk+O2GgJwAxNDb1xfUE0azs="></latexit>

Rn = 13.7798.., 17.7386.., 19.4235.., 21.3158.., 22.7859.., 24.1124.., 25.8262.., . . .
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[Sarnak ’93] [Hejhal/Arno ’93] [Steil ’94]




Spinning ramps encoded in “random sum of cusp forms”!  How??

‘arithmetic chaos’

<latexit sha1_base64="57On1svYyDMVnuDUGNgMpFNqf/8="></latexit>

1

⇡

y1y2
y1 + y2

e�2⇡m(y1+y2) + . . . =
X

n�1

1

2 cosh(⇡Rn)

⌫mn (y1)⌫mn (y2)

||⌫n||2

Fourier coefficients       :  also erratic, Poisson
<latexit sha1_base64="kpoRWAZaPGWrfzQCiS7DQPa6nIs=">AAAB8HicbVBNSwMxEJ2tX7V+VT16CRahXsqulOqx6MVjBfsh7VqyabYNTbJLkhXK0l/hxYMiXv053vw3pu0etPXBwOO9GWbmBTFn2rjut5NbW9/Y3MpvF3Z29/YPiodHLR0litAmiXikOgHWlDNJm4YZTjuxolgEnLaD8c3Mbz9RpVkk780kpr7AQ8lCRrCx0gPui8e0LM+n/WLJrbhzoFXiZaQEGRr94ldvEJFEUGkIx1p3PTc2foqVYYTTaaGXaBpjMsZD2rVUYkG1n84PnqIzqwxQGClb0qC5+nsixULriQhsp8BmpJe9mfif101MeOWnTMaJoZIsFoUJRyZCs+/RgClKDJ9Ygoli9lZERlhhYmxGBRuCt/zyKmldVLxapXpXLdWvszjycAKnUAYPLqEOt9CAJhAQ8Ayv8OYo58V5dz4WrTknmzmGP3A+fwBYb5Af</latexit>
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<latexit sha1_base64="41OfD9eswiC0E3I/8Y8tmFcYH7A="></latexit>

a(n)m=11 = �0.954.., �0.621.., +1.154.., +0.678.., +1.575.., �0.533.., . . .

-2 -1 0 1 2

[Sarnak ’93] [Hejhal/Arno ’93] [Steil ’94]

spin m ‘ramp’

(quantum chaos)



Spinning ramps encoded in “random sum of cusp forms”!  How??

‘arithmetic chaos’

<latexit sha1_base64="57On1svYyDMVnuDUGNgMpFNqf/8="></latexit>

1

⇡

y1y2
y1 + y2

e�2⇡m(y1+y2) + . . . =
X

n�1

1

2 cosh(⇡Rn)

⌫mn (y1)⌫mn (y2)

||⌫n||2

e.g.: cusp form with <latexit sha1_base64="lSsk23qX86+VKBLL3NvG8YftokM=">AAAB/XicbVDLSsNAFL3xWesrPnZuBovgKjQSqhuh6MZlFfuANpTJdNIOnUzCzESoofgrblwo4tb/cOffOG2z0NYDF86ccy/3zgkSzpQul7+tpeWV1bX1wkZxc2t7Z9fe22+oOJWE1knMY9kKsKKcCVrXTHPaSiTFUcBpMxheT/zmA5WKxeJejxLqR7gvWMgI1kbq2od3XYEukVc2cEy5Fc9xunZp+jBAi8TNSQly1Lr2V6cXkzSiQhOOlWq75UT7GZaaEU7HxU6qaILJEPdp21CBI6r8bHr9GJ0YpYfCWJoSGk3V3xMZjpQaRYHpjLAeqHlvIv7ntVMdXvgZE0mqqSCzRWHKkY7RJArUY5ISzUeGYCKZuRWRAZaYaBNY0YTgzn95kTTOHLfieLdeqXqVx1GAIziGU3DhHKpwAzWoA4FHeIZXeLOerBfr3fqYtS5Z+cwB/IH1+QMPuJHB</latexit>

Rn = 40000.000164..

-1/2     0     1/2
[H. Then, Math. Comp. 74 (2004)]


[Sarnak ’93] [Hejhal/Arno ’93] [Steil ’94]

spin m ‘ramp’

(quantum chaos)



Spinning ramps encoded in “random sum of cusp forms”!  How??

‘arithmetic chaos’

<latexit sha1_base64="57On1svYyDMVnuDUGNgMpFNqf/8="></latexit>

1

⇡

y1y2
y1 + y2

e�2⇡m(y1+y2) + . . . =
X

n�1

1

2 cosh(⇡Rn)

⌫mn (y1)⌫mn (y2)

||⌫n||2

[Sarnak ’93] [Hejhal/Arno ’93] [Steil ’94]


Can understand this in surprising detail

1. Numerically: sum over O(10  ) cusp forms 

2. Analytically: trace formula

3. Analytically: approximate          using statistical properties of

4

[FH/Reeves/Rozali ’23]


(    )

(    )
<latexit sha1_base64="2vRZaiMEqNiwMi/QteAAskJ3Ec8=">AAAB/XicbVDLSgMxFM34rPU1PnZugkWpUMqMFHVZdOOyin1AZxwyadqGJpkhyQh1KP6KGxeKuPU/3Pk3pu0stPXAhcM593LvPWHMqNKO820tLC4tr6zm1vLrG5tb2/bObkNFicSkjiMWyVaIFGFUkLqmmpFWLAniISPNcHA19psPRCoaiTs9jInPUU/QLsVIGymw928DAb2Sd+yVIAr4fVoUJ6PALjhlZwI4T9yMFECGWmB/eZ0IJ5wIjRlSqu06sfZTJDXFjIzyXqJIjPAA9UjbUIE4UX46uX4Ej4zSgd1ImhIaTtTfEyniSg15aDo50n01643F/7x2orsXfkpFnGgi8HRRN2FQR3AcBexQSbBmQ0MQltTcCnEfSYS1CSxvQnBnX54njdOye1au3FQK1cssjhw4AIegCFxwDqrgGtRAHWDwCJ7BK3iznqwX6936mLYuWNnMHvgD6/MHCHSTrw==</latexit>

Rn & a(n)m

<latexit sha1_base64="fjejuOiC+q3ajsZiM69U6imNsjc=">AAAB+XicbVBNS8NAEN3Ur1q/oh69LAbBU0lE1GPRi8da7Ac0IWy203bpZhN3N4US+k+8eFDEq//Em//GbZuDtj4YeLw3w8y8KOVMadf9tkpr6xubW+Xtys7u3v6BfXjUUkkmKTRpwhPZiYgCzgQ0NdMcOqkEEkcc2tHobua3xyAVS8SjnqQQxGQgWJ9Roo0U2rbv+HkjFNjn8IQb/jS0HbfqzoFXiVcQBxWoh/aX30toFoPQlBOlup6b6iAnUjPKYVrxMwUpoSMygK6hgsSggnx++RSfGaWH+4k0JTSeq78nchIrNYkj0xkTPVTL3kz8z+tmun8T5EykmQZBF4v6Gcc6wbMYcI9JoJpPDCFUMnMrpkMiCdUmrIoJwVt+eZW0LqreVfXy4dKp3RZxlNEJOkXnyEPXqIbuUR01EUVj9Ixe0ZuVWy/Wu/WxaC1Zxcwx+gPr8wdQ55LS</latexit>

#{Rn  R}

<latexit sha1_base64="+XpfpThBLrgbbfHqddVu2aTMA/s=">AAAB7nicbVBNSwMxEJ2tX7V+VT16CRbBU9mVoh6LXjxWsB/QLiWbZtvQbBKSrFiW/ggvHhTx6u/x5r8xbfegrQ8GHu/NMDMvUpwZ6/vfXmFtfWNzq7hd2tnd2z8oHx61jEw1oU0iudSdCBvKmaBNyyynHaUpTiJO29H4dua3H6k2TIoHO1E0TPBQsJgRbJ3U7mGltHzqlyt+1Z8DrZIgJxXI0eiXv3oDSdKECks4NqYb+MqGGdaWEU6npV5qqMJkjIe066jACTVhNj93is6cMkCx1K6ERXP190SGE2MmSeQ6E2xHZtmbif953dTG12HGhEotFWSxKE45shLNfkcDpimxfOIIJpq5WxEZYY2JdQmVXAjB8surpHVRDS6rtftapX6Tx1GEEziFcwjgCupwBw1oAoExPMMrvHnKe/HevY9Fa8HLZ47hD7zPH5ZQj78=</latexit>⇡

spin m ‘ramp’
(quantum chaos)

<latexit sha1_base64="/dDa1G+NLVuE4hmxdIiqR4yTaI8=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHYNUY9ELx7ByCOBDZkdemFkdnYzM2tCCF/gxYPGePWTvPk3DrAHBSvppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8fCoqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLR7cxvPaHSPJYPZpygH9GB5CFn1Fipft8rltyyOwdZJV5GSpCh1it+dfsxSyOUhgmqdcdzE+NPqDKcCZwWuqnGhLIRHWDHUkkj1P5kfuiUnFmlT8JY2ZKGzNXfExMaaT2OAtsZUTPUy95M/M/rpCa89idcJqlByRaLwlQQE5PZ16TPFTIjxpZQpri9lbAhVZQZm03BhuAtv7xKmhdl77JcqVdK1ZssjjycwCmcgwdXUIU7qEEDGCA8wyu8OY/Oi/PufCxac042cwx/4Hz+AK+PjN8=</latexit>

R
<latexit sha1_base64="/dDa1G+NLVuE4hmxdIiqR4yTaI8=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHYNUY9ELx7ByCOBDZkdemFkdnYzM2tCCF/gxYPGePWTvPk3DrAHBSvppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8fCoqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLR7cxvPaHSPJYPZpygH9GB5CFn1Fipft8rltyyOwdZJV5GSpCh1it+dfsxSyOUhgmqdcdzE+NPqDKcCZwWuqnGhLIRHWDHUkkj1P5kfuiUnFmlT8JY2ZKGzNXfExMaaT2OAtsZUTPUy95M/M/rpCa89idcJqlByRaLwlQQE5PZ16TPFTIjxpZQpri9lbAhVZQZm03BhuAtv7xKmhdl77JcqVdK1ZssjjycwCmcgwdXUIU7qEEDGCA8wyu8OY/Oi/PufCxac042cwx/4Hz+AK+PjN8=</latexit>

R



Spinning ramps encoded in “random sum of cusp forms”!  How??

‘arithmetic chaos’

<latexit sha1_base64="57On1svYyDMVnuDUGNgMpFNqf/8="></latexit>
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y1y2
y1 + y2

e�2⇡m(y1+y2) + . . . =
X

n�1

1

2 cosh(⇡Rn)

⌫mn (y1)⌫mn (y2)

||⌫n||2

[Sarnak ’93] [Hejhal/Arno ’93] [Steil ’94]


Can understand this in surprising detail

1. Numerically: sum over O(10  ) cusp forms

2. Analytically: trace formula

3. Analytically: approximate          using statistical properties of

4

[FH/Reeves/Rozali ’23]


(    )

(    )
<latexit sha1_base64="2vRZaiMEqNiwMi/QteAAskJ3Ec8=">AAAB/XicbVDLSgMxFM34rPU1PnZugkWpUMqMFHVZdOOyin1AZxwyadqGJpkhyQh1KP6KGxeKuPU/3Pk3pu0stPXAhcM593LvPWHMqNKO820tLC4tr6zm1vLrG5tb2/bObkNFicSkjiMWyVaIFGFUkLqmmpFWLAniISPNcHA19psPRCoaiTs9jInPUU/QLsVIGymw928DAb2Sd+yVIAr4fVoUJ6PALjhlZwI4T9yMFECGWmB/eZ0IJ5wIjRlSqu06sfZTJDXFjIzyXqJIjPAA9UjbUIE4UX46uX4Ej4zSgd1ImhIaTtTfEyniSg15aDo50n01643F/7x2orsXfkpFnGgi8HRRN2FQR3AcBexQSbBmQ0MQltTcCnEfSYS1CSxvQnBnX54njdOye1au3FQK1cssjhw4AIegCFxwDqrgGtRAHWDwCJ7BK3iznqwX6936mLYuWNnMHvgD6/MHCHSTrw==</latexit>

Rn & a(n)m

spin m ‘ramp’
(quantum chaos)

Wormhole amplitude again implements RMT universality 
in the most extreme way:
                     encodes complete statistical information                 
(all moments) of all cusp form data.

<latexit sha1_base64="K/lusOx8pyJ8uYMragF9F/dVbko=">AAACEHicbVA9T8MwEHX4pnwVGFksKgRTlSAEjAgWRpAordRUkeNeWwvHjuwLUCJ+Agt/hYUBhFgZ2fg3uGkHoDzppOf37mzfi1MpLPr+lzcxOTU9Mzs3X1pYXFpeKa+uXVqdGQ41rqU2jZhZkEJBDQVKaKQGWBJLqMdXJwO/fg3GCq0usJ9CK2FdJTqCM3RSVN4OJVNdCfQuUkWFpjhHIcIt5jfaJD0t4T4qV/yqX4COk2BEKmSEs6j8GbY1zxJQyCWzthn4KbZyZlBwd18pzCykjF+xLjQdVSwB28qLhe7pllPatKONK4W0UH9O5Cyxtp/ErjNh2LN/vYH4n9fMsHPYyoVKMwTFhw91MklR00E6tC0McJR9Rxg3wv2V8h4zjKPLsORCCP6uPE4ud6vBfnXvfK9ydDyKY45skE2yQwJyQI7IKTkjNcLJA3kiL+TVe/SevTfvfdg64Y1m1skveB/fuWSdsQ==</latexit>

hznzniwormhole



Spinning ramps encoded in “random sum of cusp forms”!  How??

‘arithmetic chaos’

<latexit sha1_base64="57On1svYyDMVnuDUGNgMpFNqf/8="></latexit>
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⇡

y1y2
y1 + y2

e�2⇡m(y1+y2) + . . . =
X

n�1

1

2 cosh(⇡Rn)

⌫mn (y1)⌫mn (y2)

||⌫n||2

[Sarnak ’93] [Hejhal/Arno ’93] [Steil ’94]


(    )

<latexit sha1_base64="fjejuOiC+q3ajsZiM69U6imNsjc=">AAAB+XicbVBNS8NAEN3Ur1q/oh69LAbBU0lE1GPRi8da7Ac0IWy203bpZhN3N4US+k+8eFDEq//Em//GbZuDtj4YeLw3w8y8KOVMadf9tkpr6xubW+Xtys7u3v6BfXjUUkkmKTRpwhPZiYgCzgQ0NdMcOqkEEkcc2tHobua3xyAVS8SjnqQQxGQgWJ9Roo0U2rbv+HkjFNjn8IQb/jS0HbfqzoFXiVcQBxWoh/aX30toFoPQlBOlup6b6iAnUjPKYVrxMwUpoSMygK6hgsSggnx++RSfGaWH+4k0JTSeq78nchIrNYkj0xkTPVTL3kz8z+tmun8T5EykmQZBF4v6Gcc6wbMYcI9JoJpPDCFUMnMrpkMiCdUmrIoJwVt+eZW0LqreVfXy4dKp3RZxlNEJOkXnyEPXqIbuUR01EUVj9Ixe0ZuVWy/Wu/WxaC1Zxcwx+gPr8wdQ55LS</latexit>

#{Rn  R}

<latexit sha1_base64="+XpfpThBLrgbbfHqddVu2aTMA/s=">AAAB7nicbVBNSwMxEJ2tX7V+VT16CRbBU9mVoh6LXjxWsB/QLiWbZtvQbBKSrFiW/ggvHhTx6u/x5r8xbfegrQ8GHu/NMDMvUpwZ6/vfXmFtfWNzq7hd2tnd2z8oHx61jEw1oU0iudSdCBvKmaBNyyynHaUpTiJO29H4dua3H6k2TIoHO1E0TPBQsJgRbJ3U7mGltHzqlyt+1Z8DrZIgJxXI0eiXv3oDSdKECks4NqYb+MqGGdaWEU6npV5qqMJkjIe066jACTVhNj93is6cMkCx1K6ERXP190SGE2MmSeQ6E2xHZtmbif953dTG12HGhEotFWSxKE45shLNfkcDpimxfOIIJpq5WxEZYY2JdQmVXAjB8surpHVRDS6rtftapX6Tx1GEEziFcwjgCupwBw1oAoExPMMrvHnKe/HevY9Fa8HLZ47hD7zPH5ZQj78=</latexit>⇡

spin m ‘ramp’
(quantum chaos)

<latexit sha1_base64="/dDa1G+NLVuE4hmxdIiqR4yTaI8=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHYNUY9ELx7ByCOBDZkdemFkdnYzM2tCCF/gxYPGePWTvPk3DrAHBSvppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8fCoqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLR7cxvPaHSPJYPZpygH9GB5CFn1Fipft8rltyyOwdZJV5GSpCh1it+dfsxSyOUhgmqdcdzE+NPqDKcCZwWuqnGhLIRHWDHUkkj1P5kfuiUnFmlT8JY2ZKGzNXfExMaaT2OAtsZUTPUy95M/M/rpCa89idcJqlByRaLwlQQE5PZ16TPFTIjxpZQpri9lbAhVZQZm03BhuAtv7xKmhdl77JcqVdK1ZssjjycwCmcgwdXUIU7qEEDGCA8wyu8OY/Oi/PufCxac042cwx/4Hz+AK+PjN8=</latexit>

R
<latexit sha1_base64="/dDa1G+NLVuE4hmxdIiqR4yTaI8=">AAAB6HicbVDLTgJBEOzFF+IL9ehlIjHxRHYNUY9ELx7ByCOBDZkdemFkdnYzM2tCCF/gxYPGePWTvPk3DrAHBSvppFLVne6uIBFcG9f9dnJr6xubW/ntws7u3v5B8fCoqeNUMWywWMSqHVCNgktsGG4EthOFNAoEtoLR7cxvPaHSPJYPZpygH9GB5CFn1Fipft8rltyyOwdZJV5GSpCh1it+dfsxSyOUhgmqdcdzE+NPqDKcCZwWuqnGhLIRHWDHUkkj1P5kfuiUnFmlT8JY2ZKGzNXfExMaaT2OAtsZUTPUy95M/M/rpCa89idcJqlByRaLwlQQE5PZ16TPFTIjxpZQpri9lbAhVZQZm03BhuAtv7xKmhdl77JcqVdK1ZssjjycwCmcgwdXUIU7qEEDGCA8wyu8OY/Oi/PufCxac042cwx/4Hz+AK+PjN8=</latexit>

R
<latexit sha1_base64="wbKGBApVCkSsOPEkRKsDXGo98Xw="></latexit>X

n�1

1

2 cosh(⇡Rn)

⌫mn (y1)⌫mn (y2)

||⌫n||2
�!

Z 1

0
dR µ̄(R) (· · · )KiR(2⇡my1)KiR(2⇡my2)



Topological expansion
[Boruch/Di Ubaldo/FH/Perlmutter/Rozali  (to appear)]



So far we discussed the “linear ramp”:

<latexit sha1_base64="z/bx94lj6RjrViS8PwVgLJgzRB4="></latexit>

SFF�(T ) =

Z 1

0

dE

2⇡
e�2�E kE(T )

e.g., GUE with                                             : 
<latexit sha1_base64="IEiC8PdPLRL+dwlsbNxbHplCBiw="></latexit>

T ! 1 (⌧ = Te�S0 fixed)

RMT universality says more:

<latexit sha1_base64="JDerXyHKCT1QJsX5wQywr8oLynw="></latexit>

kE(⌧) =

(
⌧ for ⌧  ⇢0(E)

⇢0(E) for ⌧ � ⇢0(E)

<latexit sha1_base64="Z6vcuwkTK8fBck1dKHh09h6R9cI=">AAACAnicbVDLSgNBEJyNrxhfUY9eBoPgKexKUI9BLx4jmAckS5iddJIxs7PDPISw5OYHeNVP8CZe/RG/wN9wkuzBJBY0FFXddHdFkjNtfP/by62tb2xu5bcLO7t7+wfFw6OGTqyiUKcJT1QrIho4E1A3zHBoSQUkjjg0o9Ht1G8+gdIsEQ9mLCGMyUCwPqPEOKnRsdIQ2y2W/LI/A14lQUZKKEOtW/zp9BJqYxCGcqJ1O/ClCVOiDKMcJoWO1SAJHZEBtB0VJAYdprNrJ/jMKT3cT5QrYfBM/TuRkljrcRy5zpiYoV72puJ/Xtua/nWYMiGtAUHni/qWY5Pg6eu4xxRQw8eOEKqYuxXTIVGEGhfQwhYrBwpgNCm4ZILlHFZJ46IcXJYr95VS9SbLKI9O0Ck6RwG6QlV0h2qojih6RC/oFb15z9679+F9zltzXjZzjBbgff0C00GYMg==</latexit>⌧

<latexit sha1_base64="wlfcM2FshUIgQzNsOiypRxwDP98=">AAACB3icbVBLSgNBEO2Jvxh/UZduGoMQN2FGgroMiuAygvnAZAg9nZqkmZ4P/RHCkAN4ALd6BHfi1mN4Aq9hJ5mFSXxQ8Hiviqp6fsqZVLb9bRXW1jc2t4rbpZ3dvf2D8uFRWyZaUGjRhCei6xMJnMXQUkxx6KYCSORz6Pjh7dTvPIGQLIkf1TgFLyLDmAWMEmUkN+zfVXs6VUSf98sVu2bPgFeJk5MKytHsl396g4TqCGJFOZHSdexUeRkRilEOk1JPS0gJDckQXENjEoH0stnJE3xmlAEOEmEqVnim/p3ISCTlOPJNZ0TUSC57U/E/z9UquPYyFqdaQUzniwLNsUrw9H88YAKo4mNDCBXM3IrpiAhClUlpYYtOhwIgnJRMMs5yDqukfVFzLmv1h3qlcZNnVEQn6BRVkYOuUAPdoyZqIYoS9IJe0Zv1bL1bH9bnvLVg5TPHaAHW1y/MQZnE</latexit>

kE(⌧)
<latexit sha1_base64="0yp0PncXBwXo7qg1W7uBfIvJsNM=">AAACBXicbVDLSgNBEJz1GeMr6tHLYBDiJexKUI9BETxGMA9JljA76U2GzM4sM7NCWHL2A7zqJ3gTr36HX+BvOEn2YBILGoqqbrq7gpgzbVz321lZXVvf2Mxt5bd3dvf2CweHDS0TRaFOJZeqFRANnAmoG2Y4tGIFJAo4NIPhzcRvPoHSTIoHM4rBj0hfsJBRYqz02FED2XVLt2fdQtEtu1PgZeJlpIgy1LqFn05P0iQCYSgnWrc9NzZ+SpRhlMM430k0xIQOSR/algoSgfbT6cFjfGqVHg6lsiUMnqp/J1ISaT2KAtsZETPQi95E/M9rJya88lMm4sSAoLNFYcKxkXjyPe4xBdTwkSWEKmZvxXRAFKHGZjS3JYn7CmA4zttkvMUclknjvOxdlCv3lWL1Ossoh47RCSohD12iKrpDNVRHFEXoBb2iN+fZeXc+nM9Z64qTzRyhOThfv64HmI8=</latexit>

⇢0(E)

<latexit sha1_base64="BULzmNnnV9PttR/ozChW1Pa9dk4="></latexit>

SFF�(T ) /
T

�
+ [modular completion]

[Mehta, Gaudin, Dyson, …]



So far we discussed the “linear ramp”:

<latexit sha1_base64="z/bx94lj6RjrViS8PwVgLJgzRB4="></latexit>

SFF�(T ) =

Z 1

0

dE

2⇡
e�2�E kE(T )

e.g., GUE with                                             : 
<latexit sha1_base64="IEiC8PdPLRL+dwlsbNxbHplCBiw="></latexit>

T ! 1 (⌧ = Te�S0 fixed)

RMT universality says more:

<latexit sha1_base64="JDerXyHKCT1QJsX5wQywr8oLynw="></latexit>

kE(⌧) =

(
⌧ for ⌧  ⇢0(E)

⇢0(E) for ⌧ � ⇢0(E)

<latexit sha1_base64="Z6vcuwkTK8fBck1dKHh09h6R9cI=">AAACAnicbVDLSgNBEJyNrxhfUY9eBoPgKexKUI9BLx4jmAckS5iddJIxs7PDPISw5OYHeNVP8CZe/RG/wN9wkuzBJBY0FFXddHdFkjNtfP/by62tb2xu5bcLO7t7+wfFw6OGTqyiUKcJT1QrIho4E1A3zHBoSQUkjjg0o9Ht1G8+gdIsEQ9mLCGMyUCwPqPEOKnRsdIQ2y2W/LI/A14lQUZKKEOtW/zp9BJqYxCGcqJ1O/ClCVOiDKMcJoWO1SAJHZEBtB0VJAYdprNrJ/jMKT3cT5QrYfBM/TuRkljrcRy5zpiYoV72puJ/Xtua/nWYMiGtAUHni/qWY5Pg6eu4xxRQw8eOEKqYuxXTIVGEGhfQwhYrBwpgNCm4ZILlHFZJ46IcXJYr95VS9SbLKI9O0Ck6RwG6QlV0h2qojih6RC/oFb15z9679+F9zltzXjZzjBbgff0C00GYMg==</latexit>⌧

<latexit sha1_base64="wlfcM2FshUIgQzNsOiypRxwDP98=">AAACB3icbVBLSgNBEO2Jvxh/UZduGoMQN2FGgroMiuAygvnAZAg9nZqkmZ4P/RHCkAN4ALd6BHfi1mN4Aq9hJ5mFSXxQ8Hiviqp6fsqZVLb9bRXW1jc2t4rbpZ3dvf2D8uFRWyZaUGjRhCei6xMJnMXQUkxx6KYCSORz6Pjh7dTvPIGQLIkf1TgFLyLDmAWMEmUkN+zfVXs6VUSf98sVu2bPgFeJk5MKytHsl396g4TqCGJFOZHSdexUeRkRilEOk1JPS0gJDckQXENjEoH0stnJE3xmlAEOEmEqVnim/p3ISCTlOPJNZ0TUSC57U/E/z9UquPYyFqdaQUzniwLNsUrw9H88YAKo4mNDCBXM3IrpiAhClUlpYYtOhwIgnJRMMs5yDqukfVFzLmv1h3qlcZNnVEQn6BRVkYOuUAPdoyZqIYoS9IJe0Zv1bL1bH9bnvLVg5TPHaAHW1y/MQZnE</latexit>

kE(⌧)
<latexit sha1_base64="0yp0PncXBwXo7qg1W7uBfIvJsNM=">AAACBXicbVDLSgNBEJz1GeMr6tHLYBDiJexKUI9BETxGMA9JljA76U2GzM4sM7NCWHL2A7zqJ3gTr36HX+BvOEn2YBILGoqqbrq7gpgzbVz321lZXVvf2Mxt5bd3dvf2CweHDS0TRaFOJZeqFRANnAmoG2Y4tGIFJAo4NIPhzcRvPoHSTIoHM4rBj0hfsJBRYqz02FED2XVLt2fdQtEtu1PgZeJlpIgy1LqFn05P0iQCYSgnWrc9NzZ+SpRhlMM430k0xIQOSR/algoSgfbT6cFjfGqVHg6lsiUMnqp/J1ISaT2KAtsZETPQi95E/M9rJya88lMm4sSAoLNFYcKxkXjyPe4xBdTwkSWEKmZvxXRAFKHGZjS3JYn7CmA4zttkvMUclknjvOxdlCv3lWL1Ossoh47RCSohD12iKrpDNVRHFEXoBb2iN+fZeXc+nM9Z64qTzRyhOThfv64HmI8=</latexit>

⇢0(E)

<latexit sha1_base64="czQgQJpM0qRx0tRgUmp9SwZXrTQ=">AAAB8HicbVBNSwMxEM3Wr1q/qh69BItQL2W3FPVY9OKxgv3QdinZNNuGJtklmRXK0l/hxYMiXv053vw3pu0etPXBwOO9GWbmBbHgBlz328mtrW9sbuW3Czu7e/sHxcOjlokSTVmTRiLSnYAYJrhiTeAgWCfWjMhAsHYwvpn57SemDY/UPUxi5ksyVDzklICVHh7L1V7AgJz3iyW34s6BV4mXkRLK0OgXv3qDiCaSKaCCGNP13Bj8lGjgVLBpoZcYFhM6JkPWtVQRyYyfzg+e4jOrDHAYaVsK8Fz9PZESacxEBrZTEhiZZW8m/ud1Ewiv/JSrOAGm6GJRmAgMEZ59jwdcMwpiYgmhmttbMR0RTSjYjAo2BG/55VXSqla8i0rtrlaqX2dx5NEJOkVl5KFLVEe3qIGaiCKJntErenO08+K8Ox+L1pyTzRyjP3A+fwCwno+y</latexit>

Z(2�)

“genus expansion”

<latexit sha1_base64="eVJnSz6EcH804jzPIUqtyPGFlHQ="></latexit>

SFF�(T ) =
T

4⇡�
+

X

g�1

cg(⇢0;�) ⌧
2g+1

(non-perturbative      .           
corrections to leading ramp)

<latexit sha1_base64="jYvCd3UuFrUBnGPxWFLny6dojFQ=">AAAB73icbVDLSgNBEOz1GeMr6tHLYBC8GHYlqMegF48RzQOSNcxOepMhs7PrzKwQlvyEFw+KePV3vPk3Th4HTSxoKKq66e4KEsG1cd1vZ2l5ZXVtPbeR39za3tkt7O3XdZwqhjUWi1g1A6pRcIk1w43AZqKQRoHARjC4HvuNJ1Sax/LeDBP0I9qTPOSMGis18SE7veu4o06h6JbcCcgi8WakCDNUO4WvdjdmaYTSMEG1bnluYvyMKsOZwFG+nWpMKBvQHrYslTRC7WeTe0fk2CpdEsbKljRkov6eyGik9TAKbGdETV/Pe2PxP6+VmvDSz7hMUoOSTReFqSAmJuPnSZcrZEYMLaFMcXsrYX2qKDM2orwNwZt/eZHUz0reeal8Wy5WrmZx5OAQjuAEPLiACtxAFWrAQMAzvMKb8+i8OO/Ox7R1yZnNHMAfOJ8/ehmPnQ==</latexit>

e�S0

<latexit sha1_base64="NWVXFEie6R9oxRufqxLnO5W8cmg=">AAACIXicbVBLSgNBFOzxb/xFXbppDIKChBkJ6lIUgstITBQyMfR0XmKTng/dr8UwzAE8hwdwq0dwJ+7EA3gNO5+FUQsaiqp6vNcVJFJodN0PZ2p6ZnZufmExt7S8srqWX9+o69goDjUey1hdB0yDFBHUUKCE60QBCwMJV0HvbOBf3YHSIo4usZ9AM2TdSHQEZ2ilVr7gI9xjWi2Xs5YfALJd3yTIDPX3Kdyk1Zab7dmUW3SHoH+JNyYFMkallf/y2zE3IUTIJdO64bkJNlOmUHAJWc43GhLGe6wLDUsjFoJupsPPZHTHKm3aiZV9EdKh+nMiZaHW/TCwyZDhrf7tDcT/vIbBznEzFVFiECI+WtQxkmJMB83QtlDAUfYtYVwJeyvlt0wxjra/iS0m6SqAXpazzXi/e/hL6gdF77BYuigVTk7HHS2QLbJNdolHjsgJOScVUiOcPJAn8kxenEfn1Xlz3kfRKWc8s0km4Hx+A2L5o4o=</latexit>

SFF�(⌧ e
S0)

<latexit sha1_base64="Z6vcuwkTK8fBck1dKHh09h6R9cI=">AAACAnicbVDLSgNBEJyNrxhfUY9eBoPgKexKUI9BLx4jmAckS5iddJIxs7PDPISw5OYHeNVP8CZe/RG/wN9wkuzBJBY0FFXddHdFkjNtfP/by62tb2xu5bcLO7t7+wfFw6OGTqyiUKcJT1QrIho4E1A3zHBoSQUkjjg0o9Ht1G8+gdIsEQ9mLCGMyUCwPqPEOKnRsdIQ2y2W/LI/A14lQUZKKEOtW/zp9BJqYxCGcqJ1O/ClCVOiDKMcJoWO1SAJHZEBtB0VJAYdprNrJ/jMKT3cT5QrYfBM/TuRkljrcRy5zpiYoV72puJ/Xtua/nWYMiGtAUHni/qWY5Pg6eu4xxRQw8eOEKqYuxXTIVGEGhfQwhYrBwpgNCm4ZILlHFZJ46IcXJYr95VS9SbLKI9O0Ck6RwG6QlV0h2qojih6RC/oFb15z9679+F9zltzXjZzjBbgff0C00GYMg==</latexit>⌧

<latexit sha1_base64="BULzmNnnV9PttR/ozChW1Pa9dk4="></latexit>

SFF�(T ) /
T

�
+ [modular completion]

[Mehta, Gaudin, Dyson, …]



<latexit sha1_base64="eVJnSz6EcH804jzPIUqtyPGFlHQ="></latexit>

SFF�(T ) =
T

4⇡�
+

X

g�1

cg(⇢0;�) ⌧
2g+1

Understood in (1+1)-diml. gravity dual to RMT
[Saad/Shenker/Stanford ’19] … [Saad/Stanford/Yang/Yao ’22] [Blommaert/Kruthoff/Yao ’22] …

<latexit sha1_base64="adUzitUYci9ByxF5Mx2hW/GaB2E=">AAAB+HicbVDLSgNBEOz1GeMjqx69DAZBEMKuBPVm0IvHCOYByRJmJ5NkyOyDmV4hLvslXjwo4tVP8ebfOEn2oIkFDUVVN91dfiyFRsf5tlZW19Y3Ngtbxe2d3b2SvX/Q1FGiGG+wSEaq7VPNpQh5AwVK3o4Vp4Evecsf30791iNXWkThA05i7gV0GIqBYBSN1LNLXY2UjRWX6XWWnmU9u+xUnBnIMnFzUoYc9Z791e1HLAl4iExSrTuuE6OXUoWCSZ4Vu4nmsdlAh7xjaEgDrr10dnhGTozSJ4NImQqRzNTfEykNtJ4EvukMKI70ojcV//M6CQ6uvFSEcYI8ZPNFg0QSjMg0BdIXijOUE0MoU8LcStiIKsrQZFU0IbiLLy+T5nnFvahU76vl2k0eRwGO4BhOwYVLqMEd1KEBDBJ4hld4s56sF+vd+pi3rlj5zCH8gfX5AwqLk1k=</latexit>

?
+

<latexit sha1_base64="DxbKTTKkuDyl4i9GmZdP1QaEPgk=">AAAB+XicbVDLSgNBEOz1GeNr1aOXwSAIQtiVoN4S9OIxgnlAsoTZSW8yZPbBzGwgLPkTLx4U8eqfePNvnCR70MSChqKqm+4uPxFcacf5ttbWNza3tgs7xd29/YND++i4qeJUMmywWMSy7VOFgkfY0FwLbCcSaegLbPmj+5nfGqNUPI6e9CRBL6SDiAecUW2knm13laZsJFFk1eo0u5z27JJTduYgq8TNSQly1Hv2V7cfszTESDNBleq4TqK9jErNmcBpsZsqTMwKOsCOoRENUXnZ/PIpOTdKnwSxNBVpMld/T2Q0VGoS+qYzpHqolr2Z+J/XSXVw62U8SlKNEVssClJBdExmMZA+l8i0mBhCmeTmVsKGVFKmTVhFE4K7/PIqaV6V3ety5bFSqt3lcRTgFM7gAly4gRo8QB0awGAMz/AKb1ZmvVjv1seidc3KZ07gD6zPH5SRk6I=</latexit>

??
+

<latexit sha1_base64="aCTa8yx2+SVjk3ZhnGRgB7v/O6c=">AAACA3icbVDLSsNAFJ3UV62vqDvdDBZBUEoiRd216MZlBfuAJpTJZNIOnTyYuRFKCLjxV9y4UMStP+HOv3H6WGjrgQuHc+7l3nu8RHAFlvVtFJaWV1bXiuuljc2t7R1zd6+l4lRS1qSxiGXHI4oJHrEmcBCsk0hGQk+wtje8GfvtByYVj6N7GCXMDUk/4gGnBLTUMw8cBYQOJRNZrZZnpzl2zrAj/BhUzyxbFWsCvEjsGSmjGRo988vxY5qGLAIqiFJd20rAzYgETgXLS06qWKKXkT7rahqRkCk3m/yQ42Ot+DiIpa4I8ET9PZGRUKlR6OnOkMBAzXtj8T+vm0Jw5WY8SlJgEZ0uClKBIcbjQLDPJaMgRpoQKrm+FdMBkYSCjq2kQ7DnX14krfOKfVGp3lXL9etZHEV0iI7QCbLRJaqjW9RATUTRI3pGr+jNeDJejHfjY9paMGYz++gPjM8fT8CXUA==</latexit>

??
+ . . .

<latexit sha1_base64="DxbKTTKkuDyl4i9GmZdP1QaEPgk=">AAAB+XicbVDLSgNBEOz1GeNr1aOXwSAIQtiVoN4S9OIxgnlAsoTZSW8yZPbBzGwgLPkTLx4U8eqfePNvnCR70MSChqKqm+4uPxFcacf5ttbWNza3tgs7xd29/YND++i4qeJUMmywWMSy7VOFgkfY0FwLbCcSaegLbPmj+5nfGqNUPI6e9CRBL6SDiAecUW2knm13laZsJFFk1eo0u5z27JJTduYgq8TNSQly1Hv2V7cfszTESDNBleq4TqK9jErNmcBpsZsqTMwKOsCOoRENUXnZ/PIpOTdKnwSxNBVpMld/T2Q0VGoS+qYzpHqolr2Z+J/XSXVw62U8SlKNEVssClJBdExmMZA+l8i0mBhCmeTmVsKGVFKmTVhFE4K7/PIqaV6V3ety5bFSqt3lcRTgFM7gAly4gRo8QB0awGAMz/AKb1ZmvVjv1seidc3KZ07gD6zPH5SRk6I=</latexit>

??
+



<latexit sha1_base64="eVJnSz6EcH804jzPIUqtyPGFlHQ="></latexit>

SFF�(T ) =
T

4⇡�
+

X

g�1

cg(⇢0;�) ⌧
2g+1

Understood in (1+1)-diml. gravity dual to RMT
[Saad/Shenker/Stanford ’19] … [Saad/Stanford/Yang/Yao ’22] [Blommaert/Kruthoff/Yao ’22] …

<latexit sha1_base64="adUzitUYci9ByxF5Mx2hW/GaB2E=">AAAB+HicbVDLSgNBEOz1GeMjqx69DAZBEMKuBPVm0IvHCOYByRJmJ5NkyOyDmV4hLvslXjwo4tVP8ebfOEn2oIkFDUVVN91dfiyFRsf5tlZW19Y3Ngtbxe2d3b2SvX/Q1FGiGG+wSEaq7VPNpQh5AwVK3o4Vp4Evecsf30791iNXWkThA05i7gV0GIqBYBSN1LNLXY2UjRWX6XWWnmU9u+xUnBnIMnFzUoYc9Z791e1HLAl4iExSrTuuE6OXUoWCSZ4Vu4nmsdlAh7xjaEgDrr10dnhGTozSJ4NImQqRzNTfEykNtJ4EvukMKI70ojcV//M6CQ6uvFSEcYI8ZPNFg0QSjMg0BdIXijOUE0MoU8LcStiIKsrQZFU0IbiLLy+T5nnFvahU76vl2k0eRwGO4BhOwYVLqMEd1KEBDBJ4hld4s56sF+vd+pi3rlj5zCH8gfX5AwqLk1k=</latexit>

?
+

<latexit sha1_base64="DxbKTTKkuDyl4i9GmZdP1QaEPgk=">AAAB+XicbVDLSgNBEOz1GeNr1aOXwSAIQtiVoN4S9OIxgnlAsoTZSW8yZPbBzGwgLPkTLx4U8eqfePNvnCR70MSChqKqm+4uPxFcacf5ttbWNza3tgs7xd29/YND++i4qeJUMmywWMSy7VOFgkfY0FwLbCcSaegLbPmj+5nfGqNUPI6e9CRBL6SDiAecUW2knm13laZsJFFk1eo0u5z27JJTduYgq8TNSQly1Hv2V7cfszTESDNBleq4TqK9jErNmcBpsZsqTMwKOsCOoRENUXnZ/PIpOTdKnwSxNBVpMld/T2Q0VGoS+qYzpHqolr2Z+J/XSXVw62U8SlKNEVssClJBdExmMZA+l8i0mBhCmeTmVsKGVFKmTVhFE4K7/PIqaV6V3ety5bFSqt3lcRTgFM7gAly4gRo8QB0awGAMz/AKb1ZmvVjv1seidc3KZ07gD6zPH5SRk6I=</latexit>

??
+

<latexit sha1_base64="aCTa8yx2+SVjk3ZhnGRgB7v/O6c=">AAACA3icbVDLSsNAFJ3UV62vqDvdDBZBUEoiRd216MZlBfuAJpTJZNIOnTyYuRFKCLjxV9y4UMStP+HOv3H6WGjrgQuHc+7l3nu8RHAFlvVtFJaWV1bXiuuljc2t7R1zd6+l4lRS1qSxiGXHI4oJHrEmcBCsk0hGQk+wtje8GfvtByYVj6N7GCXMDUk/4gGnBLTUMw8cBYQOJRNZrZZnpzl2zrAj/BhUzyxbFWsCvEjsGSmjGRo988vxY5qGLAIqiFJd20rAzYgETgXLS06qWKKXkT7rahqRkCk3m/yQ42Ot+DiIpa4I8ET9PZGRUKlR6OnOkMBAzXtj8T+vm0Jw5WY8SlJgEZ0uClKBIcbjQLDPJaMgRpoQKrm+FdMBkYSCjq2kQ7DnX14krfOKfVGp3lXL9etZHEV0iI7QCbLRJaqjW9RATUTRI3pGr+jNeDJejHfjY9paMGYz++gPjM8fT8CXUA==</latexit>

??
+ . . .

<latexit sha1_base64="DxbKTTKkuDyl4i9GmZdP1QaEPgk=">AAAB+XicbVDLSgNBEOz1GeNr1aOXwSAIQtiVoN4S9OIxgnlAsoTZSW8yZPbBzGwgLPkTLx4U8eqfePNvnCR70MSChqKqm+4uPxFcacf5ttbWNza3tgs7xd29/YND++i4qeJUMmywWMSy7VOFgkfY0FwLbCcSaegLbPmj+5nfGqNUPI6e9CRBL6SDiAecUW2knm13laZsJFFk1eo0u5z27JJTduYgq8TNSQly1Hv2V7cfszTESDNBleq4TqK9jErNmcBpsZsqTMwKOsCOoRENUXnZ/PIpOTdKnwSxNBVpMld/T2Q0VGoS+qYzpHqolr2Z+J/XSXVw62U8SlKNEVssClJBdExmMZA+l8i0mBhCmeTmVsKGVFKmTVhFE4K7/PIqaV6V3ety5bFSqt3lcRTgFM7gAly4gRo8QB0awGAMz/AKb1ZmvVjv1seidc3KZ07gD6zPH5SRk6I=</latexit>

??
+

In modular invariant CFT, expect:
<latexit sha1_base64="Si3veJKXVC6w/YSzEwH87Ucm60I="></latexit>

SFF�(T ) =

✓
T

4⇡�
+ [modular completion]

◆
+

X

g�1

�
cg(⇢0;�) + [modular completion]

�
⌧2g+1

<latexit sha1_base64="1SlZ9jKuIarXc45kzoPJbu7gbtc=">AAACEXicbVDLSsNAFJ3UV62vqEs3wSJ0VRIp6rLoxmUF+4A2hMnkph06maQzE6GE/IIbf8WNC0XcunPn3zhts9DWA/dyOOdeZu7xE0alsu1vo7S2vrG5Vd6u7Ozu7R+Yh0cdGaeCQJvELBY9H0tglENbUcWglwjAkc+g649vZn73AYSkMb9X0wTcCA85DSnBSkueWRukPADhC0wgG0wmKQ5We+5luWdW7bo9h7VKnIJUUYGWZ34NgpikEXBFGJay79iJcjMsFCUM8soglZBgMsZD6GvKcQTSzeYX5daZVgIrjIUurqy5+nsjw5GU08jXkxFWI7nszcT/vH6qwis3ozxJFXCyeChMmaViaxaPFVABRLGpJpgIqv9qkRHW6SgdYkWH4CyfvEo653Xnot64a1Sb10UcZXSCTlENOegSNdEtaqE2IugRPaNX9GY8GS/Gu/GxGC0Zxc4x+gPj8wfRNJ7q</latexit>| {z }
diagonal spectral correlations

<latexit sha1_base64="D8wa4cPfz/IZYVGmvnrFtaP+kRg="></latexit>

hz 1
2+i↵1

z 1
2+i↵2

i ⇠
�
e�⇡↵1 + . . .

�
⇥ 4⇡�(↵1 + ↵2)

<latexit sha1_base64="1SlZ9jKuIarXc45kzoPJbu7gbtc=">AAACEXicbVDLSsNAFJ3UV62vqEs3wSJ0VRIp6rLoxmUF+4A2hMnkph06maQzE6GE/IIbf8WNC0XcunPn3zhts9DWA/dyOOdeZu7xE0alsu1vo7S2vrG5Vd6u7Ozu7R+Yh0cdGaeCQJvELBY9H0tglENbUcWglwjAkc+g649vZn73AYSkMb9X0wTcCA85DSnBSkueWRukPADhC0wgG0wmKQ5We+5luWdW7bo9h7VKnIJUUYGWZ34NgpikEXBFGJay79iJcjMsFCUM8soglZBgMsZD6GvKcQTSzeYX5daZVgIrjIUurqy5+nsjw5GU08jXkxFWI7nszcT/vH6qwis3ozxJFXCyeChMmaViaxaPFVABRLGpJpgIqv9qkRHW6SgdYkWH4CyfvEo653Xnot64a1Sb10UcZXSCTlENOegSNdEtaqE2IugRPaNX9GY8GS/Gu/GxGC0Zxc4x+gPj8wfRNJ7q</latexit>| {z }
off-diagonal?



<latexit sha1_base64="eVJnSz6EcH804jzPIUqtyPGFlHQ="></latexit>

SFF�(T ) =
T

4⇡�
+

X

g�1

cg(⇢0;�) ⌧
2g+1

Understood in (1+1)-diml. gravity dual to RMT
[Saad/Shenker/Stanford ’19] … [Saad/Stanford/Yang/Yao ’22] [Blommaert/Kruthoff/Yao ’22] …

<latexit sha1_base64="adUzitUYci9ByxF5Mx2hW/GaB2E=">AAAB+HicbVDLSgNBEOz1GeMjqx69DAZBEMKuBPVm0IvHCOYByRJmJ5NkyOyDmV4hLvslXjwo4tVP8ebfOEn2oIkFDUVVN91dfiyFRsf5tlZW19Y3Ngtbxe2d3b2SvX/Q1FGiGG+wSEaq7VPNpQh5AwVK3o4Vp4Evecsf30791iNXWkThA05i7gV0GIqBYBSN1LNLXY2UjRWX6XWWnmU9u+xUnBnIMnFzUoYc9Z791e1HLAl4iExSrTuuE6OXUoWCSZ4Vu4nmsdlAh7xjaEgDrr10dnhGTozSJ4NImQqRzNTfEykNtJ4EvukMKI70ojcV//M6CQ6uvFSEcYI8ZPNFg0QSjMg0BdIXijOUE0MoU8LcStiIKsrQZFU0IbiLLy+T5nnFvahU76vl2k0eRwGO4BhOwYVLqMEd1KEBDBJ4hld4s56sF+vd+pi3rlj5zCH8gfX5AwqLk1k=</latexit>

?
+

<latexit sha1_base64="DxbKTTKkuDyl4i9GmZdP1QaEPgk=">AAAB+XicbVDLSgNBEOz1GeNr1aOXwSAIQtiVoN4S9OIxgnlAsoTZSW8yZPbBzGwgLPkTLx4U8eqfePNvnCR70MSChqKqm+4uPxFcacf5ttbWNza3tgs7xd29/YND++i4qeJUMmywWMSy7VOFgkfY0FwLbCcSaegLbPmj+5nfGqNUPI6e9CRBL6SDiAecUW2knm13laZsJFFk1eo0u5z27JJTduYgq8TNSQly1Hv2V7cfszTESDNBleq4TqK9jErNmcBpsZsqTMwKOsCOoRENUXnZ/PIpOTdKnwSxNBVpMld/T2Q0VGoS+qYzpHqolr2Z+J/XSXVw62U8SlKNEVssClJBdExmMZA+l8i0mBhCmeTmVsKGVFKmTVhFE4K7/PIqaV6V3ety5bFSqt3lcRTgFM7gAly4gRo8QB0awGAMz/AKb1ZmvVjv1seidc3KZ07gD6zPH5SRk6I=</latexit>

??
+

<latexit sha1_base64="aCTa8yx2+SVjk3ZhnGRgB7v/O6c=">AAACA3icbVDLSsNAFJ3UV62vqDvdDBZBUEoiRd216MZlBfuAJpTJZNIOnTyYuRFKCLjxV9y4UMStP+HOv3H6WGjrgQuHc+7l3nu8RHAFlvVtFJaWV1bXiuuljc2t7R1zd6+l4lRS1qSxiGXHI4oJHrEmcBCsk0hGQk+wtje8GfvtByYVj6N7GCXMDUk/4gGnBLTUMw8cBYQOJRNZrZZnpzl2zrAj/BhUzyxbFWsCvEjsGSmjGRo988vxY5qGLAIqiFJd20rAzYgETgXLS06qWKKXkT7rahqRkCk3m/yQ42Ot+DiIpa4I8ET9PZGRUKlR6OnOkMBAzXtj8T+vm0Jw5WY8SlJgEZ0uClKBIcbjQLDPJaMgRpoQKrm+FdMBkYSCjq2kQ7DnX14krfOKfVGp3lXL9etZHEV0iI7QCbLRJaqjW9RATUTRI3pGr+jNeDJejHfjY9paMGYz++gPjM8fT8CXUA==</latexit>

??
+ . . .

<latexit sha1_base64="DxbKTTKkuDyl4i9GmZdP1QaEPgk=">AAAB+XicbVDLSgNBEOz1GeNr1aOXwSAIQtiVoN4S9OIxgnlAsoTZSW8yZPbBzGwgLPkTLx4U8eqfePNvnCR70MSChqKqm+4uPxFcacf5ttbWNza3tgs7xd29/YND++i4qeJUMmywWMSy7VOFgkfY0FwLbCcSaegLbPmj+5nfGqNUPI6e9CRBL6SDiAecUW2knm13laZsJFFk1eo0u5z27JJTduYgq8TNSQly1Hv2V7cfszTESDNBleq4TqK9jErNmcBpsZsqTMwKOsCOoRENUXnZ/PIpOTdKnwSxNBVpMld/T2Q0VGoS+qYzpHqolr2Z+J/XSXVw62U8SlKNEVssClJBdExmMZA+l8i0mBhCmeTmVsKGVFKmTVhFE4K7/PIqaV6V3ety5bFSqt3lcRTgFM7gAly4gRo8QB0awGAMz/AKb1ZmvVjv1seidc3KZ07gD6zPH5SRk6I=</latexit>

??
+

In modular invariant CFT, expect:
<latexit sha1_base64="Si3veJKXVC6w/YSzEwH87Ucm60I="></latexit>

SFF�(T ) =

✓
T

4⇡�
+ [modular completion]

◆
+

X

g�1

�
cg(⇢0;�) + [modular completion]

�
⌧2g+1

<latexit sha1_base64="1SlZ9jKuIarXc45kzoPJbu7gbtc=">AAACEXicbVDLSsNAFJ3UV62vqEs3wSJ0VRIp6rLoxmUF+4A2hMnkph06maQzE6GE/IIbf8WNC0XcunPn3zhts9DWA/dyOOdeZu7xE0alsu1vo7S2vrG5Vd6u7Ozu7R+Yh0cdGaeCQJvELBY9H0tglENbUcWglwjAkc+g649vZn73AYSkMb9X0wTcCA85DSnBSkueWRukPADhC0wgG0wmKQ5We+5luWdW7bo9h7VKnIJUUYGWZ34NgpikEXBFGJay79iJcjMsFCUM8soglZBgMsZD6GvKcQTSzeYX5daZVgIrjIUurqy5+nsjw5GU08jXkxFWI7nszcT/vH6qwis3ozxJFXCyeChMmaViaxaPFVABRLGpJpgIqv9qkRHW6SgdYkWH4CyfvEo653Xnot64a1Sb10UcZXSCTlENOegSNdEtaqE2IugRPaNX9GY8GS/Gu/GxGC0Zxc4x+gPj8wfRNJ7q</latexit>| {z }
diagonal spectral correlations

<latexit sha1_base64="D8wa4cPfz/IZYVGmvnrFtaP+kRg="></latexit>

hz 1
2+i↵1

z 1
2+i↵2

i ⇠
�
e�⇡↵1 + . . .

�
⇥ 4⇡�(↵1 + ↵2)

<latexit sha1_base64="1SlZ9jKuIarXc45kzoPJbu7gbtc=">AAACEXicbVDLSsNAFJ3UV62vqEs3wSJ0VRIp6rLoxmUF+4A2hMnkph06maQzE6GE/IIbf8WNC0XcunPn3zhts9DWA/dyOOdeZu7xE0alsu1vo7S2vrG5Vd6u7Ozu7R+Yh0cdGaeCQJvELBY9H0tglENbUcWglwjAkc+g649vZn73AYSkMb9X0wTcCA85DSnBSkueWRukPADhC0wgG0wmKQ5We+5luWdW7bo9h7VKnIJUUYGWZ34NgpikEXBFGJay79iJcjMsFCUM8soglZBgMsZD6GvKcQTSzeYX5daZVgIrjIUurqy5+nsjw5GU08jXkxFWI7nszcT/vH6qwis3ozxJFXCyeChMmaViaxaPFVABRLGpJpgIqv9qkRHW6SgdYkWH4CyfvEo653Xnot64a1Sb10UcZXSCTlENOegSNdEtaqE2IugRPaNX9GY8GS/Gu/GxGC0Zxc4x+gPj8wfRNJ7q</latexit>| {z }
off-diagonal?

Two steps: 1. Define topological expansion in 2d  (for general          )

2. Apply to            describing irrational CFT
<latexit sha1_base64="KeZ7AJYUIgI9OTPFnxHVJyYvKug=">AAAB8HicbVDLSgNBEOz1GeMr6tHLYBDiJexKUI9BETxGMA9JljA7mU2GzGOZmRVCyFd48aCIVz/Hm3/jJNmDJhY0FFXddHdFCWfG+v63t7K6tr6xmdvKb+/s7u0XDg4bRqWa0DpRXOlWhA3lTNK6ZZbTVqIpFhGnzWh4M/WbT1QbpuSDHSU0FLgvWcwItk567OiB6vql27NuoeiX/RnQMgkyUoQMtW7hq9NTJBVUWsKxMe3AT2w4xtoywukk30kNTTAZ4j5tOyqxoCYczw6eoFOn9FCstCtp0Uz9PTHGwpiRiFynwHZgFr2p+J/XTm18FY6ZTFJLJZkvilOOrELT71GPaUosHzmCiWbuVkQGWGNiXUZ5F0Kw+PIyaZyXg4ty5b5SrF5nceTgGE6gBAFcQhXuoAZ1ICDgGV7hzdPei/fufcxbV7xs5gj+wPv8AaJMj6c=</latexit>

⇢0(E)

<latexit sha1_base64="KeZ7AJYUIgI9OTPFnxHVJyYvKug=">AAAB8HicbVDLSgNBEOz1GeMr6tHLYBDiJexKUI9BETxGMA9JljA7mU2GzGOZmRVCyFd48aCIVz/Hm3/jJNmDJhY0FFXddHdFCWfG+v63t7K6tr6xmdvKb+/s7u0XDg4bRqWa0DpRXOlWhA3lTNK6ZZbTVqIpFhGnzWh4M/WbT1QbpuSDHSU0FLgvWcwItk567OiB6vql27NuoeiX/RnQMgkyUoQMtW7hq9NTJBVUWsKxMe3AT2w4xtoywukk30kNTTAZ4j5tOyqxoCYczw6eoFOn9FCstCtp0Uz9PTHGwpiRiFynwHZgFr2p+J/XTm18FY6ZTFJLJZkvilOOrELT71GPaUosHzmCiWbuVkQGWGNiXUZ5F0Kw+PIyaZyXg4ty5b5SrF5nceTgGE6gBAFcQhXuoAZ1ICDgGV7hzdPei/fufcxbV7xs5gj+wPv8AaJMj6c=</latexit>

⇢0(E)



Toy model: GUE Airy RMT2

Consider
<latexit sha1_base64="8O/nrgYc1mV/1zykfeRRKcpNYNA=">AAACG3icbVDJSgNBEO2JW4zbqEcRGoMQQcKMBPUiBCXgMaJZIBNDT6eSNOlZ7O4RwjAnv8MP8Kqf4E28evAL/A07y8EkPih4vFdFVT035Ewqy/o2UguLS8sr6dXM2vrG5pa5vVOVQSQoVGjAA1F3iQTOfKgopjjUQwHEcznU3P7V0K89gpAs8O/UIISmR7o+6zBKlJZa5r4jekGudIQvsCMfhIpLCXaOMdzHty0raZlZK2+NgOeJPSFZNEG5Zf447YBGHviKciJlw7ZC1YyJUIxySDJOJCEktE+60NDUJx7IZjx6I8GHWmnjTiB0+QqP1L8TMfGkHHiu7vSI6slZbyj+5zUi1TlvxswPIwU+HS/qRByrAA8zwW0mgCo+0IRQwfStmPaIIFTp5Ka2RGFXAPSTjE7Gns1hnlRP8vZpvnBTyBYvJxml0R46QDlkozNURNeojCqIoif0gl7Rm/FsvBsfxue4NWVMZnbRFIyvXz8eoD4=</latexit>

⇢(E) =
p
E eS0

In this case, the genus expansion is well-known:
<latexit sha1_base64="0J2Hb+UeagOK/q2v7TSjqUdgMrM="></latexit>

h eZ0
P (y1) eZ0

P (y2)i =
1

2⇡

y1y2
y1 + y2

+
1X

g=1

(�1)g

2⇡g!(2g + 1)e2gS0
(y1 + y2)

g�1(y1y2)
g+1



Toy model: GUE Airy RMT2

Consider
<latexit sha1_base64="8O/nrgYc1mV/1zykfeRRKcpNYNA=">AAACG3icbVDJSgNBEO2JW4zbqEcRGoMQQcKMBPUiBCXgMaJZIBNDT6eSNOlZ7O4RwjAnv8MP8Kqf4E28evAL/A07y8EkPih4vFdFVT035Ewqy/o2UguLS8sr6dXM2vrG5pa5vVOVQSQoVGjAA1F3iQTOfKgopjjUQwHEcznU3P7V0K89gpAs8O/UIISmR7o+6zBKlJZa5r4jekGudIQvsCMfhIpLCXaOMdzHty0raZlZK2+NgOeJPSFZNEG5Zf447YBGHviKciJlw7ZC1YyJUIxySDJOJCEktE+60NDUJx7IZjx6I8GHWmnjTiB0+QqP1L8TMfGkHHiu7vSI6slZbyj+5zUi1TlvxswPIwU+HS/qRByrAA8zwW0mgCo+0IRQwfStmPaIIFTp5Ka2RGFXAPSTjE7Gns1hnlRP8vZpvnBTyBYvJxml0R46QDlkozNURNeojCqIoif0gl7Rm/FsvBsfxue4NWVMZnbRFIyvXz8eoD4=</latexit>

⇢(E) =
p
E eS0

In this case, the genus expansion is well-known:
<latexit sha1_base64="0J2Hb+UeagOK/q2v7TSjqUdgMrM="></latexit>

h eZ0
P (y1) eZ0

P (y2)i =
1

2⇡

y1y2
y1 + y2

+
1X

g=1

(�1)g

2⇡g!(2g + 1)e2gS0
(y1 + y2)

g�1(y1y2)
g+1

<latexit sha1_base64="dLXlFejsjRzZ2NfwWAR76TOTB7g="></latexit>

h eZP (⌧1) eZP (⌧2)i =
1

(4⇡i)2

ZZ

1
2+iR

ds1ds2 hzs1zs2i⌧-GUE Airy Es1(⌧1)Es2(⌧2) + [cusp forms]

Claim: this can be uplifted to a modular invariant expression:

<latexit sha1_base64="ihh1pnyAcVjuFNwth6E2/u61yJo="></latexit>

hz 1
2+i↵1

z 1
2+i↵2

i⌧-GUE Airy =
e�2i↵+

↵+(2↵+ � i)
⇥ � (· · · )� (· · · )

<latexit sha1_base64="PotPgYE+rEr71qRR/32846DTTqQ="></latexit>

↵+ ⌘ 1

3
(↵1 + ↵2), ↵� ⌘ 1

3
(↵1 � ↵2)



Check (and derivation):                      reproduces           … (    )

(    )

<latexit sha1_base64="2t3c0UWT2KGVKxEKTsovK2SnaPQ=">AAAB/3icbVDLSsNAFJ3UV62vqODGzWAR6qYkUtRlUQSXFewDmhgm00k7dGYSZiZCqF34K25cKOLW33Dn3zhts9DWAxcO59zLvfeECaNKO863VVhaXlldK66XNja3tnfs3b2WilOJSRPHLJadECnCqCBNTTUjnUQSxENG2uHwauK3H4hUNBZ3OkuIz1Ff0IhipI0U2AfXgap4GqUn0OMoUTqG2b2CgV12qs4UcJG4OSmDHI3A/vJ6MU45ERozpFTXdRLtj5DUFDMyLnmpIgnCQ9QnXUMF4kT5o+n9Y3hslB6MYmlKaDhVf0+MEFcq46Hp5EgP1Lw3Ef/zuqmOLvwRFUmqicCzRVHKoPlyEgbsUUmwZpkhCEtqboV4gCTC2kRWMiG48y8vktZp1T2r1m5r5fplHkcRHIIjUAEuOAd1cAMaoAkweATP4BW8WU/Wi/VufcxaC1Y+sw/+wPr8AZ9jlTg=</latexit>

Es(⌧) 7! ys

… and everything else is subleading

Toy model: GUE Airy RMT2

Consider
<latexit sha1_base64="8O/nrgYc1mV/1zykfeRRKcpNYNA=">AAACG3icbVDJSgNBEO2JW4zbqEcRGoMQQcKMBPUiBCXgMaJZIBNDT6eSNOlZ7O4RwjAnv8MP8Kqf4E28evAL/A07y8EkPih4vFdFVT035Ewqy/o2UguLS8sr6dXM2vrG5pa5vVOVQSQoVGjAA1F3iQTOfKgopjjUQwHEcznU3P7V0K89gpAs8O/UIISmR7o+6zBKlJZa5r4jekGudIQvsCMfhIpLCXaOMdzHty0raZlZK2+NgOeJPSFZNEG5Zf447YBGHviKciJlw7ZC1YyJUIxySDJOJCEktE+60NDUJx7IZjx6I8GHWmnjTiB0+QqP1L8TMfGkHHiu7vSI6slZbyj+5zUi1TlvxswPIwU+HS/qRByrAA8zwW0mgCo+0IRQwfStmPaIIFTp5Ka2RGFXAPSTjE7Gns1hnlRP8vZpvnBTyBYvJxml0R46QDlkozNURNeojCqIoif0gl7Rm/FsvBsfxue4NWVMZnbRFIyvXz8eoD4=</latexit>

⇢(E) =
p
E eS0

In this case, the genus expansion is well-known:
<latexit sha1_base64="0J2Hb+UeagOK/q2v7TSjqUdgMrM="></latexit>

h eZ0
P (y1) eZ0

P (y2)i =
1

2⇡

y1y2
y1 + y2

+
1X

g=1

(�1)g

2⇡g!(2g + 1)e2gS0
(y1 + y2)

g�1(y1y2)
g+1

<latexit sha1_base64="dLXlFejsjRzZ2NfwWAR76TOTB7g="></latexit>

h eZP (⌧1) eZP (⌧2)i =
1

(4⇡i)2

ZZ

1
2+iR

ds1ds2 hzs1zs2i⌧-GUE Airy Es1(⌧1)Es2(⌧2) + [cusp forms]

Claim: this can be uplifted to a modular invariant expression:

<latexit sha1_base64="ihh1pnyAcVjuFNwth6E2/u61yJo="></latexit>

hz 1
2+i↵1

z 1
2+i↵2

i⌧-GUE Airy =
e�2i↵+

↵+(2↵+ � i)
⇥ � (· · · )� (· · · )

<latexit sha1_base64="PotPgYE+rEr71qRR/32846DTTqQ="></latexit>

↵+ ⌘ 1

3
(↵1 + ↵2), ↵� ⌘ 1

3
(↵1 � ↵2)



Toy model: GUE Airy RMT2

<latexit sha1_base64="dLXlFejsjRzZ2NfwWAR76TOTB7g="></latexit>

h eZP (⌧1) eZP (⌧2)i =
1

(4⇡i)2

ZZ

1
2+iR

ds1ds2 hzs1zs2i⌧-GUE Airy Es1(⌧1)Es2(⌧2) + [cusp forms]

Claim: this can be uplifted to a modular invariant expression:

<latexit sha1_base64="ihh1pnyAcVjuFNwth6E2/u61yJo="></latexit>

hz 1
2+i↵1

z 1
2+i↵2

i⌧-GUE Airy =
e�2i↵+

↵+(2↵+ � i)
⇥ � (· · · )� (· · · )

<latexit sha1_base64="jh+F8HeWOow0Ca6YjuHElY20mfU="></latexit>

=
p
y1y2 SFF⌧-GUE Airy

� (y1, y2) + subleading modular completion



Toy model: GUE Airy RMT2

<latexit sha1_base64="dLXlFejsjRzZ2NfwWAR76TOTB7g="></latexit>

h eZP (⌧1) eZP (⌧2)i =
1

(4⇡i)2

ZZ

1
2+iR

ds1ds2 hzs1zs2i⌧-GUE Airy Es1(⌧1)Es2(⌧2) + [cusp forms]

Claim: this can be uplifted to a modular invariant expression:

<latexit sha1_base64="ihh1pnyAcVjuFNwth6E2/u61yJo="></latexit>

hz 1
2+i↵1

z 1
2+i↵2

i⌧-GUE Airy =
e�2i↵+

↵+(2↵+ � i)
⇥ � (· · · )� (· · · )

Fully resummed genus expansion encoded in analytic structure

To develop genus expansion, evaluate        integrals by contour deformation<latexit sha1_base64="RUZ4ktI4vvU+ZIY2q7dkwl67OWA=">AAAB8XicbVBNSwMxEM3Wr1q/qh69BIvgqexKUY9FLx4r2A/sLmU2zbahSTYkWaGU/gsvHhTx6r/x5r8xbfegrQ8GHu/NMDMvVpwZ6/vfXmFtfWNzq7hd2tnd2z8oHx61TJppQpsk5anuxGAoZ5I2LbOcdpSmIGJO2/Hodua3n6g2LJUPdqxoJGAgWcIIWCc9hsDVEHqhEr1yxa/6c+BVEuSkgnI0euWvsJ+STFBpCQdjuoGvbDQBbRnhdFoKM0MVkBEMaNdRCYKaaDK/eIrPnNLHSapdSYvn6u+JCQhjxiJ2nQLs0Cx7M/E/r5vZ5DqaMKkySyVZLEoyjm2KZ+/jPtOUWD52BIhm7lZMhqCBWBdSyYUQLL+8SloX1eCyWruvVeo3eRxFdIJO0TkK0BWqozvUQE1EkETP6BW9ecZ78d69j0VrwctnjtEfeJ8/mI2Q4Q==</latexit>↵±

poles:
<latexit sha1_base64="rWwQ9RAN/Fe3Lg3uhj+GnOttw20=">AAAB9HicbVDLSgNBEOz1GeMr6tHLYBAEIexKUC9C0IvHCOYByRJ6J7PJkNnZdWY2EEK+w4sHRbz6Md78GyfJHjSxoKGo6qa7K0gE18Z1v52V1bX1jc3cVn57Z3dvv3BwWNdxqiir0VjEqhmgZoJLVjPcCNZMFMMoEKwRDO6mfmPIlOaxfDSjhPkR9iQPOUVjJb+NIulj55zcEJd0CkW35M5AlomXkSJkqHYKX+1uTNOISUMFat3y3MT4Y1SGU8Em+XaqWYJ0gD3WslRixLQ/nh09IadW6ZIwVrakITP198QYI61HUWA7IzR9vehNxf+8VmrCa3/MZZIaJul8UZgKYmIyTYB0uWLUiJElSBW3txLaR4XU2JzyNgRv8eVlUr8oeZel8kO5WLnN4sjBMZzAGXhwBRW4hyrUgMITPMMrvDlD58V5dz7mrStONnMEf+B8/gCuipC+</latexit>

↵+ = 0
<latexit sha1_base64="IRTCqEzsK+2OAPuNSfLMY46bv4E=">AAAB9XicbVDLSgNBEOyNrxhfUY9eBoMgiGFXgnoRgl48RjAPSNbQO5lNhsw+mJlVwpL/8OJBEa/+izf/xkmyB00saCiquunu8mLBlbbtbyu3tLyyupZfL2xsbm3vFHf3GipKJGV1GolItjxUTPCQ1TXXgrViyTDwBGt6w5uJ33xkUvEovNejmLkB9kPuc4raSA8dFPEAuyfkipzyfrdYssv2FGSROBkpQYZat/jV6UU0CVioqUCl2o4dazdFqTkVbFzoJIrFSIfYZ21DQwyYctPp1WNyZJQe8SNpKtRkqv6eSDFQahR4pjNAPVDz3kT8z2sn2r90Ux7GiWYhnS3yE0F0RCYRkB6XjGoxMgSp5OZWQgcokWoTVMGE4My/vEgaZ2XnvFy5q5Sq11kceTiAQzgGBy6gCrdQgzpQkPAMr/BmPVkv1rv1MWvNWdnMPvyB9fkD3cWRdQ==</latexit>

↵+ = �ig

ramp (g=0)

genus g contribution
<latexit sha1_base64="GfewyGYClHgslYO9sA8Bfe/lB2A=">AAAB+HicbVBNS8NAEN34WetHox69LBbBiyUpRT0WvXisaD+gjWGznbRLd5OwuxFq6C/x4kERr/4Ub/4bt20O2vpg4PHeDDPzgoQzpR3n21pZXVvf2CxsFbd3dvdK9v5BS8WppNCkMY9lJyAKOIugqZnm0EkkEBFwaAej66nffgSpWBzd63ECniCDiIWMEm0k3y71FBMYHrKz6uDOdya+XXYqzgx4mbg5KaMcDd/+6vVjmgqINOVEqa7rJNrLiNSMcpgUe6mChNARGUDX0IgIUF42O3yCT4zSx2EsTUUaz9TfExkRSo1FYDoF0UO16E3F/7xuqsNLL2NRkmqI6HxRmHKsYzxNAfeZBKr52BBCJTO3YjokklBtsiqaENzFl5dJq1pxzyu121q5fpXHUUBH6BidIhddoDq6QQ3URBSl6Bm9ojfryXqx3q2PeeuKlc8coj+wPn8Apn+Scg==</latexit>

⇠ e�2gS0

<latexit sha1_base64="jh+F8HeWOow0Ca6YjuHElY20mfU="></latexit>

=
p
y1y2 SFF⌧-GUE Airy

� (y1, y2) + subleading modular completion



Toy model: GUE Airy RMT2

We have a systematic way to produce               given a spectral curve
Outlook:

<latexit sha1_base64="VMBSjnByCcih9md7M4Yg3oaXASY="></latexit>

hzs1zs2i

Defines the modular invariant uplift of universal RMT 

<latexit sha1_base64="4elxFOwbb+8oEmZkcNGHtP5h1/E=">AAACAnicbVDLSgNBEJyNrxhfUY9eBoMQL2FXgnoMiuAxgnlAsoTZSW8yZHZmmZkVwpKbP+BV/8CbePVH/AG/w0myB5NY0FBUddPdFcScaeO6305ubX1jcyu/XdjZ3ds/KB4eNbVMFIUGlVyqdkA0cCagYZjh0I4VkCjg0ApGt1O/9QRKMykezTgGPyIDwUJGibFSq6uGsnx33iuW3Io7A14lXkZKKEO9V/zp9iVNIhCGcqJ1x3Nj46dEGUY5TArdRENM6IgMoGOpIBFoP52dO8FnVunjUCpbwuCZ+nciJZHW4yiwnRExQ73sTcX/vE5iwms/ZSJODAg6XxQmHBuJp7/jPlNADR9bQqhi9lZMh0QRamxCC1uSeKAARhMbjLccwyppXlS8y0r1oVqq3WQR5dEJOkVl5KErVEP3qI4aiKIRekGv6M15dt6dD+dz3ppzspljtADn6xfs3Zfc</latexit>

⇢(E)

Minimal modular invariant uplift of g=0 RMT => AdS3 wormhole.        
What do we learn about gravity from minimal uplift of g>0 terms?

<latexit sha1_base64="jh+F8HeWOow0Ca6YjuHElY20mfU="></latexit>

=
p
y1y2 SFF⌧-GUE Airy

� (y1, y2) + subleading modular completion

<latexit sha1_base64="dLXlFejsjRzZ2NfwWAR76TOTB7g="></latexit>

h eZP (⌧1) eZP (⌧2)i =
1

(4⇡i)2

ZZ

1
2+iR

ds1ds2 hzs1zs2i⌧-GUE Airy Es1(⌧1)Es2(⌧2) + [cusp forms]

Claim: this can be uplifted to a modular invariant expression:

<latexit sha1_base64="ihh1pnyAcVjuFNwth6E2/u61yJo="></latexit>

hz 1
2+i↵1

z 1
2+i↵2

i⌧-GUE Airy =
e�2i↵+

↵+(2↵+ � i)
⇥ � (· · · )� (· · · )

<latexit sha1_base64="jh+F8HeWOow0Ca6YjuHElY20mfU="></latexit>

=
p
y1y2 SFF⌧-GUE Airy

� (y1, y2) + subleading modular completion



Summary



Explore assumption of RMT universality in 2d CFT


Tool: mod. inv.                spectral decomposition


Kuznetsov trace formula determines subleading corrections, required by 
modular invariance


Linear ramp: diagonal correlations on


Minimal modular completion:             wormhole

Summary

<latexit sha1_base64="EJ42Epm0g5POi16aNuejBCkYRAM=">AAACC3icbVA9SwNBEN2LXzF+nVraLAlCbMJdCGoZFMTCIoKJgdwZ9jZ7yZK9D3bnhHCkt/Gv2FgoYusfsPPfuEmuMIkPBh7vzTAzz4sFV2BZP0ZuZXVtfSO/Wdja3tndM/cPWipKJGVNGolItj2imOAhawIHwdqxZCTwBLv3hpcT//6RScWj8A5GMXMD0g+5zykBLXXN4s1DtZw6lAh8NT7BDvCAKTwnds2SVbGmwMvEzkgJZWh0zW+nF9EkYCFQQZTq2FYMbkokcCrYuOAkisWEDkmfdTQNiV7pptNfxvhYKz3sR1JXCHiq/p1ISaDUKPB0Z0BgoBa9ifif10nAP3dTHsYJsJDOFvmJwBDhSTC4xyWjIEaaECq5vhXTAZGEgo6voEOwF19eJq1qxT6t1G5rpfpFFkceHaEiKiMbnaE6ukYN1EQUPaEX9IbejWfj1fgwPmetOSObOURzML5+AbYImPQ=</latexit>

L2(F)⇥ L2(F)
<latexit sha1_base64="Y7aDOhR4WN9hELExi3H5whtK008=">AAAB/nicbVDLSsNAFL3xWesrKq7cDBbBVUlKUZdFN7qr0Bc0sUym03boZBJmJkIJBX/FjQtF3Pod7vwbJ20W2npg4HDOvdwzJ4g5U9pxvq2V1bX1jc3CVnF7Z3dv3z44bKkokYQ2ScQj2QmwopwJ2tRMc9qJJcVhwGk7GN9kfvuRSsUi0dCTmPohHgo2YARrI/XsYy/EehQEaWP6UEGeZiFV6K5nl5yyMwNaJm5OSpCj3rO/vH5EkpAKTThWqus6sfZTLDUjnE6LXqJojMkYD2nXUIHNGT+dxZ+iM6P00SCS5gmNZurvjRSHSk3CwExmYdWil4n/ed1ED678lIk40VSQ+aFBwpGOUNYF6jNJieYTQzCRzGRFZIQlJto0VjQluItfXiatStm9KFfvq6XadV5HAU7gFM7BhUuowS3UoQkEUniGV3iznqwX6936mI+uWPnOEfyB9fkDgqyVMw==</latexit>

T2 ⇥ I

Spinning ramps encode statistical information about arithmetic chaos of 
Maass cusp forms. For AdS3 wormhole this information is maximal.

<latexit sha1_base64="ydPwb1deyO4UWsIi9d73c3ezIEE=">AAAB+XicbVDLSgMxFL3js9bXqEs3wSJUkDJTirosunHhoqJ9YDuUTJq2oZnMkGQKZeifuHGhiFv/xJ1/Y6adhbYeCBzOuZd7cvyIM6Ud59taWV1b39jMbeW3d3b39u2Dw4YKY0lonYQ8lC0fK8qZoHXNNKetSFIc+Jw2/dFN6jfHVCoWikc9iagX4IFgfUawNlLXth/uiuXzToD10PeTp+lZ1y44JWcGtEzcjBQgQ61rf3V6IYkDKjThWKm260TaS7DUjHA6zXdiRSNMRnhA24YKHFDlJbPkU3RqlB7qh9I8odFM/b2R4ECpSeCbyTSiWvRS8T+vHev+lZcwEcWaCjI/1I850iFKa0A9JinRfGIIJpKZrIgMscREm7LypgR38cvLpFEuuRelyn2lUL3O6sjBMZxAEVy4hCrcQg3qQGAMz/AKb1ZivVjv1sd8dMXKdo7gD6zPHzAEkr4=</latexit>

SL(2,Z)

Beyond the diagonal: plateau, GOE ramp, genus expansion, …

     —> general definition of modular invariant “RMT2”



More details



h̄ ⌘ c� 1

24
+ P̄ 2

<latexit sha1_base64="BdosUWN1pRmNaukFAO2FZTTzP+s=">AAACEXicbVDLSsNAFJ3UV62vqEs3g0UoiCUpFV0W3bisYB/QxDKZTtqhk0mcmRRKyC+48VfcuFDErTt3/o2TNgttPXDhcM693HuPFzEqlWV9G4WV1bX1jeJmaWt7Z3fP3D9oyzAWmLRwyELR9ZAkjHLSUlQx0o0EQYHHSMcbX2d+Z0KEpCG/U9OIuAEacupTjJSW+mbF8ZCAI+iQh5hOoOMLhBN8ZqdJrZ7CU5jZSTO9r/XNslW1ZoDLxM5JGeRo9s0vZxDiOCBcYYak7NlWpNwECUUxI2nJiSWJEB6jIelpylFApJvMPkrhiVYG0A+FLq7gTP09kaBAymng6c4AqZFc9DLxP68XK//STSiPYkU4ni/yYwZVCLN44IAKghWbaoKwoPpWiEdIh6J0iCUdgr348jJp16p2vXp+Wy83rvI4iuAIHIMKsMEFaIAb0AQtgMEjeAav4M14Ml6Md+Nj3low8plD8AfG5w89hJwF</latexit>

c� 1

24

<latexit sha1_base64="QHi2dV5y51lwVfEIR5v7aHAelJc=">AAAB9XicbVBNSwMxEJ31s9avqkcvwSJ4seyWih6LXjxWsB/QriWbZtvQbLIkWaUs+z+8eFDEq//Fm//GtN2Dtj4YeLw3w8y8IOZMG9f9dlZW19Y3Ngtbxe2d3b390sFhS8tEEdokkkvVCbCmnAnaNMxw2okVxVHAaTsY30z99iNVmklxbyYx9SM8FCxkBBsrPfRChUlKzr0srdayfqnsVtwZ0DLxclKGHI1+6as3kCSJqDCEY627nhsbP8XKMMJpVuwlmsaYjPGQdi0VOKLaT2dXZ+jUKgMUSmVLGDRTf0+kONJ6EgW2M8JmpBe9qfif101MeOWnTMSJoYLMF4UJR0aiaQRowBQlhk8swUQxeysiI2yDMDaoog3BW3x5mbSqFa9WubirlevXeRwFOIYTOAMPLqEOt9CAJhBQ8Ayv8OY8OS/Ou/Mxb11x8pkj+APn8wfgkJId</latexit>

c� 1

24

<latexit sha1_base64="QHi2dV5y51lwVfEIR5v7aHAelJc=">AAAB9XicbVBNSwMxEJ31s9avqkcvwSJ4seyWih6LXjxWsB/QriWbZtvQbLIkWaUs+z+8eFDEq//Fm//GtN2Dtj4YeLw3w8y8IOZMG9f9dlZW19Y3Ngtbxe2d3b390sFhS8tEEdokkkvVCbCmnAnaNMxw2okVxVHAaTsY30z99iNVmklxbyYx9SM8FCxkBBsrPfRChUlKzr0srdayfqnsVtwZ0DLxclKGHI1+6as3kCSJqDCEY627nhsbP8XKMMJpVuwlmsaYjPGQdi0VOKLaT2dXZ+jUKgMUSmVLGDRTf0+kONJ6EgW2M8JmpBe9qfif101MeOWnTMSJoYLMF4UJR0aiaQRowBQlhk8swUQxeysiI2yDMDaoog3BW3x5mbSqFa9WubirlevXeRwFOIYTOAMPLqEOt9CAJhBQ8Ayv8OY8OS/Ou/Mxb11x8pkj+APn8wfgkJId</latexit>

m
=
0

<latexit sha1_base64="JoOh1ySgeYx30CnhEDcWLHszMmQ=">AAACFXicdVBLSwMxGMz6rPW16tFLsAgeypLa7WMPQtGLxwr2Ae1SsmnahmYfJFmhLP0TXvwrXjwo4lXw5r8x3bagogOBYWa+5Mt4EWdSIfRprKyurW9sZray2zu7e/vmwWFThrEgtEFCHoq2hyXlLKANxRSn7UhQ7Huctrzx1cxv3VEhWRjcqklEXR8PAzZgBCst9cx80k0v6Yih5ybIQnbVcap5ZBUrTrFc0qRcsVHRmfoXaNozc8sEXCbgMgELFkqRAwvUe+ZHtx+S2KeBIhxL2SmgSLkJFooRTqfZbixphMkYD2lH0wD7VLpJutAUnmqlDweh0CdQMFW/TyTYl3LiezrpYzWSv72Z+JfXidWg6iYsiGJFAzJ/aBBzqEI4qwj2maBE8YkmmAimd4VkhAUmSheZ1SUsfwr/J81zq2BbpRs7V7tc1JEBx+AEnIECqIAauAZ10AAE3INH8AxejAfjyXg13ubRFWMxcwR+wHj/Ancqmz0=</latexit>

m
=
1

<latexit sha1_base64="MX2uUrLpqlu+VS7aWot6Ye3nzeY=">AAACFXicbVBLS8NAGNz4rPUV9eglWAQPJSQ2feQgFL14rGAfkIay2W7bpZsHuxuhhPwJL/4VLx4U8Sp489+4TXPQ1oGFYWa+3W/HiyjhwjC+lbX1jc2t7cJOcXdv/+BQPTru8DBmCLdRSEPW8yDHlAS4LYiguBcxDH2P4q43vZn73QfMOAmDezGLsOvDcUBGBEEhpYFaTvrZJQ4be25i6IbVsO1G2dArdbtSq0pSq1tGxU79KzMdqCWZyKCtEjMnJZCjNVC/+sMQxT4OBKKQc8c0IuEmkAmCKE6L/ZjjCKIpHGNH0gD6mLtJtlCqnUtlqI1CJk8gtEz9PZFAn/OZ78mkD8WEL3tz8T/PicWo4SYkiGKBA7R4aBRTTYTavCJtSBhGgs4kgYgRuauGJpBBJGSRRVmCufzlVdK51E1Lr95ZpeZ1XkcBnIIzcAFMUAdNcAtaoA0QeATP4BW8KU/Ki/KufCyia0o+cwL+QPn8Aeexmto=</latexit>

m
=
�1

<latexit sha1_base64="pfOtGUF5dUhjDslHbaE3tMatUAs=">AAACFnicbVBLS8NAGNzUV62vqEcvwSJ4sCGx6SMHoejFYwX7gDSUzXbbLt082N0IJeRXePGvePGgiFfx5r9xm/agrQMLw8x8u9+OF1HChWF8K7m19Y3Nrfx2YWd3b/9APTxq8zBmCLdQSEPW9SDHlAS4JYiguBsxDH2P4o43uZn5nQfMOAmDezGNsOvDUUCGBEEhpb5aSnrZJQ4beW5i6IZVt+36haGXa3a5WpGkWrOMsp36VyUz7atFGcmgrRJzQYpggWZf/eoNQhT7OBCIQs4d04iEm0AmCKI4LfRijiOIJnCEHUkD6GPuJtlGqXYmlYE2DJk8gdAy9fdEAn3Op74nkz4UY77szcT/PCcWw7qbkCCKBQ7Q/KFhTDURarOOtAFhGAk6lQQiRuSuGhpDBpGQTRZkCebyl1dJ+1I3Lb1yZxUb14s68uAEnIJzYIIaaIBb0AQtgMAjeAav4E15Ul6Ud+VjHs0pi5lj8AfK5w9daJsR</latexit>

m
=
�2

<latexit sha1_base64="cIkoF4J1svjk6VItLY6cEEVfTnw=">AAACFnicbVBLSwMxGMzWV62vqkcvwSJ4sGW37z0IRS8eK9ha2C4lm6ZtaPZBkhXKsr/Ci3/FiwdFvIo3/43pdg/aOhAYZuZLvowTMCqkrn9rmbX1jc2t7HZuZ3dv/yB/eNQVfsgx6WCf+bznIEEY9UhHUslIL+AEuQ4j9870eu7fPxAuqO/dyVlAbBeNPTqiGEklDfLFqJ9cYvGxY0d6Sa82TbN5oZcqDbNSrylSb1T1ihm7l8VyPMgXVCQBXCVGSgogRXuQ/+oPfRy6xJOYISEsQw+kHSEuKWYkzvVDQQKEp2hMLEU95BJhR8lGMTxTyhCOfK6OJ2Gi/p6IkCvEzHVU0kVyIpa9ufifZ4Vy1LQj6gWhJB5ePDQKGZQ+nHcEh5QTLNlMEYQ5VbtCPEEcYamazKkSjOUvr5JuuWRUS7XbaqF1ldaRBSfgFJwDAzRAC9yANugADB7BM3gFb9qT9qK9ax+LaEZLZ47BH2ifP17tmxI=</latexit>

m
=
2

<latexit sha1_base64="rPvEPTlibHv6A5UKn7mwjy/MUUs=">AAACFXicbVBLS8NAGNzUV62vqkcvwSJ4KCVp09dBKHrxWME+IA1ls922SzebsLsRSsif8OJf8eJBEa+CN/+N2zQHbR1YGGbm2/123IASIQ3jW8tsbG5t72R3c3v7B4dH+eOTrvBDjnAH+dTnfRcKTAnDHUkkxf2AY+i5FPfc2c3C7z1gLojP7uU8wI4HJ4yMCYJSScN8MRokl9h84jqRUTKsRrPZKBqlSr1ZqVUVqdUto9KMvatyPMwXVCKBvk7MlBRAivYw/zUY+Sj0MJOIQiFs0wikE0EuCaI4zg1CgQOIZnCCbUUZ9LBwomShWL9Qykgf+1wdJvVE/T0RQU+IueeqpAflVKx6C/E/zw7luOFEhAWhxAwtHxqHVJe+vqhIHxGOkaRzRSDiRO2qoynkEElVZE6VYK5+eZ10yyXTKlXvrELrOq0jC87AObgEJqiDFrgFbdABCDyCZ/AK3rQn7UV71z6W0YyWzpyCP9A+fwDpNprb</latexit>

· · ·

<latexit sha1_base64="B/hZgYIu9OU58/msQjgFehfrTRs=">AAACGHicbVBLSwMxGMzWV62vqkcvwSJ4kLpr37eiF48V7AN2l5JN0zY0myxJVihLf4YX/4oXD4p47c1/Y/o4aOtAYJiZL/kyQcSo0rb9baU2Nre2d9K7mb39g8Oj7PFJS4lYYtLEggnZCZAijHLS1FQz0okkQWHASDsY3c389hORigr+qMcR8UM04LRPMdJG6mavE29+iSsHgZ/YebtYrdWqV3a+UKkVyiVDypWiXahNPNwTWk262ZwJzQHXibMkObBEo5udej2B45BwjRlSynXsSPsJkppiRiYZL1YkQniEBsQ1lKOQKD+Z7zSBF0bpwb6Q5nAN5+rviQSFSo3DwCRDpIdq1ZuJ/3lurPtVP6E8ijXhePFQP2ZQCzhrCfaoJFizsSEIS2p2hXiIJMLadJkxJTirX14nrZu8U8yXHoq5+u2yjjQ4A+fgEjigAurgHjRAE2DwDF7BO/iwXqw369P6WkRT1nLmFPyBNf0B8wmclg==</latexit>

··
·

<latexit sha1_base64="B/hZgYIu9OU58/msQjgFehfrTRs=">AAACGHicbVBLSwMxGMzWV62vqkcvwSJ4kLpr37eiF48V7AN2l5JN0zY0myxJVihLf4YX/4oXD4p47c1/Y/o4aOtAYJiZL/kyQcSo0rb9baU2Nre2d9K7mb39g8Oj7PFJS4lYYtLEggnZCZAijHLS1FQz0okkQWHASDsY3c389hORigr+qMcR8UM04LRPMdJG6mavE29+iSsHgZ/YebtYrdWqV3a+UKkVyiVDypWiXahNPNwTWk262ZwJzQHXibMkObBEo5udej2B45BwjRlSynXsSPsJkppiRiYZL1YkQniEBsQ1lKOQKD+Z7zSBF0bpwb6Q5nAN5+rviQSFSo3DwCRDpIdq1ZuJ/3lurPtVP6E8ijXhePFQP2ZQCzhrCfaoJFizsSEIS2p2hXiIJMLadJkxJTirX14nrZu8U8yXHoq5+u2yjjQ4A+fgEjigAurgHjRAE2DwDF7BO/iwXqw369P6WkRT1nLmFPyBNf0B8wmclg==</latexit>

h ⌘ c� 1

24
+ P 2

<latexit sha1_base64="KRrRtr6hf3m+lOPOI8WkSkl5XA8=">AAACBnicbVDLSgNBEJyNrxhfqx5FGAyCIIbdENFj0IvHCOYB2RhmJ73JkNmHM7OBsOzJi7/ixYMiXv0Gb/6Nk2QPmljQUFR1093lRpxJZVnfRm5peWV1Lb9e2Njc2t4xd/caMowFhToNeShaLpHAWQB1xRSHViSA+C6Hpju8nvjNEQjJwuBOjSPo+KQfMI9RorTUNQ8H2IGHmI2w4wlCE3pmp0m5kuJTXLsvd82iVbKmwIvEzkgRZah1zS+nF9LYh0BRTqRs21akOgkRilEOacGJJUSEDkkf2poGxAfZSaZvpPhYKz3shUJXoPBU/T2REF/Kse/qTp+ogZz3JuJ/XjtW3mUnYUEUKwjobJEXc6xCPMkE95gAqvhYE0IF07diOiA6DqWTK+gQ7PmXF0mjXLIrpfPbSrF6lcWRRwfoCJ0gG12gKrpBNVRHFD2iZ/SK3own48V4Nz5mrTkjm9lHf2B8/gC67Zdd</latexit>

Remove states below threshold 
and their ‘modular completion’

<latexit sha1_base64="6SG8iE2EjaDDuD9imDfWEfwk2E8="></latexit>

eZP = ZP � Ẑlight

e.g.:
<latexit sha1_base64="ia0zc4peTdyPrNN/4rVu82RAwr4="></latexit>

Ẑlight =
X

�2SL(2,Z)/�1

Zlight(�⌧) , Zlight =
X

h,h̄:
min(h,h̄) c�1

24

qh�
c�1
24 q̄h̄�

c�1
24

[Benjamin/Collier/Fitzpatrick/Maloney/Perlmutter ’21]


3.   Fix spin                    :
<latexit sha1_base64="Uve/Z97ZE7vntn2aN5a9tNzb0yg=">AAAB8nicbVBNS8NAEN34WetX1aOXxSJ4sSRS1ItQ9OKxgv2ANJTNdtMs3eyG3YlQQn+GFw+KePXXePPfuG1z0NYHA4/3ZpiZF6aCG3Ddb2dldW19Y7O0Vd7e2d3brxwcto3KNGUtqoTS3ZAYJrhkLeAgWDfVjCShYJ1wdDf1O09MG67kI4xTFiRkKHnEKQEr+clNfN4Lic7jSb9SdWvuDHiZeAWpogLNfuWrN1A0S5gEKogxvuemEOREA6eCTcq9zLCU0BEZMt9SSRJmgnx28gSfWmWAI6VtScAz9fdEThJjxkloOxMCsVn0puJ/np9BdB3kXKYZMEnni6JMYFB4+j8ecM0oiLElhGpub8U0JppQsCmVbQje4svLpH1R8y5r9Yd6tXFbxFFCx+gEnSEPXaEGukdN1EIUKfSMXtGbA86L8+58zFtXnGLmCP2B8/kDEO2RIQ==</latexit>

m = h� h̄

<latexit sha1_base64="Owm7bYfNpaPPhpYj/eJXbRvYEhY="></latexit>

eZm
P (y) ⌘

Z 1
2

� 1
2

dx eZP(x+ iy) e2⇡imx

1. Primary partition function:
<latexit sha1_base64="YT7jw42jaiC9K76eGrlIs7SeF68="></latexit>

ZP(⌧ ⌘ x+ iy) = y1/2|⌘(⌧)|2 Z(⌧)

1. Primary partition function:

2. Consider states above “black hole 
threshold”:

<latexit sha1_base64="PrOV+h1qvCW52dIGRlsSerSVQJ0=">AAACD3icbVDLSgNBEJz1GeMr6tHLYFAiaNgNQT1J0IvHCOYB2RBmJ7PJkNnZZaZXDMv+gRd/xYsHRbx69ebfOHkcNLGgoajqprvLiwTXYNvf1sLi0vLKamYtu76xubWd29mt6zBWlNVoKELV9IhmgktWAw6CNSPFSOAJ1vAG1yO/cc+U5qG8g2HE2gHpSe5zSsBIndyRC+wBkoDLtNA/cT2ikn56jC+x6ytCE3rqpEmpnHZyebtoj4HniTMleTRFtZP7crshjQMmgQqidcuxI2gnRAGngqVZN9YsInRAeqxlqCQB0+1k/E+KD43SxX6oTEnAY/X3REICrYeBZzoDAn09643E/7xWDP5FO+EyioFJOlnkxwJDiEfh4C5XjIIYGkKo4uZWTPvEBAEmwqwJwZl9eZ7US0XnrFi+LecrV9M4MmgfHaACctA5qqAbVEU1RNEjekav6M16sl6sd+tj0rpgTWf20B9Ynz/qa5vw</latexit>

min(h, h̄) >
c� 1

24

Definition of       .  
<latexit sha1_base64="T8Fh1rKqtoj219boq6bSLxtzQRA="></latexit>

eZP (⌧)



<latexit sha1_base64="4vjVWGPUW7iA+6aizWsZOyNpVvI="></latexit>

Tmf(⌧) =
1p
m

X

a,b,d:
ad=m

0bd�1

f

✓
a⌧ + b

d

◆
<latexit sha1_base64="PLcEXfRyn8gFq6XTBRKPW4XGlpo="></latexit>

[Tm, �F ] = 0

<latexit sha1_base64="8yqC+FfxtJy7pXxJsszFzhijwCI="></latexit>

) Tm⌫n(⌧) = a(n)m ⌫(⌧) TmEs= 1
2+i↵(⌧) =

1

2
a(↵)m ⌫(⌧)

       for prime spins p determine all other

Many constraints between “random” Fourier coefficients
<latexit sha1_base64="6+pG+C+SvkQQf8A/DXe/KzZsKTw="></latexit>

a(n)m a(n)m0 =
X

`|(m,m0)
`>0

a(n)mm0
`2

<latexit sha1_base64="mOFjrHVRFI0psf5KXDn8uWOIsVg="></latexit>

a(n,±)
p a(n,±)

p0 = a(n,±)
pp0 (p 6= p0 prime)

<latexit sha1_base64="kpoRWAZaPGWrfzQCiS7DQPa6nIs=">AAAB8HicbVBNSwMxEJ2tX7V+VT16CRahXsqulOqx6MVjBfsh7VqyabYNTbJLkhXK0l/hxYMiXv053vw3pu0etPXBwOO9GWbmBTFn2rjut5NbW9/Y3MpvF3Z29/YPiodHLR0litAmiXikOgHWlDNJm4YZTjuxolgEnLaD8c3Mbz9RpVkk780kpr7AQ8lCRrCx0gPui8e0LM+n/WLJrbhzoFXiZaQEGRr94ldvEJFEUGkIx1p3PTc2foqVYYTTaaGXaBpjMsZD2rVUYkG1n84PnqIzqwxQGClb0qC5+nsixULriQhsp8BmpJe9mfif101MeOWnTMaJoZIsFoUJRyZCs+/RgClKDJ9Ygoli9lZERlhhYmxGBRuCt/zyKmldVLxapXpXLdWvszjycAKnUAYPLqEOt9CAJhAQ8Ayv8OYo58V5dz4WrTknmzmGP3A+fwBYb5Af</latexit>

a(n)m

e.g.:

<latexit sha1_base64="umtaHSeILwcYvezDRzXxU2Z5VdQ=">AAAB8HicbVBNSwMxEJ2tX7V+VT16CRahXsqulOqx6MVjBfsh7VqyabYNTbJLkhXK0l/hxYMiXv053vw3pu0etPXBwOO9GWbmBTFn2rjut5NbW9/Y3MpvF3Z29/YPiodHLR0litAmiXikOgHWlDNJm4YZTjuxolgEnLaD8c3Mbz9RpVkk780kpr7AQ8lCRrCx0gPux49pWZ5P+8WSW3HnQKvEy0gJMjT6xa/eICKJoNIQjrXuem5s/BQrwwin00Iv0TTGZIyHtGupxIJqP50fPEVnVhmgMFK2pEFz9fdEioXWExHYToHNSC97M/E/r5uY8MpPmYwTQyVZLAoTjkyEZt+jAVOUGD6xBBPF7K2IjLDCxNiMCjYEb/nlVdK6qHi1SvWuWqpfZ3Hk4QROoQweXEIdbqEBTSAg4Ble4c1Rzovz7nwsWnNONnMMf+B8/gBdDZAi</latexit>

a(n)p

Hecke algebra



‘ramp’
(quantum chaos)

‘arithmetic chaos’
<latexit sha1_base64="57On1svYyDMVnuDUGNgMpFNqf/8="></latexit>

1

⇡

y1y2
y1 + y2

e�2⇡m(y1+y2) + . . . =
X

n�1

1

2 cosh(⇡Rn)

⌫mn (y1)⌫mn (y2)

||⌫n||2

Spinning ramp is encoded in “random sum of cusp forms”!  How??

Approximate sum over cusp forms



<latexit sha1_base64="/3v8y0Kjec2EWVxF7moFVJR2bNs="></latexit>

L(n)
⌫⇥⌫(s) =

⇣(2s)

⇣(s)

X

m�1

�
a(n)m

�2

ms

<latexit sha1_base64="Y5afp1sR5VpPU4QrPE9VRVG+EpI="></latexit>

=
Y

p prime

1

1�
�
a(n)p

�2�
p�s � p�2s

�
+ (p�s � p�2s � p�3s)

<latexit sha1_base64="7hCEmjb+dJ/qyhXMQH5GFE5DyZA="></latexit>

=
X

n�1

4

L(n)
⌫⇥⌫(1)

⌫mn (y1)⌫
m
n (y2)

‘ramp’
(quantum chaos)

‘arithmetic chaos’
<latexit sha1_base64="57On1svYyDMVnuDUGNgMpFNqf/8="></latexit>

1

⇡

y1y2
y1 + y2

e�2⇡m(y1+y2) + . . . =
X

n�1

1

2 cosh(⇡Rn)

⌫mn (y1)⌫mn (y2)

||⌫n||2

Spinning ramp is encoded in “random sum of cusp forms”!  How??

Approximate sum over cusp forms



<latexit sha1_base64="jvZ4xvbyGi60PIEVPfOlIifGEdI="></latexit>

⇥
�
a(n)m

�2 p
y1y2 KiRn(2⇡my1)KiRn(2⇡my2)

<latexit sha1_base64="1e8bUQw01+CDy4f7mxyZht19vuU="></latexit>

=
X

n�1

4
Y

p prime

h
1�

�
a(n)p

�2�
p�1 � p�2

�
+

�
p�1 � p�2 � p�3

�i

<latexit sha1_base64="/3v8y0Kjec2EWVxF7moFVJR2bNs="></latexit>

L(n)
⌫⇥⌫(s) =

⇣(2s)

⇣(s)

X

m�1

�
a(n)m

�2

ms

<latexit sha1_base64="Y5afp1sR5VpPU4QrPE9VRVG+EpI="></latexit>

=
Y

p prime

1

1�
�
a(n)p

�2�
p�s � p�2s

�
+ (p�s � p�2s � p�3s)

<latexit sha1_base64="7hCEmjb+dJ/qyhXMQH5GFE5DyZA="></latexit>

=
X

n�1

4

L(n)
⌫⇥⌫(1)

⌫mn (y1)⌫
m
n (y2)

‘ramp’
(quantum chaos)

‘arithmetic chaos’
<latexit sha1_base64="57On1svYyDMVnuDUGNgMpFNqf/8="></latexit>

1

⇡

y1y2
y1 + y2

e�2⇡m(y1+y2) + . . . =
X

n�1

1

2 cosh(⇡Rn)

⌫mn (y1)⌫mn (y2)

||⌫n||2

Spinning ramp is encoded in “random sum of cusp forms”!  How??

Approximate sum over cusp forms



<latexit sha1_base64="57On1svYyDMVnuDUGNgMpFNqf/8="></latexit>

1

⇡

y1y2
y1 + y2

e�2⇡m(y1+y2) + . . . =
X

n�1

1

2 cosh(⇡Rn)

⌫mn (y1)⌫mn (y2)

||⌫n||2

Large        : larger        dominate<latexit sha1_base64="UuWyg6IUiP1ulfPk1wR/dV0EvMQ=">AAAB7nicbVBNS8NAEJ34WetX1aOXxSJ4kJKUoh6LXjxWsB/QhrLZbtqlm03YnQgl9Ed48aCIV3+PN/+N2zYHbX0w8Hhvhpl5QSKFQdf9dtbWNza3tgs7xd29/YPD0tFxy8SpZrzJYhnrTkANl0LxJgqUvJNoTqNA8nYwvpv57SeujYjVI04S7kd0qEQoGEUrtSf9zLusTvulsltx5yCrxMtJGXI0+qWv3iBmacQVMkmN6Xpugn5GNQom+bTYSw1PKBvTIe9aqmjEjZ/Nz52Sc6sMSBhrWwrJXP09kdHImEkU2M6I4sgsezPxP6+bYnjjZ0IlKXLFFovCVBKMyex3MhCaM5QTSyjTwt5K2IhqytAmVLQheMsvr5JWteJdVWoPtXL9No+jAKdwBhfgwTXU4R4a0AQGY3iGV3hzEufFeXc+Fq1rTj5zAn/gfP4AsK+PKA==</latexit>y1,2
<latexit sha1_base64="TaJjx8/fw8+LFGIZiLiTEopVUsc=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKqMegF4/xkQckS5idzCZDZmeXmV4hLPkELx4U8eoXefNvnCR70MSChqKqm+6uIJHCoOt+O4WV1bX1jeJmaWt7Z3evvH/QNHGqGW+wWMa6HVDDpVC8gQIlbyea0yiQvBWMbqZ+64lrI2L1iOOE+xEdKBEKRtFKD/c91StX3Ko7A1kmXk4qkKPeK391+zFLI66QSWpMx3MT9DOqUTDJJ6VuanhC2YgOeMdSRSNu/Gx26oScWKVPwljbUkhm6u+JjEbGjKPAdkYUh2bRm4r/eZ0Uwys/EypJkSs2XxSmkmBMpn+TvtCcoRxbQpkW9lbChlRThjadkg3BW3x5mTTPqt5F9fzuvFK7zuMowhEcwyl4cAk1uIU6NIDBAJ7hFd4c6bw4787HvLXg5DOH8AfO5w8xLo3A</latexit>

Rn
<latexit sha1_base64="PmkFZ/m0JO0fCP5WZs+Iy6HPbfU="></latexit>X

n�1

f(Rn) ⇡
Z 1

Rmin

dR µ̄(R) f(R)

Spinning ramp is encoded in “random sum of cusp forms”!  How??

<latexit sha1_base64="jvZ4xvbyGi60PIEVPfOlIifGEdI="></latexit>

⇥
�
a(n)m

�2 p
y1y2 KiRn(2⇡my1)KiRn(2⇡my2)

<latexit sha1_base64="1e8bUQw01+CDy4f7mxyZht19vuU="></latexit>

=
X

n�1

4
Y

p prime

h
1�

�
a(n)p

�2�
p�1 � p�2

�
+

�
p�1 � p�2 � p�3

�i

<latexit sha1_base64="TaJjx8/fw8+LFGIZiLiTEopVUsc=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKeyKqMegF4/xkQckS5idzCZDZmeXmV4hLPkELx4U8eoXefNvnCR70MSChqKqm+6uIJHCoOt+O4WV1bX1jeJmaWt7Z3evvH/QNHGqGW+wWMa6HVDDpVC8gQIlbyea0yiQvBWMbqZ+64lrI2L1iOOE+xEdKBEKRtFKD/c91StX3Ko7A1kmXk4qkKPeK391+zFLI66QSWpMx3MT9DOqUTDJJ6VuanhC2YgOeMdSRSNu/Gx26oScWKVPwljbUkhm6u+JjEbGjKPAdkYUh2bRm4r/eZ0Uwys/EypJkSs2XxSmkmBMpn+TvtCcoRxbQpkW9lbChlRThjadkg3BW3x5mTTPqt5F9fzuvFK7zuMowhEcwyl4cAk1uIU6NIDBAJ7hFd4c6bw4787HvLXg5DOH8AfO5w8xLo3A</latexit>

Rn
<latexit sha1_base64="exBosL/ErjSvce4tIK9uyhycdVU="></latexit>X

n�1

f
�
Rn, (a

(n)
m )2

�
⇡

Z 1

Rmin

dR µ̄(R) f

✓
R, (a(n)m )2

◆
      become very dense 



<latexit sha1_base64="57On1svYyDMVnuDUGNgMpFNqf/8="></latexit>

1

⇡

y1y2
y1 + y2

e�2⇡m(y1+y2) + . . . =
X

n�1

1

2 cosh(⇡Rn)

⌫mn (y1)⌫mn (y2)

||⌫n||2

Asymptotically exact! Contains full information about statistical 
distribution of Fourier coefficients        for all spins

<latexit sha1_base64="kpoRWAZaPGWrfzQCiS7DQPa6nIs=">AAAB8HicbVBNSwMxEJ2tX7V+VT16CRahXsqulOqx6MVjBfsh7VqyabYNTbJLkhXK0l/hxYMiXv053vw3pu0etPXBwOO9GWbmBTFn2rjut5NbW9/Y3MpvF3Z29/YPiodHLR0litAmiXikOgHWlDNJm4YZTjuxolgEnLaD8c3Mbz9RpVkk780kpr7AQ8lCRrCx0gPui8e0LM+n/WLJrbhzoFXiZaQEGRr94ldvEJFEUGkIx1p3PTc2foqVYYTTaaGXaBpjMsZD2rVUYkG1n84PnqIzqwxQGClb0qC5+nsixULriQhsp8BmpJe9mfif101MeOWnTMaJoZIsFoUJRyZCs+/RgClKDJ9Ygoli9lZERlhhYmxGBRuCt/zyKmldVLxapXpXLdWvszjycAKnUAYPLqEOt9CAJhAQ8Ayv8OYo58V5dz4WrTknmzmGP3A+fwBYb5Af</latexit>

a(n)m

Coarse-grain over sum of cusp forms! In particular:

[2309.00611]


<latexit sha1_base64="SE6gaJHPAbOVUyOglT+VLrh5E5U="></latexit>

nmaxX

n=nmin

8
<

:
Y

p prime

h
1� (a(n)p )2(p�1 � p�2) + (p�1 � p�2 � p�3)

i
⇥ (a(n)m )2

9
=

; ⇡ 6

⇡2

Spinning ramp is encoded in “random sum of cusp forms”!  How??

<latexit sha1_base64="jvZ4xvbyGi60PIEVPfOlIifGEdI="></latexit>

⇥
�
a(n)m

�2 p
y1y2 KiRn(2⇡my1)KiRn(2⇡my2)

<latexit sha1_base64="1e8bUQw01+CDy4f7mxyZht19vuU="></latexit>

=
X

n�1

4
Y

p prime

h
1�

�
a(n)p

�2�
p�1 � p�2

�
+

�
p�1 � p�2 � p�3

�i



<latexit sha1_base64="57On1svYyDMVnuDUGNgMpFNqf/8="></latexit>

1

⇡

y1y2
y1 + y2

e�2⇡m(y1+y2) + . . . =
X

n�1

1

2 cosh(⇡Rn)

⌫mn (y1)⌫mn (y2)

||⌫n||2

Spinning ramp is encoded in “random sum of cusp forms”!  How??

<latexit sha1_base64="jvZ4xvbyGi60PIEVPfOlIifGEdI="></latexit>

⇥
�
a(n)m

�2 p
y1y2 KiRn(2⇡my1)KiRn(2⇡my2)

<latexit sha1_base64="1e8bUQw01+CDy4f7mxyZht19vuU="></latexit>

=
X

n�1

4
Y

p prime

h
1�

�
a(n)p

�2�
p�1 � p�2

�
+

�
p�1 � p�2 � p�3

�i

Asymptotically exact! Contains full information about statistical 
distribution of Fourier coefficients        for all spins
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Coarse-grain over sum of cusp forms! In particular:
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Spinning ramp is encoded in “random sum of cusp forms”!  How??
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Asymptotically exact! Contains full information about statistical 
distribution of Fourier coefficients        for all spins
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L-function is spin-independent but contains info about all spins                                             
“democratically” —>               gives all independent spinning ramps
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Spinning ramp is encoded in “random sum of cusp forms”!  How??
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Asymptotically exact! Contains full information about statistical 
distribution of Fourier coefficients        for all spins
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For large n:      is required in order to get the universal ramp

Corrections to     :  theory-dependent subleading corrections
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Spinning ramp is encoded in “random sum of cusp forms”!  How??
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Asymptotically exact! Contains full information about statistical 
distribution of Fourier coefficients        for all spins
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Coarse-grain over sum of cusp forms! In particular:
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Spinning ramp is encoded in “random sum of cusp forms”!  How??
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Asymptotically exact! Contains full information about statistical 
distribution of Fourier coefficients        for all spins
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Coarse-grain over sum of cusp forms! In particular:
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L-function is spin-independent but contains info about all spins                                             
“democratically” —>               gives all independent spinning ramps
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Proof: • Prime decomposition:

• Hecke algebra:
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• Distributions of prime spin coefficients:
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E.g. if        prime: only need
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Average over cusp form data
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Pure gravity wormhole:
<latexit sha1_base64="WpnUzGuKp/otVxMrn/bSFC3Kz/U="></latexit>

g(↵) = 1
<latexit sha1_base64="StVcm7bXuyEOvmVtkYYOsmGAPaI="></latexit>

) LHS = [ramp] + Gm1m2

Narain theories: D free lattice bosons with                             symmetry

<latexit sha1_base64="sj0twGQtYtGbi7kErRJcM5Pzwn8="></latexit>

ZP(D) = yD/2|⌘(x+ iy)|2D ZNarain

<latexit sha1_base64="mwiOrXFFq7CaKOVXzbc1OvZgX6o=">AAAB/XicbVDLTgIxFO3gC/E1PnZuGokJbsiMIeqSqAuXmDhAAiPplAINnc6kvWOCE+KvuHGhMW79D3f+jQVmoeBJmpx7zr25tyeIBdfgON9Wbml5ZXUtv17Y2Nza3rF39+o6ShRlHo1EpJoB0UxwyTzgIFgzVoyEgWCNYHg18RsPTGkeyTsYxcwPSV/yHqcEjNSxD7ySe3J/jdvAQ6bxrOrYRafsTIEXiZuRIspQ69hf7W5Ek5BJoIJo3XKdGPyUKOBUsHGhnWgWEzokfdYyVBKzy0+n14/xsVG6uBcp8yTgqfp7IiWh1qMwMJ0hgYGe9ybif14rgd6Fn3IZJ8AknS3qJQJDhCdR4C5XjIIYGUKo4uZWTAdEEQomsIIJwZ3/8iKpn5bds3LltlKsXmZx5NEhOkIl5KJzVEU3qIY8RNEjekav6M16sl6sd+tj1pqzspl99AfW5w8+65Ms</latexit>

U(1)D ⇥ U(1)D

<latexit sha1_base64="Ux2Jm2L4jvZkr6VUwmlDXP4MvXA="></latexit>

(y1y2)
�D/2hZm1

P(D)(y1)Z
m2

P(D)(y2)i
���
y1,2!�±iT

/ ��D/2 e�4⇡|m1|� �m1m2

<latexit sha1_base64="bkyJquukSuMXrL+F8GHxL8XL7s0="></latexit>

g(↵) /
���
�
D�1
2 + i↵

���2
���
�
1
2 + i↵

���2spectral decomposition of SFF follows from

plateau! (no ramp)

[Maloney/Witten ’20][Afkhami-Jeddi/
Cohn/Hartman/Tajdini ’20]


A generalization


