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Setting the stage



Quantum mechanics

First ingredient: a 
quantum system

i~ d

dt
| (t)i = Ĥ| (t)i
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Second ingredient: measurement

|#i

|"i • The measurement returns a real number
• After the measurement, the system is in 

some state
• Measuring twice-in-a-row gives the same 

result

M̂ =
X

m

mP̂m
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P̂ 2
m = P̂m
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Measurement 
Operator

Outcome
Projection

- hermitian
- complete:

P
i P̂m = Î

- orthogonal: P̂mP̂n = �mnP̂m
<latexit sha1_base64="It/en5rzseN13DGeLPImD1D9Oc4="></latexit>

Properties:



|#i

|"i

p(m) =
D
 
���P̂m

��� 
E
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P̂m| ip
p(m)
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After the measurement the state is

with probability

|#i

|"i

|#i

|"i

|#i

|"i

|#i

|"i

Measurements
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Classical 
prediction

Experiment

M̂1
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M̂3
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nonclassical 
dynamics

Stern-Gerlach

Measurement-
induced transition
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|"i Q: How can we 
describe this 

apparatus
t

Initial state
| (t)i = | (t)i|✓(t)i
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Qubit Photon

Photodetection

Entangling
| (t)i = Û(T1) (| (t)i|✓(t)i)
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Measuring

| r(t+ T )i = |rihr|Û(T1)| (t)i|✓(t)ip
pr
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Q: What if we do not 
care about the 

photon?



| r(t+ T )i = M̂r| (t)ip
pr
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Q: What are the 
properties of !𝑀!| r(t+ T )i = |riM̂r| (t)ip

pr
, M̂r =

D
r
���Û (T1)

��� ✓(t)
E
,

pr =
D
 (t)

���M̂†
r M̂r

��� (t)
E
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X

r

M̂†
r M̂r = 1̂
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Kraus 
operators

• The measurement returns a real number
• After the measurement, the system is in 

some state
• Measuring twice-in-a-row gives the same 

result

|#i

|"i

|#i

|"i

Generalized measures



Interaction:
Exchange of enegy/particles

Environment : 
Continuum of the EM field, 

thermal bath, measurement apparatus …

System : 
Atomic, condensed matter,

 photonic, superconducting, …

The environment induces: 

Control, manipulate, an preserve many-body quantum statesGOAL:

[Trapped ion chip @IonQ] [Sycamore chip@Google] [Osprey chip@IBM]

• Loss of information• Loss and gain of particles

The environment



Environment effect (1)
Let us consider a simple system

How can we describe the field
in the cavity?

⇢̂(t � 1) = â⇢̂(0)â†
<latexit sha1_base64="Pgknt7Md603kNdIkJaXFLt8IRkI="></latexit>

⇢̂(0) = |1i h1|
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@t⇢̂(t) = �i[Ĥ, ⇢̂(t)]
<latexit sha1_base64="e5VPck7t7OjpC1TnhMsbCc987WQ="></latexit>



Environment effect (2)

What about quantum 
superposition ? ⇢̂(0) =

|0i+ |1ip
2

h0|+ h1|p
2

<latexit sha1_base64="zHenmI69gA5HG26RikWzf14SpmY="></latexit>

⇢̂(t � 1) = â†â⇢̂(t) + ⇢̂(t)â†â
<latexit sha1_base64="fJW0wnmjsUbdyRzhoJPV5CrlK80="></latexit>

| i + | i
| i+| i

| i+| i

| i+| i

| i+| i

| i+| i

| i+| i

| i+| i

| i+| i

@t⇢̂(t) = �i[Ĥ, ⇢̂(t)] + �

✓
â⇢̂(t)â† � â

†
â⇢̂(t) + ⇢̂(t)â†â

2

◆
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Spontaneous 
emission

Coherent
Evolution

Loss of 
coherence



System Environment

Hamiltonian Hamiltonian + Measure

Open quantum systems
@t⇢̂(t) = �i[Ĥ, ⇢̂(t)] + �

✓
â⇢̂(t)â† � â

†
â⇢̂(t) + ⇢̂(t)â†â

2

◆
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M̂0 = 1� dt(iĤ + �â
†
â/2)
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M̂1 =
p

�dtâ
X

r

M̂†
r M̂r = 1̂
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Google Quantum AI, arXiv, (2024) AWS, arXiv, (2024)
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Trajectories vs master equation

28 CHAPTER 2. THEORETICAL FRAMEWORK FOR OPEN QUANTUM SYSTEMS

�̂
�̂

Figure 2.2 – Sketch of the two schemes of detection on a photonic cavity. On the right side,
the photon counting mechanism. Every time a perfect photodetector “clicks”, an observer
knows that a photon has been lost by the cavity. Homodyne detection on the left. Before
the measure by a perfect photodetector, the output filed of the cavity is mixed (e.g., with a
beamsplitter) with a strong local filed. The statistics of “clicks” allows an observer to follow
the state of the cavity.

the coherent field, and thus the measure backaction on the system must be extremely small.
Here, we report only the final result (the formal derivation is provided in App. A):

d |Â(t)Í =
S

UdW (t)
Q

a�̂ ≠ È�̂† + �̂Í
2

R

b + ·

Q

a≠iĤ ≠ �̂†�̂
2 + �̂È�̂† + �̂Í

2 ≠ È�̂† + �̂Í
2

8

R

b

T

V |Â(t)Í ,

(2.62)

where dW (t) is a Wiener process of variance · and mean 0 [24, 117]. We call a solution of
this equation a homodyne quantum trajectory. The algorithm to numerically integrate such
a trajectory is detailed in App. E.4.2.

2.2.3 Physical interpretation of a quantum trajectory
A natural question is what is the relation between Eq. (2.57) and Eq. (2.24). In agreement

with the previous discussion, one can think of the Linblad master equation as a continuous
unread measure performed on the system, while in Eq. (2.57) one keeps track of the measure
results. In the same way in which the mean over an infinite number of read measures must
coincide with the expectation value of an unread one, it is possible to recover the result of
the Lindblad master equation by averaging over an infinite number of quantum trajectories
[24, 25, 110, 116].

Furthermore, one may try to provide some meaning to individual trajectories. Indeed, a
single quantum trajectory corresponds to the simulation of an ideal experiment, in which the
environment is continuously monitored by perfect instruments. In this regard, single quantum
trajectories can account for actually observed features. However, the result obtained along
a single quantum trajectory can strongly depend upon the choice of Kraus operators, and
some care should be taken about which properties can be inferred.

Consider, for instance, the counting trajectory derived in Sec. 2.2.1 in the specific case
of an optical cavity, where �̂ = Ô

“â (Fig. 2.2). Indeed, suppose we are able to build a
perfect photodetector which continuously measures the environment and “clicks” every time
it registers a photon. If we hear a “click”, we know for sure that a jump has occurred and
the cavity wave function has undergone a quantum jump. If no jump has occurred, instead,
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Figure 2.3 – Mean number of photon Èâ†â(t)Í as a function of time for a resonator subject
to dissipation. Panel (a): Counting trajectories. The wave function changes abruptly under
the e�ect of a quantum jump. Panel(b): Homodyne trajectories. The evolution of the wave
function is a noisy one. Panel (c): Average Èâ†â(t)Í over 100 trajectories. The two procedures
recover the same results. Inset: �n(t) = n(t) ≠ Èâ†â(t)Í as a function of time, where n(t) is
the mean number of photons obtained via direct integration of the master equation with a
cuto� of 30 photons (see App. E.1). Parameters: Ê/“ = 1.

harmonic oscillator. In this way, the system density matrix can be described in a quantum
phase space {Re [–] , Im [–]}. Instead of having a point in such a phase space, however, the
density matrix of the system becomes a distribution WŸ(–, t). The index Ÿ indicates which
kind of representation are we considering, since there exists several di�erent ones. From a
quantum optics point of view, much of the interest in this approach lies in the ability to map
the quantum dissipation onto a classical noise [24, 117].

2.3.1 Coherent states
As discussed in Sec. 1.1.1, the eigenstates of the harmonic-oscillator Hamiltonian are the

Fock states, such that â†â |nÍ = n |nÍ. The number state |nÍ does not correspond at all to
the classical picture of a harmonic oscillator: under the action of the Hamiltonian the state
|nÍ does not oscillate. Moreover, those states have always zero expectation value for the
displacement x̂ Ã â† + â and for the momentum p̂ Ã â† ≠ â. We conclude that |nÍ can never
become qualitatively as a classical states, even for very big n. Intuitively, we rather visualize
the harmonic oscillator has evolving in time by periodically changing its position and its
momentum. Thus the question: can we construct quantum mechanical states which, in the
“semiclassical” limit of many quanta, recover the same physical prediction as in classical
mechanics?

The solution of the classical harmonic oscillator is a function of the form –(t) = (
Ô

mÊx(t)+
ip(t)/

Ô
mÊ)/

Ò
(2) which evolves according to Eq. (1.4). The phase-space representation –(t)

is equivalent to a displacement of the harmonic oscillator from its rest position x = p = 0
into x(–) = (– + –ú)

Ô
2 and p(–) = ≠i(– ≠ –ú)

Ô
2. A very educated guess to retrieve the

semiclassical state comes from trying the same procedure in the quantum case. 9 In quantum
mechanics, the spatial translation operator, sending the vacuum |0Í into |x(–)Í, has the form
exp[≠ix(–)p̂]. Similarly, one can transform the ground state of the harmonic oscillator |0Í

9. There exists several other way to obtain a definition of the coherent state, for instance in [9, 24, 25].
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Driven-dissipative Hubbard model
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d⇢̂

dt
= �i[Ĥ, ⇢̂] + �D[â1] + �D[âN ]



The ambiguity of dissipative chaos



Classical picture of chaos: extreme sensitivity to initial conditions

[Lorenz,  AMS Journal, 20, 130 (1963)]

Classical systems



Integrable: independent eigenvalues Behavior of uncorrelated random variables

We look to the spacings:

Main signature of quantum 
integrability:

             

level clustering

[Berry and Tabor, Proceedings RS, 356, 375 (1977)]

Quantum systems

Chaotic system: correlated eigenvalues Energy levels are rigid

Main signature of 
quantum chaos:

             

level repulsion

[Bohigas et al., Phys. Rev. Lett., 52, 1 (1984)]
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P
µ µD

h
Ĵµ

i
⇢̂(t)

D
h
Ĵµ

i
· = Ĵµ · Ĵ†

µ � Ĵ†
µĴµ

2 ·� · Ĵ†
µĴµ

2
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We introduce the Liouvillian 
superoperator

Formal solution:
⇢̂(t) = eLt⇢̂(0)

@t⇢̂ss = L⇢̂ss = 0
Steady state ⇢̂ss = lim

t!1
⇢̂(t) = lim

t!1
eLt⇢̂(0)
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hôi

Re[�j ]

Im[�j ]

�0�1

�2

�3

�4

�5

�6 t

⇢̂(t) =

+
+
+
+
+

⇢̂0

⇢̂1

⇢̂2, ⇢̂3

⇢̂4

⇢̂5, ⇢̂6

⇢̂j for j � 7(a) (b) (c)

The Liouvillian



Dissipative quantum chaos: correlated Liouvillian eigenvalues Spacings between complex eigenvalues

Dissipative quantum systems

Integrable Chaotic

We can also look to the Complex Spacing Ratios

integrability

chaos [Grobe et al, PRL, 61, 1899 (1988)]
[Akemann et al., PRL, 123, 254101 (2019)] 

[Sà et al., PRX, 10, 021019 (2020)]



Chaos as a transient (?)
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Increasing 
drive
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⇢̂4

⇢̂5, ⇢̂6

⇢̂j for j � 7(a) (b) (c)
• Chaos depends on the initial 

condition

• Chaos is a transient phenomenon

Q: Can dissipative chaos be 
defined in the steady state?



Testing the waters

Can we detect steady-state and transient chaos with current well-established criteria?

1. Statistics of Liouvillian 
       eigenvalues

2. Steady-state density
       matrix analysis

3.    Out-of-time order
       correlators

[Akemann et al., Phys. Rev. Lett., 
123, 254101 (2019)] 

[Sà et al., JPhA, 53, 305303 (2020)]
[Sà et al., PRB, 102, 134310 (2020)] 

[Dahan et al., npj Quantum Information, 
8, 14 (2022)]



Spectral statistics of quantum trajectories



One step back…
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@x

@t
= �(y � x),

@y

@t
= x(⇢� z)� y,

@z

@t
= xy � �z

Averaging makes it 
ambiguous to define 

chaos



Chaos via unraveling
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Applying the criterion

RMT only on those 
eigenvalues that are activated 

by quantum trajectories



@
@t↵1 =

�
i�� 1

2�
�
↵1 � iU |↵1|2 ↵1 + iJ↵2 � iF,

@
@t↵2 =

�
i�� 1

2�
�
↵2 � iU |↵2|2 ↵2 + iJ↵1.
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Correspondence between classical and quantum chaos
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Treat fields as C-numbers
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BGS conjecture

No chaos in the classical system



Q: Why the lack of correspondence?
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Measurement



Q: Why the lack of correspondence?
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Measurement

Quantum jumps re-
set the dynamics: 
Zeno-like effect

… a phenomenon which is impossible, absolutely 
impossible, to explain in any classical way, and which 
has in it the heart of quantum mechanics. In reality, it 
contains the only mystery. 



Experimental 
verifications



Experiment 1 (vs theory)

So far, good agreement experiment/theory
è Measure next signature = quantum trajectories

Objective: measure signature 
of chaos in the Bose-Hubbard 

dimer



High photon-
number stateBistabilityVacuum Chaos?

Chaos?

Towards trajectory reconstruction

First hint of distorted state in IQ plane
èfew photon-state, need to reduce added noise!



Experiment 2: Floquet dynamics



Overlapping Bistability

Semiclassical simulation for increasing 
drive strengths 𝐹

Experiment 2: Synthetic dimensions



Experiment 2: Chaos
§ Complex level spacing ratio

§ Level spacing distribution

è Quantum Chaos signatures coincide with merging of Floquet states



(Spatial pre-)
Thermalization



What did we learn?
• Chaos can emerge in the steady state;
• Chaotic features present in quantum 

trajectories;
•  Combination of Hamiltonian and 

dissipative effects.

J

U

J

FF

� J J �

• Exponentially large Hilbert space;
• Quantum + Open + Transport.

• Hamiltonian bulk vs dissipative edge;
• Effect of drive [no U(1) symmetry];
• Bosons vs spin.

Truncated Wigner Approximation



The TWA
Stochastic trajectory calculations based on the truncated Wigner approximation

[K. Vogel and H. Risken, PRA 39, 4675 (1989)]
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Dk,`(t, ⌧) = Dss
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The TWA
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Thermalization
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Dissipation Dissipation
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T = 0
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T = 0

Unitary & U(1)

Restoring U(1)?

Thermalization?

How can we capture 
these phenomena?

Non-linear model with gain 
and saturation
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Spatial pre-thermalization
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Negative T

Extended phase

Prethermal chaotic phase depends on:
• interacting bulk and conserved charge
• local nonequilibrium drive that “breaking” the 

bulk symmetry;
• weakly-symmetric dissipation channel.



Summing 
up



Summing 
up • Chaos open quantum system as a 

persistent phenomenon;
• Experimental signatures in SC 

devices;
• Thermalization phenomena in 

extended lattice systems.


