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Gradient Flow in QCD

Why is it useful in perturbation theory?

Oy x(t,x) = D*(1)x(t, )

Oix(t,x) = 0%x(t,x) = X(L,p) = P(p)e™ P
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Gradient Flow in QCD

Why is it useful in perturbation theory?

** Composite operators are UV finite!

*»* Relate to physical ones: SFTX
“* Z(e) cancels IR divergences
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Gradient Flow in QCD

Why is it useful in perturbation theory?
*¢* Composite operators are UV finite!
*»* Relate to physical ones: SFTX

“* Z(¢) cancels IR divergences

Concept not limitedtoQCD > What about other theories, like SM?



Lsm = QrPQr + urlPur + drlPdr + 11 Pl;, + erDer

Extension to SM A L Lo,
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** Reuse QCD for SU(3) and SU(2) sectors




Lsm = QrPQr + HRIDUR - (7RlD(1R + 11Dl + eglPer

Extension to SM BT S g
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First step: Unbroken phase, no Yukawas +<Du§b) (D") +m*¢Te — A< )
+ Loy + Lt

** Reuse QCD for SU(3) and SU(2) sectors
* U(1) linear = no flow lines

0B, = [026,, + (k —1)0,0,] B,




Lsm = QrPQr + urlPur + drlpdg + I Dly, + erPer

Extension to SM T N
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First step: Unbroken phase, no Yukawas  + (D.9)"(D"¢) + m*¢'é — A(¢'¢)”
+£gh+£gf

** Reuse QCD for SU(3) and SU(2) sectors
* U(1) linear => no flow lines

OB, = [0°0,, + (k —1)9,0,] B,

Nontrivial changes:
+* Scalar sector
¢ Mixed terms from multiple gauge groups




Overview

What should we calculate?



Overview

What should we calculate?

SFTX: gaJrDucp

Scalar Noether current



Overview

What should we calculate?

. 0T
SFTX: ¢'D, ¢ > Z,
Scalar Noether current
SFTX: yy*x
- ZX

Fermion vector currents



Overview

What should we calculate?

. 0T
SFTX: ¢'D, ¢ > Z,
Scalar Noether current
SFTX: yy*x
- Z)(

Fermion vector currents

(XDx)

Ringed scheme



Overview

What should we calculate?

. 0T
SFTX: ¢'D, ¢ > Z,
Scalar Noether current
SFTX: yy*x
- Z)(

Fermion vector currents

(XDx)

Ringed scheme

(Fuv Ey)
GF scheme for gauge
couplings



Scalar Sector Lo = (DF6) (DF) — 22 (o16)

k< .1 M, a
Flow equation: ’
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Two-loop gradient-flow renormalization of scalar QCD

Janosch Borgulat, Nils Felten, Robert V. Harlander, and Jonas T. Kohnen

TTK, RWTH Aachen University, 52056 Aachen, Germany

Abstract

The gradient-flow formalism is applied to a non-Abelian gauge theory with scalar
and fermionic particles, dubbed “scalar QCD”. It is shown that the flowed scalar
quark requires a field renormalization, albeit only beyond the one-loop level. A
pseudo-physical, t-dependent renormalization scheme is defined, and the correspond-
ing renormalization constant is evaluated at the two-loop level. We also calculate the
gluon action density as well as the condensate of the scalar and the fermionic quark at
three-loop level in this theory. The results validate the consistency of the gradient-flow
formalism in this theory and provide a further step towards applying the gradient-flow
formalism to the full Standard Model.




Scalar Sector

Flowed scalar renormalization
Use SFTX of Noether current!

Z, T ()D,()p(t) = d(t) ¢™D,p + O(t)



Scalar Sector

[JB, Harlander, Kohnen 2025]

Flowed scalar renormalization
Use SFTX of Noether current!

** Scalar Noether current is finite

Z, T ()D,()p(t) = d(t)|¢™D,¢p|+ O(t)




Scalar Sector
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Flowed scalar renormalization
Use SFTX of Noether current!

** Scalar Noether current is finite

** Flowed operators are finite

Z

o T (D, (D) ()
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Scalar Sector

[JB, Harlander, Kohnen 2025]

Flowed scalar renormalization
Use SFTX of Noether current!

** Scalar Noether current is finite

** Flowed operators are finite

o0 T(OD, )| = d(®)|¢TD,d |+ 0(t)

Z

¢ SFTX coefficient is finite! - Obtained Z, through NNLO (analytic)
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Scalar Sector

[JB, Harlander, Kohnen 2025] “on \\A
Flowed scalar renormalization ,"‘ix*
How do we calculate d(t)? Aoy L8
General SFTX: O(t) = |¢(P(t,e)OF(e) & P
Method of Projectors :
Only tree-level
contributionsatt=0
o 0

P[X] ~ 11 ( ) (@ (P1)Y(p2) - .. | X]0) ‘pi:‘m:o /

opY’ Om



Scalar Sector

[JB, Harlander, Kohnen 2025] \*\ \\A
Flowed scalar renormalization NN
How do we calculate d(t)? Aoy . ®
General SFTX: O(t) = |(B(t,e)OB(e) - P
?
Method of Projectors :
Only tree-level
contributionsatt =0
Pt~ ( L L o). 1x0)
op? " Om pi=m=0

o~

P; [OJ] — 6ij = C’S (tv 6) — Pj [OZ (t)] « Higher orders

fort>0



Scalar Sector

Check: SFTX of scalar bilinear

1
_ = \ T
Zop' (t)p(t) = tCO(t)]1 +c1(t) Zyryd' @
“* NNLO results: ¢, (t) (2-loop), cy(t) (3-loop) I
* Renormalized by Z, \/\: R *:}’f
¢ Corrected Z¢+¢ from literature \‘., . »’I
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Overview

SFTX: cpTDucp

Scalar Noether current

SFTX: yy*x
Fermion vector currents

e

Zy

(XDx)

Ringed scheme

(Fuv Ey)
GF scheme for gauge
couplings
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Fermionic Sector

Flowed fermion renormalization

< Vector currents YyHy finite
¢ Singlet diagrams require ys-scheme

4

o
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Fermionic Sector

see also [JB, Harlander, Kohnen, Lange 2023]

Flowed fermion renormalization 4

< Vector currents YyHi finite
¢ Singlet diagrams require ys-scheme

** Solution: Off-diagonal currents (non-singlet diagrams)

1
ZX X1 (t)’YMXQ (t) — Ux(t) &17“77&2 X177 X2

*» Obtained Z,, through NNLO (2-loop) o
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Fermionic Sector

Check: VEVs of fermion FKOs
** QCD: FKO used for ringed scheme

Zy (X()Dx () = — ¢ (¢)

¢ Checked Z, through NNLO (3-loop)

13



Overview

SFTX: cpTDucp

Scalar Noether current

SFTX: yy*x
Fermion vector currents

ﬁ

Zy
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e

Zy

(XDx)

Ringed scheme

(Fuv Ey)
GF scheme for gauge
couplings
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Boson Action Densities

see also [JB, Harlander, Kohnen 2025]

GF scheme for gauge couplings [Lischer 2010; Lischer 2014; Harlander, Neumann 2016]

X QCD: 1
E(t) — Zgzy(t)gzu(t)
9 _ 3as N 5
(PE(1) | R 4CH
32
Oy = ﬁ(ﬁE(t)} + ... 0
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Boson Action Densities

GF scheme for gauge couplings

s SM:
ait ~ Ey(t) = Z1(B,,B,,)
a5’ ~ Ea(t) = Zo (Wi, Wi, )
ag’ ~ E3(t) = Z3(G,G7)

¢ E;(t) obtained through NNLO (3-loop)
¢ Check: Z; agree with SM values (NLO)
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Boson Action Densities

GF scheme for gauge couplings

** Example result (preliminary):

9 203 33 27

2,2
167<t" Ea(t,,) 5 —I—az( TG + 5 log x 0g3)

+ aia9 (0.7770 — 0.4593 ng) + asasg (1.378 nc;)

+a’ (27.48 ~16.50 ng + 0.5447 n?;)
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Boson Action Densities

GF scheme for gauge couplings

** Example result (preliminary):

9 203 33 27

2,2
167<t" Ea(t,,) 5 —I—az( g et 5 log 1 0g3)

—I—[alag (07770 — 0.4593 ’I’LG) -+ as0as3 (1378 nG)]

+a’ (27.48 ~16.50 ng + 0.5447 né)
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Overview

SFTX: goTDucp

Scalar Noether current

SFTX: yy*x
Fermion vector currents

ﬁ

Zy

v

e

Zy

(XDx)

Ringed scheme

(Fuv Ey)
GF scheme for gauge
couplings

v
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Additional Checks

SU(3)

“* We actually use U(1) X SU(N;) x SU(N,)
s We reproduced earlier flowed QCD results

* Except for VEVs, we use general Rg-gauge

19



Automation

/ / Iy o~ [PL(w)p® + P2 (u)k®+Ps (u) (p+k)?]¢
uu”
pk J[0,1]3 (p?)o (k?)2((p + k)?)2s

< 4125 diagrams 208 flowed integrals
Generate Insert abstract Implement Feynman Rules
Diagrams Feynman rules topology Integral Identification

G te IBP lati [Tkachov 1981; Chetyrkin, Tkachov 1981;
enerate relations Artz, Harlander, Lange, Neumann, Prausa 2019]

. . . . Maierhofer, Usovitsch, Uwer 2018; Klappert et al. 2021,
+ [ ’ ’ ’ ’
REdUCtIOn Wlth klra FII'EFly Klappert, Lange 2020; Klappert, Klein, Lange 2021]

=) 6 master integrals
[Harlander et al. 2024;

3-loop: Numerical evaluation using ftint & pySecDec Borowkaetal. 2015, 2018, 2019;
Heinrich et al. 2024] 20



Conclusion & Outlook

SM Results (unbroken phase, vanishing Yukawa couplings)

v Zy & Z, through NNLO for all fermions & Higgs

v Flowed Noether currents and ringed scheme

v" Flowed bosonic action densities
v" Agreement with SM & flowed QCD results

v All results independent of Rt gauge

Next steps: Yukawas, calculate higher-dimensional operators ...
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