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The gradient flow

Narayanan, Neuberger 2006
_Uscher 2009

C 2010
B(t=0.x)=A (x (scher
”( ) ”( ) _Uscher, Weisz 2011

_uscher 2013

0
flowed gauge field:; EB”(L x)=92,G,,(tx)

flowed quark field:
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Schematically...

0
EBﬂ(t) — @I/Gl///t(t)
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Schematically...

1
G~—|[D,D] ~ 0B + g B*
80

flow equation: 0,B ~ 0°B + gOaB2 + ggB3
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Schematically...
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G~—|[D,D] ~ 0B + g B*
80

flow equation: 0,B ~ 0°B + gOaB2 + ggB3
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Perturbative solution

flow equation:  9,B ~ 0°B + g,0B* + g3B>
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Perturbative solution

flow equation:  9,B ~ 0°B + g,0B* + g3B>

perturbative ansatz: B = gyB; + gng + ...
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Perturbative solution

flow equation:  9,B ~ 0°B + g,0B* + g3B>
perturbative ansatz: B = gyB; + gng + ...

momentum space: Bl(t) = e‘tpzﬁ(p)
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Perturbative solution
flow equation:  9,B ~ 0°B + g,0B* + g3B>
perturbative ansatz: B = gyB; + gng + ...

momentum space: Bl(t) = e‘tpzﬁ(p)

By(t,p) = [ ds[d4q K(t,s,p,q) A(p) A(p — q)
0

K(t,s,p,q) ~ exp| — 1p* — 2sq(q — p)|

elc.

Exponential damping In momentum integrals!
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The gradient flow

0
flowed gauge field:; EB”(L x)=92,G,,(tx)

Bﬂ(t =0,x) = Aﬂ(x)

flowed quark field:
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Lagangian formulation

0
flowed gauge field:; EB”(L x)=92,G,,(tx)

Bﬂ(t =0,x) = Aﬂ(x)

flowed quark field:
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Lagangian formulation

0
flowed gauge field:; EB”(L x)=92,G,,(tx)

Bﬂ(t =0,x) = Aﬂ(x)

flowed quark field:
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gngCD_l_gB_l_g)(

L, ~

0

Loo

art, (98,-2,G,,)

dti(0,—2*) y+h.c.

Luscher, Weisz 2011
Luscher 2013



Perturbative approach

%NJ art, (98,-2,G,,)

Vv
0
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Perturbative approach

%NJ art, (98,-2,G,,)

Vv
0

0000000000 - (5 - p”py> e~ (+9p° G00000600000 OOy 01 = 5) € s
0 at b, s p2 \ H 2 W, a,t v, b, s ) o
gluon flow line
~ (0| T B{(t,x) B)(5,0)| 0) ~ (0| T L{(t,x) B)(s,0)| 0)
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Perturbative approach

Vv

%NJ art, (98,-2,G,,)

Q0000000000 o (5 — fp”p”> o—(1+5)p* Q0000000000 5ab5m/ O(t — ) o —(t=5)p°
W, a,t v, b, s p2 \ " p? U, a,t v, b, s |
“gluon flow line”
~ (0| T B{(t,x) B)(5,0)| 0) ~ (0| T L{(t,x) B)(s,0)| 0)

O

—igfa’bc ; ds (6Vp(7° — Q)’u, + 25/,LI/Q,0 o 25MPTV

r7p7c

+ (8 = 1)(Oppqu — Opup))




Perturbative approach

& "’J dt1(0,—2*) y+h.c.

mar >—D—— elc.
&




Renormalization

bulk (z > 0) is UV regulated = F=Zocn+ L+ 2,

renormalization of QCD parameters N

unaftected P~ J dtL, (()tBﬂ _ @yGW>
0

- | gx“’[ dti(0,—2*) y+h.c.
renormalization of flowed fields: 0

o . LUscher 2010
B, (1) = Z; Bﬂ(t) Lp = LUscher, Weisz 2011

)(R(t) = Z)}/zj((t) — see Janosch Borgulat's talk (up next!)
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Let’s calculate

1
E() = (G (0G“(1)
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Let’s calculate

1
E() = (G (0G“(1)
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Let’s calculate

1 ST 5 Pulu\ (o
E(t) = Z(Gﬁy(t)Ga’ﬂy(t» u,a,t v,b,s  p? (5’” ] p2 ) ey
L O:
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Let’s calculate

1 5 Pulu\ (o
E(r) = Z(Gjy(t)G“’” “(1)) 1, a,t vbs  p? (5”” - ) ey

D —2tp2 ~ l.—2+€ =+ O
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Let’s calculate

1 ST 5 PuPv\  _iiep?
E(1) = Z(Gﬁy(t)Ga’ﬂy(t» u,a,t v,b,s  p2 (5”” ] p? ) e
LO:
- 3a 5
explicitly: E(t) = +  Oas)
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Let’s calculate

1 SSECEEET 5 Pulu\ (o
E(?) = Z(Gﬁy(t)Ga’ﬂy(t» W, a,t v,b,s  p? (5’w - p? ) e
LO:
- 3 , |
explicitly: E(r) = - + Oas) — measure as on the lattice?
T
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Let’s calculate

1 SSECEEET 5 Pulu\ (o
E(?) = Z(Gﬁy(t)Ga’ﬂy(t» W, a,t v,b,s  p? (5’w - p? ) e
LO:
- 3 , |
explicitly: E(r) = - + Oas) — measure as on the lattice?
T
ag = au)
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Higher orders
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Higher orders
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Higher orders

) Jl,,[kp“kz(p—k)2

® generalized loop integrals
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Higher orders

[
~ d
Jp[kp4k2(P—k)2 J()

® generalized loop integrals
® integration over flow-time parameters
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t°E(t) =

3a (1)

4r

1+ ky (2, 1) o ()]
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Luscher 2010

52 22

8

Lt//t = In 2ﬂ2t + e
1

NG

resulting perturbative
accuracy on ds: =+ 3-5%

Ho

PDG: = 1%



Three-loop calculation
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Three-loop calculation

The usual problems:

e many diagrams (NLO: 20; NNLO: 3651)
® many integrals
® complicated integrals

tttttttttttt
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Three-loop calculation

The usual problems:

e many diagrams (NLO: 20; NNLO: 3651)
® many integrals
® complicated integrals

The usual solutions:
® automatic diagram generation
® reduce to master integrals

® cvaluate master integrals
Artz, RH, Lange, Neumann, Prausa 19
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The perturbative toolbox

[For details, see: Artz, RH, Lange, Neumann, Prausa 2019]

diagram generation: gsraf  Nogueira 1993

diagram analyzation: ge/exp RH, Seidensticker, Steinhauser 1997
— tapir/exp Gerlach, Herren, Lang 2022

algebraic manipulations: FORM Vermaseren 2000, ...

reduction to masters: Kira, ® FireFly Usovitsch, Uwer, Maierhtfer 2017

Chetyrkin, Tkachov 1981
Laporta 2000

@ Klappert, Klein, Lange 2019
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Three-loop calculation

I({Cp " Cf}a {al(u), " %(M)}a {bp ", b6}) —

| exp

:—t (al(u)plz+ ---+a6(u)p62)]

- (1]

du; u;’ Jdel d°p, d"p;
i=1 70
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(PD"1 = (pg)™

Particle Physics
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Three-loop calculation

I({Cp " Cf}a {al(u), " %(M)}a {bp ", b6}) —

oo exp [—? (611(M)P12+"'+a6(“)p62)]
— dl/li l/l.ci Jde de de )
i=H1 JO ; 1 2 3 (p12)b1 (p62)b6

0
oP identities: -+ I(c;a,b) = Dé;I(c,a.b) + ) I(c'a,b)

0
a—](c, a,b) =I1(c’,alu=1),b")—I(c’,a(u =0),b")
U;

Artz, RH, Lange, Neumann, Prausa 2019
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Three-loop calculation

I({Cp " Cf}a {al(u), " %(M)}a {bp ", b6}) —

oo exp [—? (al(u)l?%+"'+a6(“)p62)]
— dl/li l/l.ci Jde de de )
i=H1 JO ; 1 2 3 (p12)b1 (p62)b6

0
oP identities: -+ I(c;a,b) = Dé;I(c,a.b) + ) I(c'a,b)

iI((:, a,b) =I1(c’,alu=1),b")—I(c’,a(u =0),b")

ou; Artz, RH, Lange, Neumann, Prausa 2019

Huge systems of linear equations, solved by “master integrals”.
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The perturbative toolbox

[For details, see: Artz, RH, Lange, Neumann, Prausa 2019]

diagram generation: gsraf  Nogueira 1993

diagram analyzation: ge/exp RH, Seidensticker, Steinhauser 1997
— tapir/exp Gerlach, Herren, Lang 2022

algebraic manipulations: FORM Vermaseren 2000, ...

reduction to masters: Kira, ® FireFly Usovitsch, Uwer, Maierhtfer 2017

Chetyrkin, Tkachov 1981
Laporta 2000

@ Klappert, Klein, Lange 2019

R. Harlander, Perturbative GF at higher orders, Gradient Flow Workshop, Zurich 2025 el Potos



The perturbative toolbox

[For details, see: Artz, RH, Lange, Neumann, Prausa 2019]

diagram generation: gsraf  Nogueira 1993

diagram analyzation: ge/exp RH, Seidensticker, Steinhauser 1997
— tapir/exp Gerlach, Herren, Lang 2022

algebraic manipulations: FORM Vermaseren 2000, ...

: . . . Usovitsch, Uwer, Maierhtfer 2017
reduction to masters: Kira @ FireFly ® Klaopert, Klsin. Lange 2019
Chetyrkin, Tkachov 1981
Laporta 2000

! ~tp*—=s(k—p)” A B
e D D €
sector decomposition: d”k [d"p | ds—— —=—+—+C+..
Binoth, Heinrich 2002 o kpik—p) € €
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1

[1]

du; u;’ Jdel d°p,d"p,
i=1 0
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exp |1 (a,(wpi+-+agwpg)

(Pt +mp)’ -+ (pg + mg)”s

Institute for

Theoretical I t" I I I
Particle Physics
and Cosmology




1

[1]

du; u;’ Jdel d°p,d"p,
i=1 0

C1:C2:O
Cll =u11/l2, a2=u2, a3=u2—u1u2
a4=1, a5=1+u1u2, a6=1—u2

my = - =mg=0

R. Harlander, Perturbative GF at higher orders, Gradient Flow Workshop, Zurich 2025

exp

—t (a,(Wp+-+aywp?)

m

2+ m2)br - (p2 + m2)bs

Institute for
Theoretical
Particle Physics
and Cosmology




1

CXp | —! <a1(u)l712 + ‘“‘"616(”)1762 )

[1]

du;u;' [del d°p,d"p,
i=1 "0

(Pt +mp)’ -+ (pg + mg)”s

C1:C2:O

Cll — I/lluz R az — I/lz R a3 — l/tz — u1u2 .
ftint RH, Nellopoulos, Olsson, Wesle ‘24

(based on pySecDec)
Heinrich, Magerya, Kerner, Jones, ...

a4:1, a5=1+u1u2, a6:1—u2

my = - =mg=0

Institute for
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e, CXp | —1 (“1@!)}712 "‘"“"616(”)]762)
du; u.’ [a’ p;d"p,d"p;, - -
! (pt +mp) - (p¢ + mg)s

1

[1]

i=1 "0

Cl e C2 — O
al — l/lll/lz o Cl2 — l/lz 0 Cl3 — l/lz — u1u2 .
ftint RH, Nellopoulos, Olsson, Wesle ‘24

a=1, a:1+uu9 azl_u
4 5 142 6 2 (based on pySecDec)

bl — b4 =1 Heinrich, Magerya, Kerner, Jones, ...
my = - =mg=0

f[{{0,0},{ul*u2,u2,u2-ul*u2,1,1+ul*u2,1-u2}t},{1,0,0,1,0,0}] -> (
+epsA-1*(+8.3333333333333343*10/A-02+0.0000000000000000*10A+00* 1)
+epsA-1*%(+1.4433895444086145*107-15+0.0000000000000000*10A+00* 1) *plusminus
+epsA@*(+3.0238270284562663*10N-01+0.0000000000000000* 10A+00*1 )
+epsA0*(+1.6918362746499228*10/N-08+0 .0000000000000000*10A+00*I ) *plusminus
+epsA1*(+6.5531010458012129*101-01+0.0000000000000000* 10A+00*1 )
+epsA1*(+3.7857260802916662*10/A-08+0 .0000000000000000* 10A+00* 1) *plusminus

),

Institute for

R. Harlander, Perturbative GF at higher orders, Gradient Flow Workshop, Zurich 2025 'IT Theoretical

Particle Physics
and Cosmology




e, CXp | —1 (“1@!)}712 "‘"“"616(”)]762)
du; u.’ [a’ p;d"p,d"p;, - -
! (pt +mp) - (p¢ + mg)s

1

[1]

i=1 "0

Cl e C2 — O
al — l/lll/lz o Cl2 — l/lz 0 Cl3 — l/lz — u1u2 .
ftint RH, Nellopoulos, Olsson, Wesle ‘24

a=1, a:1+uu9 azl_u
4 5 142 6 2 (based on pySecDec)

by =0by=1 Heinrich, Magerya, Kerner, Jones, ...
my = - =mg=0 — see Robert Mason'’s talk (today, 11:30am)

f[{{0,0},{ul*u2,u2,u2-ul*u2,1,1+ul*u2,1-u2}t},{1,0,0,1,0,0}] -> (
+epsA-1*(+8.3333333333333343*10/A-02+0.0000000000000000*10A+00* 1)
+epsA-1*%(+1.4433895444086145*107-15+0.0000000000000000*10A+00* 1) *plusminus
+epsA@*(+3.0238270284562663*10N-01+0.0000000000000000* 10A+00*1 )
+epsA0*(+1.6918362746499228*10/N-08+0 .0000000000000000*10A+00*I ) *plusminus
+epsA1*(+6.5531010458012129*101-01+0.0000000000000000* 10A+00*1 )
+epsA1*(+3.7857260802916662*10/A-08+0 .0000000000000000* 10A+00* 1) *plusminus

),
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t°E(f) =

3a (1)

4r
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Luscher 2010

52 22 8
<? +?ln2 - 31n3> C, —gnfTR+ﬁoLw

Lt//t = In 2ﬂ2t + e

resulting perturbative
accuracy on ds: =+ 3-5%

PDG: = 1%



3a (1)

1E(f) = . 1+ ky (1, 1) a(u) + k(2 ) @l ()]
RH, Neumann 2016
_jol . “Inco| A]nnLo
N@ 010 resulting perturbative
o accuracy on as: O(1%)

PDG: = 1%

1 1 1
0 0.25 0.5 0.75 1 1.25 1.5 1.6
J8t /GeVv™'
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Derive as(mz)

R. Harlander, Perturbative GF at higher orders, Gradient Flow Workshop, Zurich 2025

m

Particle Physics
and Cosmology

t*(E(t)) - 10*

qs 2 GeV 10 GeV my

as(mz) || np=3|np=4|np=3|nfp=4 | np=5|nrp=3|ns=4|ny=
0.113 744 759 424 446 456 267 285 299
0.1135 793 764 426 449 459 263 286 301
0.114 762 773 429 452 462 269 287 302
0.1145 771 782 432 455 466 270 289 303
0.115 730 792 435 458 469 272 290 305
0.1155 739 802 438 461 472 273 291 306
0.116 798 811 440 465 476 274 292 308
0.1165 808 821 443 468 479 275 294 309
0.117 813 832 446 471 433 276 295 311
0.1175 827 842 449 474 436 277 296 312
0.118 837 852 452 478 490 278 298 314
0.1185 847 863 455 431 493 279 299 315
0.119 808 874 457 434 497 280 300 316
0.1195 863 889 460 438 500 281 301 318
0.12 879 896 463 491 504 282 303 319

e | IRNNTH




3a (1)
A

1*E(f) = 1+ ky (1, ) () + kot ) o ()
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t°E(t) =

3a (1)
A

0.50 —

0.40 —

0.30 —

0.20 -

0.10 —

t*(E(t))

0.05 —

Lol . “Inwo| A|nnLo

....... k_ -

o
e ®
-

Vececeecccocooooeoatnas

0.25 0.5 0.75 1
J8t /Gev™'

R. Harlander, Perturbative GF at higher orders, Gradient Flow Workshop, Zurich 2025

.. Institute for
" Theoretical

Particle Physics

. and Cosmology

3
1+ Ky (6 ) () + kot ) ad()] - = -0 =



3ay(p)
4r
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1°E(1) = 1+ k(6 ) au) + kot w ai ()] =00 =
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3a(u)

t°E(t) =

A

3 3
1+ k() o) + kot ) al(@)| - = =00 = a0
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t°E(f) =

3a (1)
A
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3
1+ ky(t, 1) a() + byt ) @2(u)] = —=a

universal



2 3o (i) 7 _ 3, 3,
°E(f) = 1+ k() aw) + k) al(w)] =560 = 74,0
4r T
| ' (—ay(n) = f(a,)
0.30 — B A2 R R R A2 R
= a2 |Bo+ap +@h+ ..
204 ¢ \
? 0,10 GF specific
universal depends on k;

J8t /GeV™!
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tzE(l‘) _ 3a(p)

3.
1+ k(6 ) o) + k() ag()| - =7-800 = 24,0

A

— — 1-loop ,
— —— 2-loop ' — ] [

p VIS .0000,0 ""’. ﬁ
5-loop MS
3-loop GF
. GF specific
depends on k,

-B(as)/ as2

universal




Determine A cp

This work - | * |
Wong 23 (prelim) -
Dalla Brida 19- SO

Ishikawa 17 - %5 |
Kitazawa 16 - e :
Brambilla 10 - | 5 |
QCDSF/UKQCD 05- ey
ALPHA 981 " a

052 054 056 058 060 062 0.64

AV 810 MS

Hasenfratz, Peterson, van Sickle, Witzel (2023)
see also Wong, Borsanyi, Fodor, Holland, Kuti (2023)

— see Anna Hasenfratz’s talk
(Friday, 9am)
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Renormalon subtraction

Beneke, Takaura ‘23

Adler function: D(s) = ‘Sdlji(s) N@\M
\)
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Renormalon subtraction

Beneke, Takaura ‘23

Adler function: D(s) = ‘Sdljl(s) N@\M
\)

N

D(Q?) = % 62+ 0(1/Q6))

1272

tttttttttttt
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Renormalon subtraction

Beneke, Takaura ‘23

Adler function: D(s) = ‘Sdljl(s) M@\M
\)

N, C2(0? g
D(Q%) = (Cl(Q2)+ ¢ (Q) = Gz>+0(1/Q6))
perturbatlve E(1)
_ 2\ _ 6
- 12ﬂz( [a(Q) tzgq Q4 ¥ +0(1/Q ))
renormalon cancels nonpert. deﬁned

with

B CGz(Qz) B 2n? (1 35 as(u) 2
") 3 (6 "2 n +0(“s))'
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Renormalon subtraction

Beneke, Takaura ‘23

Adler function: D(s) = ‘Sdlji(s) M@\M
\)

N, C2(0? g
D(0%) = 1) (Cl(Q2)+ . (Q) - Gz>+0(1/Q6))
perturbatlve E(1)
2y 6
12”2( [CI(Q ) tqu Q4 72 T O(I/Q ))
renormalon cancels nonpert. deﬁned

with

B CGz(Qz) B 2n? (1 35 as(u) 2
" Cea(t) 3 (6 24 +O(QS)) |

— see Martin Beneke’s talk
Friday, 3pm
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Application to effective field theories

Observable: R = Z C (0O, )

_j & match
poerturbation lattice

renormalization
theory schemes?
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Application to effective field theories

Observable: R = Z C (O )

‘J & match
perturbation lattice renormalization
theory \ / schemes?

Instead: R = Z C’ gradient flow
» renormalization

tttttttttttt
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Application to effective field theories

Observable: R = Z C (0O, )

_j & match
perturbation lattice renormalization
theory \ /

schemes”?
Insteaaq: R = Z C.(){(0,(1)) gradient flow
» renormalization

(O, (1)) is UV finite :liné(@n(t)) exists!

tttttttttttt
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Application to effective field theories

Observable: R = Z C (0O, )

_j & match
perturbation lattice renormalization
theory \ /

schemes”?
Insteaaq: R = Z C.(){(0,(1)) gradient flow
» renormalization

(O, (1)) is UV finite :liné(@n(t)) exists!

— need C(t)

tttttttttttt
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Small flow-time expansion

Observable: R=) Cl0,) =) C0(0,0)

tttttttttttt
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Small flow-time expansion

Observable: R=) Cl0,) =) C0(0,0)
~ =0
small flow-time expansion: O, (1) > Z c..(1) O,
LUscher, Weisz 11 m
Suzuki '13
LUscher 13 t—0

Cut)'= ) Crl®)

= need (. (f) forsmallt = perturbation theory

tttttttttttt
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Small flow-time expansion

Observable: R=) Cl0,) =) C0(0,0)
~ -0
small flow-time expansion: O, (1) > Z c..(1) O,
LUscher, Weisz 11 m
Suzuki '13
LUscher 13

C,(0 =Y Clh)

= need (. (f) forsmallt = perturbation theory

— see Chris Monahan’s talk
(tomorrow, 9am)

tttttttttttt
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Determining ((7)

Matching: calculate a set of suitable Green’s functions and solve for ¢, (¥)

1—(

(0,10)'= ) 6(1(6,,)

tttttttttttt
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Determining ((7)

Matching: calculate a set of suitable Green’s functions and solve for ¢, (¥)

1—(

(0,10)'= ) 6(1(6,,)

tttttttttttt

R. Harlander, Perturbative GF at higher orders, Gradient Flow Workshop, Zurich 2025 o eta Ehtko l RWTH

oooooooooooo




Determining ((7)

Matching: calculate a set of suitable Green’s functions and solve for ¢, (¥)

1—(

(0,10)'= ) 6(1(6,,)
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Determining ((7)

Matching: calculate a set of suitable Green’s functions and solve for ¢, (¥)

1—(

(0,10)'= ) 6(1(6,,)
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Determining ((7)

Matching: calculate a set of suitable Green’s functions and solve for ¢, (¥)

1—(

(0,10)'= ) 6(1(6,,)
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Determining ((7)

Matching: calculate a set of suitable Green’s functions and solve for ¢, (¥)

1—(

(0,10)'= ) 6(1(6,,)

p:m:() p:m:O

only tree-level diagrams survive on r.n.s.
Gorishnii, Larin, Tkachov ‘83

tttttttttttt
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Determining ((7)

Matching: calculate a set of suitable Green’s functions and solve for ¢, (¥)

~ —0
(0,(0) = 2, Cun(D)(0,)
m
p
t — !
p
p=m=~0 p=m=0
only tree-level diagrams survive on r.n.s.
— see Janosch Borgulat's talk (up next!) Gorishnii. Larin. Tkachov ‘83
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Example: Meson mixing
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Example: Meson mixing

b

B

|

q
Heff ™~ Z Cn @n

tttttttttttt
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Example: Meson mixing

b

B

| ™

q
Hg~ ) C,0, =Y C1),00),
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Example: Meson mixing

q
Hg~ ) C,0, =Y C1),00),

O, = (by;q)(by, q)
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Example: Meson mixing

q
Hg~ ) C,0, =Y C1),00),

O, = (Byl];q)(la}/g;q) —— B, ~(B|0,|B) bag parameter
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Example: Meson mixing

q
Hg~ ) C,0, =Y C1),00),

O, = (E}/l];q)(la}/g;q) —— B, ~(B|0,|B) bag parameter
= {71 (1(B|0,(n | B)
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Example: Meson mixing

q
Hg~ ) C,0, =Y C1),00),

O, = (Eyl];q)(la}/g;q) —— B, ~(B|0,|B) bag parameter
= {7 (1(B10,(n | B)

poerturbative

— see Jonas Kohnen's talk
(today, 2:30pm)
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Example: Meson mixing

q
Hg~ ) C,0, =Y C1),00),

O, = (Eyl];q)(la}/g;q) —— B, ~(B|0,|B) bag parameter
= {7 ((B10,(n | B)

poerturbative lattice
— see Jonas Kohnen's talk — see Matthew Black's talk
(today, 2:30pm) (today, 2pm)
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Bag parameter

.00

(.95

0.90 -
—— NLO ¢

I Lattice Data

— see Matthew Black’s talk

. preliminary (today, 2pm)
0.0 0.2 0.4 0.6 0.8

T [GeV ™7
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Bag parameter

1.00

(.95 -

(.90 - I Lattice Data
§ NLO ¢

{).85 1

R

0754 oL
(t)<@(t)> — see Matthew Black’s talk

- prehmlnary (today, 2pm)
0.0 0.2 0.4 0.6 0.8




Bag parameter

, = 3 Gel
.00
(@(t)) aaaAREEAEALEEEE] Black, RH, Lange, Rago, P.‘H
AL EELE ' '
0.95 ) - ﬂ“wm Shindler, Witzel (2023) CRC TRR 257
e
().90 - t"“ § Lattice Data

& NLO(
p  NNLO ¢

{).85 1

R

.75 -

— see Matthew Black’s talk
(today, 2pm)

(].T(] ! ! ! !
(.0 (.2 0.4 0.6 0.8




Other applications

electric dipole operators

NLO: Mereghetti, Monahan, Rizik, Shindler, Stoffer (2022) — see Andrea Shindler’s talk
Crosas, Monahan, Rizik, Shindler, Stoffer (2023) (tomorrow, 4pm)
NNLO: Borgulat, RH, Rizik, Shindler (2022)

hadronic vacuum polarization
NNLO: RH, Lange, Neumann (2020)

quark bilinears

NLO: Hieda, Suzuki (2016)
NNLO: Borgulat, RH, Kohnen, Lange (2023)

R. Harlander, Perturbative GF at higher orders, Gradient Flow Workshop, Zurich 2025 e s
a mology



Application to effective field theories

Observable: R = Z C (0O, )

_j & match
perturbation lattice renormalization
theory \ /

schemes”?
Insteaaq: R = Z C.(){(0,(1)) gradient flow
» renormalization

(6.(1)) is UV finite =>1in%<@n(t)> exists!

tttttttttttt
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Application to effective field theories

Observable: R = Z C (0O, )

_j & match
perturbation lattice renormalization
theory \ /

schemes”?
Insteaaq: R = Z C.(){(0,(1)) gradient flow
» renormalization

(6.(1)) is UV finite =>1in%<@n(t)> exists!

= Lorentz invariance preserved!

tttttttttttt
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Application to effective field theories

Observable: R = Z C (0O, )

perturbation —j & lattice
theory \ /

Instead: R = Z C‘n(t)(én(t))

(6.(1)) is UV finite =>1in%<@n(t)> exists!
= Lorentz invariance preserved!

application:  energy-momentum tensor  Suzuki ‘13
parton density functions  Shindler ‘24

tttttttttttt

R. Harlander, Perturbative GF at higher orders, Gradient Flow Workshop, Zurich 2025 Thearetica ‘ RWTH
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renormalization
schemes”

gradient flow
renormalization



Energy momentum tensor -2 o
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NLO
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Suzuki, Takaura ‘21
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Energy momentum tensor -2 o
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Application to effective field theories

Observable: R = Z C (0O, )

perturbation —j & lattice
theory \ /

Instead: R = Z C‘n(t)(én(t))

(6.(1)) is UV finite =>1in%<@n(t)> exists!
= Lorentz invariance preserved!

application:  energy-momentum tensor  Suzuki ‘13
parton density functions  Shindler ‘24

tttttttttttt
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Parton densities

Shindler ‘24
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Application to effective field theories

Observable: R = Z C (O )

‘J & match
perturbation lattice renormalization
theory \ / schemes?

Instead: R = Z C’ gradient flow
» renormalization

tttttttttttt
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Application to effective field theories

Observable: R = Z C (O )

‘J & match
perturbation lattice renormalization
theory \ / schemes?

Instead: R = Z C’ gradient flow
» renormalization

MS renormalization of composite operators

tttttttttttt
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MS renormalization of composite operators

geff = Z Cn@n

needs renormalization; = Z (CH)(Z27'0), = Z Co Oy

n
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MS renormalization of composite operators

geff — Z Cn@n
needs renormalization: = Z (C2)(Z7'0), = Z CrOX
gradient-flow scheme: = Z C’n(t) @(t)
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MS renormalization of composite operators

geff — Z Cn@n
needs renormalization: = Z (C2),(Z710), = Z CrON
gradient-flow scheme: =) C,(0 0,0 = ) (CL7' 1), (1)0),0)

R. Harlander, Perturbative GF at higher orders, Gradient Flow Workshop, Zurich 2025 e scs

oooooooooooo



MS renormalization of composite operators

geff — Z Cn@n
needs renormalization: = Z (C2),(Z710), = Z CrON
gradient-flow scheme: =) C,(0 0,0 = ) (CL7' 1), (1)0),0)
small flow-time expansion: O (1) = Z c, (1) O,
(SFTX) "
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MS renormalization of composite operators

geff — Z Cn@n
needs renormalization: = Z (C2),(Z7'0), = Z C O,
gradient-flow scheme: = Z C.()0 (1) = Z (CE7L@)), (E()O), (1)
small flow-time expansion: O (1) e Z C, (O = Z SN OY VARG
(SFTX) m
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MS renormalization of composite operators

geff = Z Cn@n
needs renormalization; = Z (CH)(Z27'0), = Z Co Oy
gradient-flow scheme: =) C,(0 0,0 = ) (CL7' 1), (1)0),0)
small flow-time expansion: @n(t) ey Z C,..(1) O, = P
(SFTX) " "

UV finite
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MS renormalization of composite operators

geff = Z Cn@n
needs renormalization; = Z (CH)(Z27'0), = Z Co Oy
gradient-flow scheme: =) C,(0 0,0 = ) (CL7' 1), (1)0),0)
small flow-time expansion: @n(t) ey Z C,..(1) O, = P
(SFTX) " "

_ UV finite
= calculation of {(7) also determines Z in MS scheme!

R. Harlander, Perturbative GF at higher orders, Gradient Flow Workshop, Zurich 2025 e scs
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MS renormalization of composite operators

application: check for four-quark operators Buras, Gorbahn, Haisch, Nierste (2006)
RH, Lange (2022) Aebischer, Pesut, Virto (2024)

RH, Kohnen, Lange (in prep)
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MS renormalization of composite operators

application: check for four-quark operators Buras, Gorbahn, Haisch, Nierste (2006)
RH, Lange (2022) Aebischer, Pesut, Virto (2024)

RH, Kohnen, Lange (in prep)

d1
d4

q3
q2

R. Harlander, Perturbative GF at higher orders, Gradient Flow Workshop, Zurich 2025 i -

oooooooooooo



MS renormalization of composite operators

application: check for four-quark operators Buras, Gorbahn, Haisch, Nierste (2006)

RH, Lange (2022) Aebischer, Pesut, Virto (2024)
RH, Kohnen, Lange (in prep)

d1
d4

q3
q2

goal: SMEFT dim-6 renormalization at 2-loop level

— need flowed Standard Model

..e. flow equations, Feynman rules, ...
fermion field renormalizations Z)( — see Janosch Borgulat’s talk (up next!)
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The gradient flow scheme

1= 3Ge\
AT ~ ) CR(1) (O (1) I
0.95 9 ot""mﬂ“ <@(t>>
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= ¥ R | £ 10,)0) e
. 85 - :

preliminary
0.0 0.2 0.4 0.6 0.8

0.70
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The gradient flow scheme

i =3GeV
1.00
n (//t) < n >(//t) o C l(l‘, 1) ﬁmﬂ“wwﬂﬁ?@(t»
R —1 P Gutt **““ § Lattice Data
= ¥ R | £ 10,)0) o o
; .85 =
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0.70 : ; . -
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The gradient flow scheme

AT ~ ) CR(u) (OR) () | ST —
0.95 | Z: ( 9/4) PR <@(t)>
n a2
R _1 ~ 0.90 + *,"“ § Lattice Data
= Y CRw |0 ] b o
" (.85 - :
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The gradient flow scheme

it =3GeV
R R 1.00
Al" ~ 2 G, (1) (O, ) (1) s () J— ﬂ“?wé(t» s
) R 1 ~ 0.90 + *,"““‘t‘ § Lattice Data
= Y CRw |0 ] ;o
=Y |G emlGyo

— Z Cn(t )< @n> (t ) U'mﬂ_n 0.2 0.4 | 0.6 0.8
Ny 2
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The gradient flow scheme

- 1= 3GeV
R R 00
Al ~ Z Cn (//t) <@n >(//t) o ]| C_l(ta /’t) J— MTW
: R 1 P 05 _ .*““““‘ F Lattice Data
= XG0 [Een@io] s .

= Z lcff(//t) C_l(l‘,//t)] (O, )(1)

= Z C(1{0,)(®) o " VIR y
n

[...] Hence, no conversion to the MS
scheme is needed any more, the
advantage being that the renormalization

scheme employed is well-defined beyond o
perturbation theory. Ammer, DUrr 24
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The gradient flow scheme

AT ~ ) CR(1) (OF) (1)

= ), () [C ‘1(t,u)<5n>(t)]

= Z lcff(//t) C_l(l‘,//t)] (O, )(1)

=) C((B,)(1)

[...] Hence, no conversion to the MS
scheme is needed any more, the
advantage being that the renormalization
scheme employed is well-defined beyond
perturbation theory.
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(=3 GeV
1.00
TR
(.90 - ‘*st“ Lattice Data
V™ NLO ¢
o e NNLO ¢
(.85 1 =

0.80%

Ammer, DUrr ‘24

tttttttttttt
Theoretical
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Particle Physics

(].'2 (.J.'fl
T [GeV _2]

— see Stefan Durr’s talk
(tomorrow, 4pm)




The GF scheme

geff = Z Cn<@n> GF

MS
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The GF scheme

Zer= ), ClO) GF MS

= Y (D, (L0 0), | =D (CZH(20),

tttttttttttt I‘w I H
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The GF scheme

geff — Z Cn<@n> GF MS

= D (CT, (0 0), | = (CZHZ0),

=~ Z C,(D)(0,()) = Z C,\(1) (O ()
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The GF scheme

Loy = Z Cn<@n> GF MS
= ) (CT'0), (0 06), | =) (€CZHIZ0),
=~ Z C,(D)(0,()) = Z C,\(1) (O ()
d - ~ i R/ \ _ R
tEC(t) =C(t)7 7 dﬂC () =C (wy
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The GF scheme

L= ), Ci(0,) GF MS
= D (CT D, (0 0), | =Y (CZH,(Z0),
= Y C,0) (B,0)) = ), CR(w) (OR)(w)
L e = ER) 7 //tiCR(ﬂ) = C*(wy
1—C0) = Cy a0
3 dl = — ian
y = — tE n (1) Vm //td//t
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The GF scheme

L= D, C{0,) GF MS

= ) (CT'0), (0 06), | =) (€CZHIZ0),

=Y C(0(6,0) = ) CR(w (BN (w)

tié(t) = C(t)7 ﬂiCR(ﬂ) = C*(w)y

dt du
y d 1 = — ian
y = — tE Ilé/(l‘) Vnm //td//t
RH, Lange, Neumann ‘20

Borgulat, Felten, RH, Kohnen 25
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The GF scheme

GF

MS

d - -
I—C() = C( vy
- (7) ()7

% l‘dlC(f)
= —ft—1In
! dr
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The GF scheme

GF MS
d~ ~ d R R
t—C(t)=C@®) 7y u—C=(u) = C*(u)y
” (7) (1) 7y ”
dl dlz
) = — 11— [ Yom — — H—— 11
4 ~ n ¢(7) 0

%0 dx 7 o ()
e =Gy | [0 e = oty np | [ 4120
o,(Ho)

i) X PX)
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The GF scheme

GF MS
d . - d R R
—C@) = C() 7 pu—C=(u) = C(u)y
7 () ()7 d//t
dl d InZ
y = — [— ) Yom — — U— 111
Y —-n6() di

L a0 dx 7(x) w0 dy y(x)
Ci) = C(t . CR(u) = CR I
) o) exp [[&S(to) X ,B(X)] 0 (o) EXP [ a(uy) M p(x)

t%&s(t) = fa (1) pu—oa(p) = pau)
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The GF scheme

GF MS
d . - d R R
—C@) = C() 7 pu—C=(u) = C(u)y
7 () ()7 d//t
dl d InZ
y = — [— ) Yom — — U— 111
Y —-n6() di

L a0 dx 7(x) w0 dy y(x)
Ci) = C(t . CR(u) = CR I
) o) exp [[&S(to) X ,B(X)] 0 (o) EXP [ a(uy) M p(x)

t%&s(t) = fa (1) pu—oa(p) = pau)

— see Anna Hasenfratz’s talk
(Friday, 9am)
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Omissions

static QCD force Brambilla, Chung, Vairo, Wang ‘22 — see Julian Mayer-Steudte’s talk
Brambilla, Leino, Mayer-Steudte, Vairo ‘24 (Friday, 2:30pm)
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Omissions

static QCD force Brambilla, Chung, Vairo, Wang ‘22 — see Julian Mayer-Steudte’s talk
Brambilla, Leino, Mayer-Steudte, Vairo ‘24 (Friday, 2:30pm)
off-light-cone Wilson lines  Brambilla, Wang ‘24 — see Xiangpeng Wang’s talk

(Friday, 11am)
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Omissions

static QCD force Brambilla, Chung, Vairo, Wang ‘22
Brambilla, Leino, Mayer-Steudte, Vairo ‘24

off-light-cone Wilson lines  Brambilla, Wang ‘24

(7(Ox(®))  with mass effects

— see Julian Mayer-Steudte’s talk
(Friday, 2:30pm)

— see Xiangpeng Wang's talk
(Friday, 11am)

— Sec
— Sec
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iromasa lakaura’s talk (today, 11am)

Robert Mason'’s talk (today, 11:30am)



Omissions

static QCD force Brambilla, Chung, Vairo, Wang ‘22 — see Julian Mayer-Steudte’s talk
Brambilla, Leino, Mayer-Steudte, Vairo ‘24 (Friday, 2:30pm)
off-light-cone Wilson lines  Brambilla, Wang ‘24 — see Xiangpeng Wang'’s talk

(Friday, 11am)

((x(2)) with mass effects — see Hiromasa Takaura’s talk (today, 11am)
— see Robert Mason’s talk (today, 11:30am)

strong CP problem  Dragos, Shindler, de Vries, Yousif ‘19— see Andrea Shindler’s talk
(tomorrow, 4pm)
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