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Motivation: Continuum extrapolation
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Gradient flow in the SymEFT

Boundary theory YM Gradient Flow flowed observable
R . 29,V, = F,V R
Lattice  Sauge[U]+ Siermn FOVu=FuVy E(t)
Vit = 0,%) = Un(x)

pure gauge / QCD

+0(a"t!)
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0:B, = [D,, G,,] + a"0.F,
SymEFT.Z[A] + a"§.Z[A = o ; E(t) + a"6E(t
Y Al a1 {B,L(t:O,x):A,L(x)+a”5AM(x) () - a"0E(r)



Gradient flow in the SymEFT

Boundary theory YM Gradient Flow flowed observable
326t VH = ﬁ:u V'u
Viu(t =0,x) = Uyu(x)

Lattice ggauge[U]+§1'el'1xl {

0:B, = [D,, GW] +a"0F,
B,(t =0,x) = A,(x) + a"0A,(x)

*Flowed fermions require renormalisation of the wavefunction [Liischer, Weisz, 2011].

SymEFT.Z[A] + a"6.Z[A| { } E(t)+a"0E(t) +0(a"")
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Symanzik Effective Theory (SymEFT) [Symanzik, 1980, 1981, 1983a,b]

Reformulate as 4 + 1-dimensional theory to have a local effective Lagrangian [Liischer, Weisz,
2011]

Lei(t,x) = [ L + g™ Z wi(80)0i](0, x)8(t) — 2tr(Lu[F + a®0.F],) (¢, x) + O(a™int1 2%).

e Corrections to the flow are purely classical [Liischer, Weisz, 2011] and can be removed e.g.
via the "Zeuthen flow” [Ramos, Sint, 2016].

e Corrections to the boundary action require renormalisation.
e Modification of the gluon EOM

1 _

?[Dy7 Fuu(0,x) = T2V, TW(0,x) — L,(0, x)

0

introduces additional on-shell operators on the boundary contributing to flowed

quantities [Ramos, Sint, 2016].



Example: ratio of flow-time scales
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+32/0“5/(14)( <tT[Lu5J‘<Eg]((tZ)’><)E(t2)> —(t2 — to) + O(a”“‘i”+1,a3)}
0

where ['; = (78);/(2bo) + n; can be obtained from 1-loop running of the operators O;

dO; s

= —2%(1) 16 +0@); Ojms

and a change of basis O — B s.t. ’y{f is diagonal.



Pure gauge theory

1
Full on-shell basis O1= —2tr([D#, [
&0
1 1
Or= ) Ztr([Du, FW][DM, F/“,]), O3= 2 tr([DM’ GMP][DW GVP]) ’t:O

8 7, 80
01 Zin 0 Zg3 O1
(@) =\|Z2n 2 23 (@7
O3 WS 0 0 Zs3 O3

[NH et al., 2020]
[NH, 2021] /33 =1+ O(g4) (Ph.D. thesis)



Pure gauge theory

1
Full on-shell basis O1= —tr([Dy, Fupl[Dy, Fupl),
80
1 1
Or= ) Ztr([Du’ FW][DM, F/W])a O3= ) tr([D;u Gup][Dl/v Gl/p]) ’tzo
8 8o
O Zu 0 Ziz\ (O E(t,0) e Only one renormalisation condition
@ =2 2o Z3| | O required, here (E(t)O(0)).
O3/ s 0 0 75 Os e Strategy gives 1-loop matrix
[NH et al., 2020] elements affecting (E(t)), BUT no
[NH, 2021] Zsz =1 + O(g*) no. thes) 0(0) 1-loop matching available!



Pure gauge theory

1
Full on-shell basis O1= —tr([Dy, Fupl[Dy, Fupl),
80
1 1
O2= =5 Y _t2([Dy, Fus][Dy, Fuv]), O3= —5 tr([Dy, Gupl[Dv, Gupl) |,_g
8 7, 80
O Zu 0 Ziz\ (O E(t,0) e Only one renormalisation condition
O, =2 2o Z3| | O required, here (E(t)O(0)).
O3/ s 0 0 75 Os e Strategy gives 1-loop matrix
[NH et al., 2020] elements affecting (E(t)), BUT no
[NH, 2021] Zsz =1 + O(g*) no. thes) 0(0) 1-loop matching available!
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Vanishing anomalous dimension to all orders?

Preliminary

Additional boundary operator

/d4X OgEgM—/d4X tr(Lu[DV’ GVM])‘t:O

i/d4x/d585t1“(Lu[Dua GV“]) — /d4x tr(L“[Dy, GV“])‘t:T
0



Vanishing anomalous dimension to all orders?

Additional boundary operator Pre||m|nary
/d“ 0s 2 /d4x tr(Lu[Dys Gupdd) |,

i / d*x / ds Ostr(Lu[Dy, Gypl) — / d*x tr(Lu[Dy, Guul) |,
0

T;;O/ d*x /dS tI’(La[DB, [D'Y7 [Dp, Gyﬂ]]]) Use EOMs from [Ramos, Sint, 2016]
0

X (4600800 — 40apdy108p + 20046810+ + ap0yu0p1)

=?> Absorb operator into definition of the flow, i.e., purely classical and thus Z33 = 1.



Full QCD

e Significantly enlarged operator basis with powers %; for the boundary theory with various
possible choices for the fermion action: GW, Wilson [NH, 2023], Staggered [NH, 2025], ...

e Yang-Mills Gradient flow requires (at least) two additional operators in the on-shell basis

Ont1 = tr(LH[Dy, GV,u]) Ony2 = \TJ'YuLu\U’t:o :

leo

~> If previous argument is correct: Both operators are purely classical.

e We now need two renormalisation conditions for the two operators.



What is missing for the full QCD computation?

We now need two additional renormalisation conditions for the two operators.

e What would be a suitable condition beside (E(t)D(0))?

e Preferably on-shell renormalisation conditions, because we have too many EOMs:
gluon EOM, fermion EOM, flow equation, flow equation of the Lagrange multiplier, ...

e How do | deal with an external on-shell Lagrange multiplier field? Amputate?



Conclusion

e Logarithmic corrections a? [2bogz(1/a)]f" to the classical a®-scaling of flowed observables

in pure gauge are mild min; ['; > 0 [NH et al., 2020; NH, 2021].

e For full QCD there are many more powers but so far no serious problems encountered
for N < 4 [NH, 2023, 2025].
~ Still need to work out the 1-loop renormalisation of the two additional operators on
the t = 0 boundary.

e Classical a>-improvement of the flow and flowed observable theoretically cleaner (limits
sources of lattice artifacts). BUT absence of accidental cancellations may even enlarge
the overall lattice artifacts.

e Classically perfect actions (Urs Wenger today 15:30) should ensure TL-improvement to
all orders in the lattice spacing. Requires use of classically perfect flow [Ramos, Sint, 2016].
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