
Matthew Black

1

Using Gradient Flow to Renormalise Matrix Elements
for Meson Mixing and Lifetimes
Matthew Black
In collaboration with:
R. Harlander, J. Kohnen, F. Lange, A. Rago, A. Shindler, O. Witzel

February 12, 2025



Matthew BlackGF Renormalisation for Mixing and Lifetimes

Introduction



Matthew BlackGF Renormalisation for Mixing and Lifetimes

Introduction 3

ä B-meson mixing and lifetimes are measured experimentally to high precision
å Key observables for probing New Physics á high precision in theory needed!

2

pression for the total decay rate of the Hb-hadron

Γ (Hb) =
∑

X

∫

PS

(2π)4δ(4)(pHb − pX)
|⟨X|Heff |Hb⟩|2

2mHb

.

(1)

With the help of the optical theorem the total decay
rate in Eq. (1) can be rewritten as

Γ (Hb) =
1

2mHb

⟨Hb|T |Hb⟩ , (2)

with the transition operator

T = Im i

∫
d4xT {Heff (x)Heff (0)} , (3)

given by a discontinuity of a non-local double insertion
of the effective ∆B = 1 Hamiltonian Heff . The tran-
sition operator in Eq. (3) can be further expanded in

inverse powers of b-quark mass, which is with a value
of ∼ 5 GeV much larger than a typical hadronic scale
of the order of a few hundred MeV. The resulting series

in inverse powers of mb is referred to as heavy quark
expansion (HQE). First ideas for using of HQE in the
theoretical treatment of heavy hadrons have started to
be developed from 1973 onwards [14] – see e.g. the re-

view [15]. For a more detailed introduction and techni-
cal aspects of the heavy quark expansion, heavy quark
symmetry and heavy quark effective theory (HQET),

we refer to the review by Neubert [17].

The main result of the HQE is that the total decay
rate of the bound state Hb is given by the simple decay

rate of a free b quark, Γb, plus corrections depending
on the decaying hadron δΓ (Hb), which are suppressed
by at least two powers of the b-quark mass mb relative
to a hadronic scale Λ,

Γ (Hb) =
1

τ(Hb)
= Γb + δΓ (Hb),

δΓ (Hb) ∝ O
(
Λ2

m2
b

)
, (4)

with τ(Hb) being the lifetime of the hadronHb. The free
b-quark decay has the same structure as the familiar

muon decay

Γb = Γ0

[
Nc

(
|Vud|2f(xc, xu, xd) + |Vcs|2f(xc, xc, xs)

)

+ f(xc, xe, xνe) + f(xc, xµ, xνµ) + f(xc, xτ , xντ )

+ CKM suppressed modes
]
, (5)

with the number of colors Nc, phase space functions f
depending on mass ratios xq = mq/mb, and the prefac-
tor

Γ0 =
G2

Fm
5
b

192π3
|Vcb|2 , (6)

Fig. 1 History of the experimental averages of the lifetime
of the Bs meson, normalised to τ(Bd). We also indicated
the most recent measurement by LHCb [18, 19], CMS [20]
and ATLAS [21], where the latter one seems to be in slight
discrepancy with the average, see Section 3.2.2.

where GF denotes the Fermi constant. The first line

in Eq. (5) describes the CKM leading non-leptonic de-
cays b→ cūd and b→ cc̄s, the second line CKM leading
semi-leptonic decays b→ ceν̄e, b→ cµν̄µ and b→ cτ ν̄τ .
The prefactor Γ0 is strongly suppressed (thus leading

to a long lifetime) by the small CKM element Vcb and
strongly enhanced by the large mass of the b-quark. The
dependence on m5

b is the source of large theory uncer-

tainties in the prediction of the total decay rate. How-
ever, lifetime ratios are theoretically much cleaner, be-
cause there the free-quark decay rate, Γb, cancels com-

pletely,

τ(Hb)

τ(H ′
b)

= 1 + [δΓ (H ′
b)− δΓ (Hb)] · τ(Hb) . (7)

Without knowing the size of higher-order QCD correc-
tions, and with only very rough estimates for the non-

perturbative matrix elements arising in the HQE, the
naive expectation for lifetime ratios was in 1986 [22]

τ(B+)

τ(Bd)

∣∣∣∣
HQE1986

≈ 1.1,
τ(Bs)

τ(Bd)

∣∣∣∣
HQE1986

≈ 1 ,

τ(Λb)

τ(Bd)

∣∣∣∣
HQE1986

≈ 0.96 . (8)

For the B-mesons this naive expectation was more or
less confirmed experimentally.

Many experiments at the time have used the impact
parameter of the tracks to deduce the b-hadron lifetime,
a method that is largely independent of the boost of the
b-hadron but extracts the average b-lifetime relying on

Monte Carlo simulations, e.g. as used in Ref. [23]. An
alternative technique makes use of decays of the type
B → J/ψX, which allows a very clean event selection,

see Ref. [24] as an example. A third class of measure-
ments uses fully reconstructed hadronic events, which

[Albrecht et al. ’24]

https://arxiv.org/abs/2402.04224
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ä For B lifetimes and mixing, we use the Heavy Quark Expansion

Γ(HQ) = Γ3⟨O3⟩+ Γ5
⟨O5⟩
m2

Q
+ Γ6

⟨O6⟩
m3

Q
+ . . .+ 16π2

[
∼

Γ6
⟨

∼

O6⟩
m3

Q
+

∼

Γ7
⟨

∼

O7⟩
m4

Q
+ . . .

]

ä ⟨
∼

O6⟩ are leading uncertainties for both B lifetimes and mixing
8

⟨Q5⟩Bd 1993/96 QCD sum rule [234,235]

2013-2023 Fit of inclusive data [236–241]

2017/18 Lattice QCD [242,243]

⟨Q5⟩Bs 2011 Spectroscopy relations [244]

⟨Q5⟩B 2023 Spectroscopy relations [34]

⟨Q6⟩Bd 1994/2022 EOM relation [31,245]

2013-2023 Fit of inclusive data [236–241]

⟨Q6⟩Bs 1994/2022 EOM relation [31,245]

2011 Sum rule [244]

⟨Q6⟩B 2023 EOM relation [34]

⟨Q̃6⟩Bd 2017 HQET sum rule [246]

⟨Q̃6⟩Bs 2022 HQET sum rule [247]

⟨Q̃6⟩Λb 1996 QCD sum rule [248]

⟨Q̃6⟩B 2023 NRCQM [34]

⟨Q̃7⟩ VIA

Table 4 Status of determinations of the non-perturbative
parameters for the b-hadron lifetimes. Here, B denotes the
set of b-baryons {Λb, Ξ0

b , Ξ
−
b , Ωb}.

Fig. 6 Composition of the theoretical error in the HQE pre-
diction of Γ (Bd) and Γ (B+). In all pie-charts we show the
relative size of the squared theoretical error, since we add all
uncertainties in quadrature.

2.1.1 B+- and Bd-mesons

The total decay rate of the B+- and Bd-mesons is pre-

dicted to be [31]

Γ (B+) =
(
0.58+0.11

−0.07

)
ps−1,

Γ (Bd) =
(
0.63+0.11

−0.07

)
ps−1. (18)

Fig. 7 Composition of the theoretical error in the HQE pre-
diction of τ(B+)/τ(Bd).

The small difference between the central values of the

two decay rates stems mostly from the negative Pauli-

interference term contributing to Γ̃6 in the B+-meson.

The weak exchange contribution to the Bd-meson is

numerically much smaller. The composition of the large

error (up to 19% of the central value) is depicted in

Fig. 6. Since we add all uncertainties in quadrature, in

all the pie-charts of this review we show the relative size

of the squared theoretical errors. As one can see from
Fig. 6, the by far dominant uncertainty in Γ (B+) and

Γ (Bd) is given by the renormalisation scale dependence

of the free-quark decay. Here, a first determination of α2
s

corrections to the free quark decay, i.e. Γ
(2)
3 , including

a proper choice of the quark mass scheme, will improve

the situation. Uncertainties due to CKM dependence
and the value of quark masses are considerably smaller.

In the lifetime ratio τ(B+)/τ(Bd) the free quark

decay cancels, and due to isospin symmetry also all

other two-quark contributions, i.e. Γ5,6,..., vanish, and

one finds therefore a much higher theory precision [31]

τ(B+)

τ(Bd)
= 1.086± 0.022 . (19)

Now the theory error is only 2%! The composition of

this error is depicted in Fig. 7, and the dominant uncer-

tainty stems from the size of the non-perturbative ma-

trix elements of four-quark operators Õ6 followed by the

renormalisation scale dependence of the Pauli interfer-

ence term. To reduce the former uncertainty first lattice

evaluations of these matrix elements will be needed, see
Ref. [233], and to reduce the second uncertainty NNLO-

QCD corrections to the Wilson coefficient of the Pauli

interference term, i.e. Γ̃
(2)
6 , are required.

2.1.2 Bs-mesons

The theory prediction for the total decay rate of the
Bs-mesons [31] is

Γ (Bs) =
(
0.63+0.11

−0.07

)
ps−1. (20)

[Albrecht et al. ’24]

https://arxiv.org/abs/2402.04224
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ä Four-quark ∆B = 0 and ∆B = 2 matrix elements can be determined from lattice QCD simulations

ä ∆B = 2 well-studied by several groups á precision increasing
å Preliminary ∆K = 2 for Kaon mixing with gradient flow [Suzuki et al. ’20], [Taniguchi, Lattice ’19]

ä ∆B = 0 á exploratory studies from ∼20 years ago

å Contributions from statistically-noisy diagrams

å Mixing with lower dimension operators in renormalisation

New Developments:

ä [Lin, Detmold, Meinel ’22] á spectator effects in b hadrons

å Focus on lifetime ratios for both B mesons and Λb baryon
å Isospin breaking, ⟨B|Od −Ou|B⟩
å Position-space renormalisation + perturbative matching to MS

ä This work; [Black et al. ’23], [Black et al. ’24]

å Goal is individual ∆B = 0 matrix elements for B mesons
å Non-perturbative gradient flow renormalisation
å Perturbative matching to MS in short-flow-time expansion

https://arxiv.org/abs/2006.06999
https://indico.cern.ch/event/764552/contributions/3420565/
https://arxiv.org/abs/2212.09275
https://arxiv.org/abs/2310.18059
https://arxiv.org/abs/2409.18891
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∆B = 2 Operators — Literature Results 73.3. Results and phenomenology 73

HPQCD'07

ETM'14

FNAL/MILC'16

GKMP'16

FLAG'19 (2)

FLAG'19 (2+1)

BQ1
s

BQ2
s

BQ3
s

BQ4
s

BQ5
s

0.6

0.8

1.0

1.2

1.4
This work

SR+matching

only SR

HPQCD’19

Figure 3.4: Comparison of Bag parameters relevant for Bs mixing.
The dark gray regions indicate the ranges spanned only
by the sum rule error whereas the light gray regions
correspond to the total uncertainties. The sum rule
value GKMP’16 corresponds to the result [54] for the
Bd system with an uncertainty of ±0.02 for the ms

effects added in quadrature as suggested by the authors
in [139].

parameters in the B0
s and B0

d system where a large part of the uncertainties cancel

B
s/d
Q1 (mb(mb)) = 0.987+0.007

−0.009 = (1.001 − 0.017ms
+ 0.003

m
2
s
)+0.007
−0.008(SR)+0.002

−0.002(M),

B
s/d
Q2 (mb(mb)) = 1.013+0.010

−0.008 = (1.017 − 0.006ms
+ 0.002

m
2
s
)+0.009
−0.008(SR)+0.002

−0.002(M),

B
s/d
Q3 (mb(mb)) = 1.108+0.068

−0.051 = (1.076 + 0.033ms
− 0.001

m
2
s
)+0.068
−0.051(SR)+0.007

−0.007(M),

B
s/d
Q4 (mb(mb)) = 0.991+0.007

−0.008 = (0.994 − 0.004ms
+ 0.001

m
2
s
)+0.006
−0.008(SR)+0.002

−0.002(M),

B
s/d
Q5 (mb(mb)) = 0.979+0.010

−0.014 = (0.985 − 0.007ms
+ 0.000

m
2
s
)+0.010
−0.013(SR)+0.002

−0.002(M).

(3.3.3)

The leading terms in the ms-expansion differ from unity because we do not expand

the logarithms LΛ+ms
in ms/Λ. Compared to the absolute Bag parameters we reduce

the intrinsic sum rule error to 0.005, the condensate error to 0.002 and the uncertainty

due to power corrections to 0.002 since the respective uncertainties cancel to a large

extent in the ratios. However, we enhance the intrinsic sum rule and condensate

error estimates for the operator Q3 by a factor of five since the sum rule uncertainties

[King ’22]

ä ∆B = 2 Bag parameters well-studied on the lattice and with QCD sum rules

ä See also ongoing work by RBC/UKQCD and JLQCD [Boyle et al ’21] [Tsang, Lattice ’23]

ä Dimension-7 matrix elements calculated for first time [HPQCD ’19]

http://etheses.dur.ac.uk/14487
https://arxiv.org/abs/2111.11287
https://indico.fnal.gov/event/57249/contributions/271292/
https://arxiv.org/abs/1910.00970
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γ5 γ5

q

b̄

b

q̄

t0 t0 +∆Tt

Bq B̄q⟨Q6⟩á á
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 B1  B2
 ε1  ε2

0.4

0.6

0.8

1.0

1.2

This work
0.2

0.1

0.0

0.1

BLLS'98
CY'98
UKQCD'98
Becirevic'01Becirevic'01

Figure 6: Comparison of our results for the ∆B = 0 Bag parameters at the scale
mb(mb) to the HQET sum rule results BLLS’98 [14] and CY’98 [15], and the lattice
values of UKQCD’98 [22] and Becirevic’01 [23].

B2(µ = mb(mb)) = 0.988 +0.087
−0.079 = 0.988 +0.020

−0.020(sum rule) +0.085
−0.077(matching),

ε1(µ = mb(mb)) = −0.107 +0.028
−0.029 = −0.107 +0.023

−0.024(sum rule) +0.015
−0.017(matching),

ε2(µ = mb(mb)) = −0.033 +0.021
−0.021 = −0.033 +0.018

−0.018(sum rule) +0.011
−0.011(matching).(74)

The RG evolution and the perturbative matching cause larger deviations from the
VSA which, however, do not exceed 11%. In Figure 6 we compare our results to
previous ones from sum rules [14,15] and the lattice [22,23]. The results of [14,15,22]
were obtained within HQET. For the comparison we match their results to QCD
at tree level while expanding factors of Ãi/AQ(mb(mb)) in 1/mb. As discussed in
Section 4.1 this effectively includes 1/mb corrections in the VSA approximation.

The Bi are in good agreement, with the exception of the value for B2 from [23],
which differs from the other results and the VSA by a factor of about two. While the
other sum rule results for the εi agree reasonably well with ours, the lattice results
for ε1 show significantly smaller deviations from the VSA. The similarity between

23

➡ King ’22

[Kirk, Lenz, Rauh ’17]

ä Sum rules results taken in HQET limit

ä No complete unquenched lattice simulations to date!

Why?

https://arxiv.org/pdf/1711.02100.pdf
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ä Start of calculation follows similar to operators for neutral meson mixing
å Well-established on lattice!

But

ä Gluon-disconnected diagrams

ä ‘Eye’ diagrams

γ5 γ5

q̄

Q

q̄′

Q

t0 t0 +∆Tt

ä Mixing with lower-dimensional operators in renormalisation
å Power divergent å Notoriously challenging

γ5 γ5

q̄

b

q̄

b

t0 t0 +∆Tt

Bq Bq⟨O6⟩á á

Statistically very noisy
å Modern computing speed and algorithms can help! 4

Not yet included
in lattice simulation
or matching

How can we tackle this?
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ä Well-studied for e.g. energy-momentum tensor [Makino, Suzuki ’14] [Harlander, Kluth, Lange ’18]

ä Re-express effective Hamiltonian in terms of ’flowed’ operators:

Heff =
∑

n
CnOn =

∑
n

∼
Cn(τ)

∼
On(τ).

ä Relate to regular operators in ’short-flow-time expansion’:
∼
On(τ) =

∑
m

ζnm(τ)Om + O(τ)

’flowed’ MEs calculated on lattice
replacing Aµ, q → Bµ, χ

matching matrix
calculated perturbatively

 R. Harlander, The perturbative Gradient Flow and its applications, Siegen 2022

Vertices

regular 3-gluon vertex

new Feynman
diagrams

∑
n

ζ−1
nm(µ, τ)⟨

∼
On⟩(τ) = ⟨Om⟩(µ)

ä Matrix element ⟨Om⟩(µ) in MS found in τ → 0 limit á ‘window’ problem
å large systematic effects at very small flow times
å large flow time dominated by operators ∝ O(τ)

https://arxiv.org/abs/1403.4772
https://arxiv.org/abs/1808.09837
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For a set of lattice ensembles with varying bare parameters

Calculate 2-point and 3-point correlation functions

Extract bare
Matrix Elements Lattice á MS

Continuum limit

Final Result
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Matrix Elements with Gradient Flow (Schematic) 14

For a set of lattice ensembles with varying bare parameters

Evolve gluon and fermion fields in flow time τ

Calculate 2-point and 3-point correlation functions
for each discrete τ

Extract GF Matrix
Elements for each τ

Continuum limit
for each τ

ζ−1
nm matrix

calculation

Final Result
at τ = 0 in MS
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Lattice Simulation 16

ä We use RBC/UKQCD’s 2+1 flavour DWF + Iwasaki gauge action ensembles

L T a−1/GeV amsea
l amsea

s Mπ/MeV srcs × Nconf

C1 24 64 1.7848 0.005 0.040 340 32× 101

C2 24 64 1.7848 0.010 0.040 433 32× 101

M1 32 64 2.3833 0.004 0.030 302 32× 79

M2 32 64 2.3833 0.006 0.030 362 32× 89

M3 32 64 2.3833 0.008 0.030 411 32× 68

F1S 48 96 2.785 0.002144 0.02144 267 24× 98

[Allton et al. ’08]
[Aoki et al. ’10]
[Blum et al. ’14]
[Boyle et al. ’17]

ä For strange quarks tuned to physical value, amq ≪ 1 4

ä For heavy b quarks, amq > 1 á large discretisation effects 7

å manageable for physical c quarks instead
å stout-smeared Möbius DWF [Cho et. al ’15]

ä Exploratory setup using physical charm and strange quarks
å ∆B = 0, 2 á ∆Q = 0, 2, for generic heavy quark Q

https://arxiv.org/abs/0804.0473
https://arxiv.org/abs/1011.0892
https://arxiv.org/abs/1411.7017
https://arxiv.org/abs/1701.02644
https://arxiv.org/abs/1504.01630
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1. Complete exploratory studies in simplified setup without additional extrapolations

å test case for gradient flow renormalisation and short-flow-time expansion procedure

å simulate physical charm and strange quarks

2. Use ∆Q = 2 matrix elements for further validation of method

å neutral charm-strange meson á proxy to short-distance D0 mixing (+ spectator effects)

3. Pioneer ∆Q = 0 matrix element calculation for lifetime differences

4. Run full-scale simulations for B meson mixing and lifetimes

å simulate at multiple charm-like masses to extrapolate to b

å consider both light and strange spectators

5. Tackle additional contributions for absolute lifetimes

å ‘eye’ diagrams
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∆Q = 2 Bag Parameter Extraction 19

ä Three-point correlation function:

C 3pt
Qi

(t,∆T, τ) =
∑
n,n′

⟨Pn|Qi|P̄n′⟩(τ)
4MnMn′

e−(∆T−t)Mne−tMn′ =⇒
t0≪t≪t0+∆T

⟨P⟩2
4M2

⟨Qi⟩(τ)e−∆T M

ä Normalise with two-point correlation functions Ü

ä Measure along positive flow time τ

γ5 γ5

q

b̄

b

q̄

t0 t0 +∆Tt

Bi =
⟨Qi⟩
ηim2f2

0 2 4 6 8 10 12

time slice

0.91

0.92

0.93

0.94

0.95

0.96

∆
Q

=
2
O 1

B
ag

M3, τ/a2 = 1.50
D2-O1 Bag = 0.9323(15), χ2

/dof = 0.050[2], pval = 0.952

preliminary

M3, a−1 = 2.3833 GeV

ä Symmetric signal ‘folded’ across time extent

ä Single correlator fit at each flow time
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ä Symmetric signal ‘folded’ across time extent

ä Single correlator fit at each flow time
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ä operator is renormalised in ‘GF’ scheme as it is evolved along flow time
ä data at same lattice spacing overlap á no light sea quark effects
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ä different lattice spacings overlap in physical flow time á mild continuum limit
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ä Combine with perturbative matching at NNLO (+ higher logs) [Harlander, Lange ’22] [Borgulat et al. ’23]
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ä Preliminary value
0.779(4)

å take spread at NNLO and higher

ä Consistency with literature

ä Different perturbative orders
show agreement

å systematic errors needed for
meaningful comparison

https://arxiv.org/pdf/2201.08618.pdf
https://arxiv.org/abs/2311.16799
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ä Combine with perturbative matching at NNLO (+ higher logs) [Harlander, Lange ’22] [Borgulat et al. ’23]
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ä Preliminary value
1.107(12)

å take spread at NNLO and higher

ä Increasing perturbative orders
show convergence

https://arxiv.org/pdf/2201.08618.pdf
https://arxiv.org/abs/2311.16799
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ä Combine with perturbative matching at NNLO (+ higher logs) [Harlander, Lange ’22] [Borgulat et al. ’23]
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å take spread at NNLO and higher

ä Increasing perturbative orders
show convergence

https://arxiv.org/pdf/2201.08618.pdf
https://arxiv.org/abs/2311.16799
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ä Combine with perturbative matching at NNLO Ü see Jonas’ talk
å higher logs in progress
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ä Preliminary value @ NNLO
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ä Combine with perturbative matching at NNLO Ü see Jonas’ talk
å higher logs in progress
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ä ∆B = 0 four-quark matrix elements are strongly-desired quantities
å Standard renormalisation introduces mixing with operators of lower mass dimension
å We aim to use the fermionic gradient flow as a non-perturbative renormalisation procedure

ä We calculate ∆Q = 2 matrix elements as a test case for the short-flow-time expansion
å preliminary results consistent with literature

ä Analysis of ∆Q = 0 matrix elements for lifetime differences progressing with promise
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ä Complete exploratory work with physical charm-strange meson

å GF→ MS analysis for all dimension-six ∆Q = 2 operators

å GF→ MS analysis for dimension-six ∆Q = 0 operators (connected pieces) Ü lifetime differences

å Fully-correlated analysis to be done

ä Perturbative matching needed for complete ∆B = 2 basis
å higher logs still needed for all ∆B = 0 operators

ä Complete full-scale simulations for B meson mixing and lifetimes

å multiple heavier-than-charm masses á extrapolate to physical b mass

å consider both strange and light spectators

ä Eye diagrams needed for absolute lifetime operators
å to be included in both lattice simulations and perturbative matching calculations
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∆B = 2 Operators A.1

ä Mass difference of neutral mesons ∆Mq (q = d, s) governed by ∆B = 2 four-quark operators

ä General BSM basis has 5 dimension-six operators

Qq
1 = b̄αγµ(1− γ5)qα b̄βγµ(1− γ5)qβ, ⟨Qq

1⟩ = ⟨B̄q|Qq
1|Bq⟩ =

8

3
f 2BqM

2
BqB

q
1

Qq
2 = b̄α(1− γ5)qα b̄β(1− γ5)qβ, ⟨Qq

2⟩ = ⟨B̄q|Qq
2|Bq⟩ =

−5M 2
Bq

3(mb + mq)2
f 2BqM

2
BqB

q
2,

Qq
3 = b̄α(1− γ5)qβ b̄β(1− γ5)qα, ⟨Qq

3⟩ = ⟨B̄q|Qq
3|Bq⟩ =

M 2
Bq

3(mb + mq)2
f 2BqM

2
BqB

q
3,

Qq
4 = b̄α(1− γ5)qα b̄β(1 + γ5)qβ, ⟨Qq

4⟩ = ⟨B̄q|Qq
4|Bq⟩ =

[
2M 2

Bq

(mb + mq)2
+

1

3

]
f 2BqM

2
BqB

q
4,

Qq
5 = b̄α(1− γ5)qβ b̄β(1 + γ5)qα, ⟨Qq

5⟩ = ⟨B̄q|Qq
5|Bq⟩ =

[
2M 2

Bq

3(mb + mq)2
+ 1

]
f 2BqM

2
BqB

q
5.

ä In the SM, only Qq
1 contributes to ∆M

ä Matrix elements parameterised in terms of decay constant fBq and bag parameters Bq
i
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∆B = 0 Operators A.2

ä For lifetimes, the dimension-6 ∆B = 0 operators are:

Qq
1 = b̄αγµ(1− γ5)qα q̄βγµ(1− γ5)bβ, ⟨Qq

1⟩ = ⟨Bq|Qq
1|Bq⟩ = f 2BqM

2
BqB

q
1,

Qq
2 = b̄α(1− γ5)qα q̄β(1− γ5)bβ, ⟨Qq

2⟩ = ⟨Bq|Qq
2|Bq⟩ =

M 2
Bq

(mb + mq)2
f 2BqM

2
BqB

q
2,

T q
1 = b̄αγµ(1− γ5)(T a)αβqβ q̄γγµ(1− γ5)(T a)γδbδ, ⟨T q

1 ⟩ = ⟨Bq|T q
1 |Bq⟩ = f 2BqM

2
Bqϵ

q
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T q
2 = b̄α(1− γ5)(T a)αβqβ q̄γ(1− γ5)(T a)γδbδ, ⟨T q

2 ⟩ = ⟨Bq|T q
2 |Bq⟩ =

M 2
Bq

(mb + mq)2
f 2BqM

2
Bqϵ

q
2.

ä For simplicity of computation, we want these to be colour-singlet operators:

Q1 = b̄αγµ(1− γ5)qα q̄βγµ(1− γ5)bβ

Q2 = b̄α(1− γ5)qα q̄β(1 + γ5)bβ)
τ1 = b̄αγµ(1− γ5)bα q̄βγµ(1− γ5)qβ

τ2 = b̄αγµ(1 + γ5)bα q̄βγµ(1− γ5)qβ
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