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Quantum Mechanics + Special Relativity = Quantum Field Theory

How does short-distance data…
<latexit sha1_base64="HiRJ4pSWn7WdFfP9IkON836mmRM="></latexit>

�i, Cijk

…determine long-distance dynamics?

<latexit sha1_base64="he9idDXAUdbmT5Tvf9TbexM0GLc="></latexit>

} <latexit sha1_base64="JIU81OYHQOvV21F+ZnyQM8C/PHU="></latexit>

m2
i , hO(t)O(0)i, M(s, t), . . .



Goal for Today
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What are the dynamics of high-energy states 
in QFT?

<latexit sha1_base64="6rKdoJ5RLVC6vNZ6LOahkqKgNH4="></latexit>

E↵, h (t) (0)i, hE↵|O|E↵i, . . .
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Punchline

4

 QFTs are generically chaotic


 Naive intuition: UV states are described by CFT (relevant deformation) 

 Macroscopic features match CFT, but microscopic features are

   sensitive to deformation 
 High-energy dynamics governed by Eigenstate Thermalization 

   Hypothesis (ETH) and Random Matrix Theory (RMT)

 States near multi-particle thresholds violate ETH, with


   semiclassical description
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 Model: 1+1d  theory

 Method: Conformal truncation 
 Understanding high-energy states

 Thermalization and chaos in QFT 
 “Scar” states at weak coupling

∘ ϕ4
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 Method: Conformal truncation 
 Understanding high-energy states

 Thermalization and chaos in QFT 
 “Scar” states at weak coupling
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Lots of plots

<latexit sha1_base64="FHEswi0wYsg5vaqpLkH59+uNppg="></latexit>
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Model: d  theory1 + 1 ϕ4

<latexit sha1_base64="Fihllr3EbWdfinh2AfA9UVQYfXU="></latexit>

L = (@�)2 �m2�2 � g�4

<latexit sha1_base64="6lGnWHDqbyncWu1b4V7fuhav/ZY="></latexit>

T

<latexit sha1_base64="FI+qEM2oT0ReGSL6k6P0MIP/mwA="></latexit>p
g

Gapped Gapped

Ising model

<latexit sha1_base64="jl3U1nrkfLbewCd0mOSyjRhCOVo="></latexit>

1

<latexit sha1_base64="jl3U1nrkfLbewCd0mOSyjRhCOVo="></latexit>

1

<latexit sha1_base64="ffqa2PpgRMrSTu2SF3rinhBeNCE="></latexit>Z2

  symmetry: ∘ ℤ2 ϕ → − ϕ

 Critical point: Ising model∘

Goal: study high-energy 
states at both weak and 

strong coupling

6 / 26



Model: d  theory1 + 1 ϕ4

“QGP”

This talk

UV
IR
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Goal: study high-energy 
states at both weak and 

strong coupling
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Hamiltonian Truncation

7

 Old idea (Rayleigh-Ritz) for approximating energy eigenstates


 Basic steps:

1) Discretize Hilbert space

2) Truncate to finite-dimensional subspace

3) Diagonalize truncated Hamiltonian

∘
∘

<latexit sha1_base64="ENXcOlRxM1wetimQ74wA8tXgVi8="></latexit>

(
<latexit sha1_base64="ENXcOlRxM1wetimQ74wA8tXgVi8="></latexit>

(<latexit sha1_base64="HNWk4rUFkNgg9QtqzeKxyQ9+Ag0="></latexit>

Htrunc
<latexit sha1_base64="gWYk4b/vaD8j5PH59VaZX8A2wWM="></latexit>

H = H0 + V =

Solvable theory 
(e.g. )ℒ = (∂ϕ)2

NOT small 
perturbation! 
(e.g. )m2ϕ2 + gϕ4
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 Old idea (Rayleigh-Ritz) for approximating energy eigenstates


 Basic steps:

1) Discretize Hilbert space

2) Truncate to finite-dimensional subspace

3) Diagonalize truncated Hamiltonian

∘
∘

<latexit sha1_base64="ENXcOlRxM1wetimQ74wA8tXgVi8="></latexit>

(
<latexit sha1_base64="ENXcOlRxM1wetimQ74wA8tXgVi8="></latexit>

(<latexit sha1_base64="HNWk4rUFkNgg9QtqzeKxyQ9+Ag0="></latexit>

Htrunc
<latexit sha1_base64="gWYk4b/vaD8j5PH59VaZX8A2wWM="></latexit>

H = H0 + V =

Solvable theory 
(e.g. )ℒ = (∂ϕ)2

NOT small 
perturbation! 
(e.g. )m2ϕ2 + gϕ4

DLCQ Pauli et al ’85, TCSA Yurov et al ’90,

Massive Fock Space Rychkov et al ’14,

Conformal Truncation Katz et al ’16,

HTET Cohen et al ’21, RCMPS Tilloy ’21, …

This talk

/ 26



1) Discretize: Hilbert space of UV CFT = Fock space of massless scalar


     Span Hilbert space with basis of polynomials


     Equivalent to basis of local CFT operators

Conformal Truncation

8

<latexit sha1_base64="ksnA15w1y0rqKKRMufy5n+IQ8IQ="></latexit>

| k(p)i ⇠
Z

dp1 · · · dpn �(p�
P

i pi) p
k1
1 · · · pkn

n |p1, . . . , pni

<latexit sha1_base64="ld/O84ODQyzYrrSuFCYJ3oHwBhs="></latexit>

|p1, . . . , pni (n = 0, 1, 2, . . .)

<latexit sha1_base64="jr0jMbndJwFp9hLaIe3zfb0FIO0="></latexit>

| k(p)i , O ⇠ @k1� · · · @kn�

Use UV conformal symmetry to organize Hilbert space

<latexit sha1_base64="DOALLvbXsBLQOyUPebTReB2TysU="></latexit>

L0 = (@�)2
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2) Truncate: restrict to polynomials with degree 

     (low-dimension operators)

Δ ≤ Δmax

Conformal Truncation

9

<latexit sha1_base64="jr0jMbndJwFp9hLaIe3zfb0FIO0="></latexit>

| k(p)i , O ⇠ @k1� · · · @kn�

<latexit sha1_base64="DOALLvbXsBLQOyUPebTReB2TysU="></latexit>

L0 = (@�)2
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Conformal Truncation
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<latexit sha1_base64="TQgEHxrnzHBz6RiR+D1GaDjMoc0="></latexit>

Coupling g
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<latexit sha1_base64="IVRDkAqgS2HRVJpkqfsm8maXvP8="></latexit>

M2
1-particle

<latexit sha1_base64="kP/erRasFQsYRmVtL+/ytd9Jbxs="></latexit>

M2
2-particle

<latexit sha1_base64="l35hPXS87EvVI08A5Ukyr8HVpr8="></latexit>

M2
3-particle

<latexit sha1_base64="l/2H/RefhuTxJBetQ+5L7CEjB1Q="></latexit>

M2
↵ ⌘ E2

↵
Critical point 

 Ising model→
20,000 states,  1 hour∼ ≲

<latexit sha1_base64="qYddIWYRVxbWFPnuvVUiUfYynD8="></latexit>

�max = 40

<latexit sha1_base64="Fihllr3EbWdfinh2AfA9UVQYfXU="></latexit>

L = (@�)2 �m2�2 � g�4

3) Diagonalize: construct Hamiltonian from Fock space expansion and

     diagonalize numerically

/ 26



0.0 0.5 1.0 1.5 2.0
0

5

10

15

20

25

High-Energy Eigenstates

11

What about all these states?

High-energy states are 
strongly-coupled

<latexit sha1_base64="21S08288RGSvHhdQo/mXdHZWtj8="></latexit>

hni � 1

g

Macroscopic features match free theory, but 
microscopic details are chaotic

<latexit sha1_base64="RA2NCTcHVvtGlb8ZBasLgS/XT68="></latexit> M
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<latexit sha1_base64="TQgEHxrnzHBz6RiR+D1GaDjMoc0="></latexit>

Coupling g
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Volume of Eigenstates
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Volume from Form Factor
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Volume from Form Factor
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Expectation Values
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Expectation Values
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Eigenvalue Spacing
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Eigenvalue Statistics

20

<latexit sha1_base64="w/W9y4WK4Zi5z2hfJsrcoTO+ftE="></latexit>

log ⌘

<latexit sha1_base64="TQgEHxrnzHBz6RiR+D1GaDjMoc0="></latexit> C
ou

p
li
n
g
g

<latexit sha1_base64="eDI7w867Z4b1nRNwWyefw6kouVg="></latexit>

Truncation Level �max<latexit sha1_base64="50BtxmEpO+f3vkvm2JutzV4Uhgw="></latexit>

⌘ ⌘ ||P � PPoisson||
||P � PWigner-Dyson||

Poisson

Wigner-Dyson 
(GOE)

Matches RMT for any 
nonzero coupling

/ 26



Eigenvector Coefficients
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Eigenvector Coefficients

21
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Eigenvector Coefficients
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Scar States

24

Non-relativistic multi-particle 
states near threshold

Highly energetic 
low-particle states

<latexit sha1_base64="W4YaJ0NUL/GSLbB0RMtos/GYQ9o="></latexit>

g = 0.13
/ 26

-particle 
threshold
n



Summary

25

 QFTs are chaotic (even at weak coupling)


 High-energy dynamics governed by ETH and RMT


 High-energy states obtained numerically are “healthy”

    average behavior converges quickly and matches ETH


 Existence of scar states near threshold at weak coupling 

 No evidence of scars at strong coupling

∘
∘
∘

→
∘
∘

/ 26



Future Directions

26

 Further study ETH (off-diagonal matrix elements)


 Extract hydrodynamic features from SFF


 Continue to thermal 2-pt functions  Hydrodynamics, transport


 Extend to other (higher-dimensional) QFTs


 Connect near-threshold scar states to semiclassical predictions 

 Implications for “approximate CFTs”?


 You tell me!

∘
∘
∘ →
∘
∘
∘
∘

Rubakov ’95, Son ’95

Belin et al ’23

Winer, Swingle ’20

/ 26



BACKUP SLIDES



Finite-Volume Spectrum

22.0 22.5 23.0 23.5 24.0
<latexit sha1_base64="ADY3v9+iWqbFqhymMX6q5vkObp0="></latexit>

Energy E ·R

<latexit sha1_base64="Fihllr3EbWdfinh2AfA9UVQYfXU="></latexit>

L = (@�)2 �m2�2 � g�4

<latexit sha1_base64="R60vJCHZ8o/lFqwOXwQphw6VfWQ="></latexit>

g = 4
<latexit sha1_base64="DBN49xUBwH86HsYU+d87ZgbdBRM="></latexit>

Emax = 19
<latexit sha1_base64="zwwhXt3Vk71rNCtCXEyYGVR7N5U="></latexit>

2⇡R = 10

K. Farnsworth (based on Cohen et al ’21)

<latexit sha1_base64="3dJAWQyUxAD8/atMZfIHtvnd+WQ="></latexit>

t

<latexit sha1_base64="hBkNQr5CCADuRWRUO5xeJwCe6xY="></latexit>

R

High-energy spectrum is chaotic 
at finite coupling (  UV CFT)≠
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Spectral Form Factor

20 30 35 40 45

0.1 1 10 100 1000 10
4

10
-6

10
-5

10
-4

0.001

0.010

0.100

<latexit sha1_base64="edAsGLobxaagrE+Ti1Aqx/oz3s0="></latexit> S
p
ec
tr
al

F
or
m

F
ac
to
r
S
F
F
(t
)

<latexit sha1_base64="TQjIpB89mLqFUlEW4M80VakX5qc="></latexit>

Time t

<latexit sha1_base64="oo4Qgx56j7Tw9eEygyJp1di813Q="></latexit>

�max
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  Discrete spectrum→
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Thermodynamics
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Expectation Values
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hE|O|Ei ⇠ hOi�(")ETH:

Scaling 
collapse



High-Energy Eigenstates
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E↵  Random matrix theory: 
   Eigenvalues in a small energy window

   essentially match those of a random

   matrix

∘

 Eigenstate thermalization hypothesis: 
   Expectation values are smooth functions

   of energy with small random variations

∘
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hE↵|O|E�i = O(Ē)�↵� + e�S(Ē)/2gO(Ē,�E)R↵�

Thermal expectation
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Random matrix


