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Renormalization group transformation

Introduce (coordinate space) renormalization group transformation (RGT):
exXp {—ﬁ’A’[V]} = J@Uexp {—ﬂ AU+ T[U, V])}

The effective action /'A' V'| is described by infinitely many couplings { ¢/, }:
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Renormalization group transformation

Introduce (coordinate space) renormalization group transformation (RGT):

exp {—f'A[V]} = J@Uexp {=BA[U]+T[U,V]}

where T1U, V| is a blocking kernel relating the fine gauge links U to the coarse
gauge links V = U".

1MU, V]| =— Niz {ReTr (Vﬂ(xB) - Q;(XB)) — ./Vﬁ}

Xp.U

(,/Vg is a normalization factor guaranteeing Z(f') = Z(/3), i.e., unchanged long distance physics)



RGT blocking kernel

smeared
Sﬂ

TIU,V] = — Nﬁz {ReTr (VM(XB) - QZ(XB)) - /Vﬁ}

Xp.U

U | = 3%74519

[

+5

%_7

+Shd ceoe

X+ /0



RGT blocking kernel

smeared
Sﬂ
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Introduce (coordinate space) renormalization group transformation (RGT):
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Renormalization group transformation

The effective action JA[V | is described by infinitely many couplings { ¢, |:
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Renormalization group transformation

The effective action JA[V | is described by infinitely many couplings {c¢,, |:
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Renormalization group transformation

The effective action JA[V | is described by infinitely many couplings {c¢,, |:
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Renormalization group transformation
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Renormalization group transformation

The effective action JA[V | is described by infinitely many couplings { ¢, |:

i Jame exp { —f'AV]} = J@Uexp {=BA[U1+T[U,V))}
A e
gg$,97¢\ Two practical problems:
| e - how to parametrize RT, i.e., which set {c | ?
» how to determine {¢'} or {¢ "}?

1
B
P. Hasenfratz, F. Niedermayer [Nucl. Phys. B414 (1994) 785, hep-lat/9308004]
for f — oo (on critical surface) the RGT becomes a classical saddle point problem:

AT[V] = min {AT[U] + T[U, V]}
WU}



Classically perfect FP actions

The classical FP action A" defines an action for all /;
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Classically perfect FP actions

The FP action values for rough configurations defined through an inception procedure:

¢, P. Hasenfratz, F. Niedermayer

critical NPB 414 (1994) 785, hep-lat/9308004
! —— surface &/4 = | 1999 ’ |

\L/@/, .

flxedt FP action
poin

1C15Cry .-}

1

>

p

AT[V] = min {A[U] + T[U,V]} = min {A"[U]+ T[U,U]+T[U,V]} = ...
(U} (U.U)




Classically perfect FP actions

The FP action values for rough configurations defined through an inception procedure:

¢, P. Hasenfratz, F. Niedermayer
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AT[V] = min {A[U] + T[U,V]} = min {A"[U]+ T[U,U]+T[U,V]} = ...
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Classically perfect FP actions

The classical FP equation can be iterated:

A[V] = min {A[U] + T[U,V]} = min {A[U]+ T[U, U]+ T[U,V]} = ...
WU} (U U}
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Classically perfect FP actions

The classical FP equation can be iterated:

A[V] = min {A[U] + T[U,V]} = min {A[U]+ T[U, U]+ T[U,V]} = ...
WU} (U',U}
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Classically perfect FP actions

The classical FP equation can be iterated:

A[V] = min {A[U] + T[U,V]} = min {A[U]+ T[U, U]+ T[U,V]} = ...
WU} WU U}

» There are no lattice artefacts on classical - For large ,B,AFP[V] is very close to ANV
configurations;

SAT[V] SAT U] = lattice artefacts expected to be sub-
SV =0 = Sl =0 stantially reduced:
= A™[V] has scale invariant instanton M, O(g*a™) n=1.2,...

solutions



Classically perfect FP actions

The classical FP equation can be iterated:

A[V] = min {A[U] + T[U,V]} = min {A[U]+ T[U, U]+ T[U,V]} = ...
WU} WU U}

» There are no lattice artefacts on classical - For large ,B,AFP[V] is very close to ANV
configurations;

SAT[V] 0 SAT U] 0 = lattice artefacts expected to be sub-
SV SU stantially reduced:
2 2 _
= A™[V] has scale invariant instanton M, O(ga™) n=12,...
solutions

= initiated a large activity, culminating in the discovery of GW fermions!



FP action In action

Static quark-antiquark potential, lattice spacings between a = 0.33 fm, ---,0.10 fm :
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Machine learning the FP action

ML architecture: Lattice gauge equivariant Convolutional Neural Network (L-CNN)
[Favoni, lpp, Muller, Schuh, PRL 128 (2022) 3, 2012.12901]
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Machine learning the FP action

ML architecture: Lattice gauge equivariant Convolutional Neural Network (L-CNN)

L-Conv:
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Machine learning the FP action: FP data

Use the exact FP action values for training, plus the derivatives of the FP action:
SAT[V]  6TIU, V]
oV{, oV{,

= — kRe Tr(it" vV, ,0 ) 0!, =05 [U]

N~ —

= yields 4 x 8 x Volume (link) (color) (position) data per configuration

Gauge invariance of AfF yields conserved local quantity via Noether’s theorem:

SATTIV]

FP __ a BnNnFP .

D, = z' t v — z' 2,D[[V]1=0
a X,U U

= consistency check satisfied up to the accuracy in minimization

e FP action values

. FP action derivatives } —> data set for supervised ML



Machine learning the FP action: Results

Superiority of L-CNN over old parameterizations of FP action:
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Scaling properties of FP actions

Use renormalized GF coupling as scaling quantity:
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where g is the renormalised MS coupling at RG scale u = 1/\@, with the corresponding
p-function:




Scaling properties of FP actions

Use renormalized GF coupling as scaling quantity:

38(2;F(f)

dA (t 2 2
u(D) _ 0Sypm (PE(®1)) = 3(N“—=1)g o
T

dt A, 12872

(1 + O(gz)) =

where g is the renormalised MS coupling at RG scale u = 1/\@, with the corresponding
p-function:

DANGER: observable itself may introduce lattice artifacts...




Scaling properties of FP actions

Use renormalized GF coupling as scaling quantity:

38(2;F(f)

dA (t 2 2
u(D) _ 0Sypm (PE(®1)) = 3(N“—=1)g o
T

dt A, 12872

(1 + O(gz)) =

where g is the renormalised MS coupling at RG scale u = 1/\@, with the corresponding
p-function:

DANGER: observable itself may introduce lattice artifacts...

= turns out that GF with FP actions is classically perfect!



GGradient flow on the lattice

du, 58/

On the lattice, the flow of the gauge links is with a lattice flow action $/: e iéU U

In addition, separate choice of lattice action S¢ for E and the simulated gauge action $¢
contributing to lattice artifacts:

3(N? — 1)g¢
t*(E(t)) = T > [C@?l) + 6(gd)
64 2f2 nla d4 _ _
C(a’lt) = " J P - Tr e~ 18+E)(§8 4 @)l 1S +E)ge
3 )_, Qo+ oL -

where C(a’/t) = 1 + O(a’/t) contains the tree-level lattice artifacts.



GGradient flow on the lattice

du, 58/

On the lattice, the flow of the gauge links is with a lattice flow action S/ T iéU U,

In addition, separate choice of lattice action S¢ for E and the simulated gauge action $¢
contribute to lattice artifacts:

3(V? = 1)g2 N>
t*(E(t)) = T > [C@?l) + 6(gd)
64 2f2 nla d4 _ _
Cla?/f) = — J P - Tr e IS8 4 ©)~le— 1S +E)ge
3 ) g Cmt L -

where C(a’/t) = 1 + O(a’/t) contains the tree-level lattice artifacts.

Calculation in momentum space to quadratic order in A :

A (P)S,(P)A(—D) (with gauge fixing term &)



GGradient flow on the lattice

Choosing the same action for all three §/ = 5¢ = §¢ = §:

64ﬂ2f2 Jﬂ/a d4p

C(a’lt) = 3 o)

Tr [e—t(S+f)(S 4 ?)—le—t(S+?)S]

—rla



GGradient flow on the lattice

Choosing the same action for all three §/ = 5¢ = §¢ = §:

64ﬂ2f2 Jﬂ/a d4p

Cla®lt) = 3 2

Tr [6 —21(S+ ?)]

—rla



GGradient flow on the lattice

Choosing the same action for all three §/ = 5¢ = §¢ = §:

nla d4p
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GGradient flow on the lattice

Choosing the same action for all three §/ = 5¢ = §¢ = §:

64 2t2 rila d4
C(dz/t) — i J P Tr [e—2t(S+?)]
3 )__. Qn?
(23[(t)/a“2] Clt/a’2]
| momentum cut-off |p| < 7/a 0r Wilson action:

% IN continuum dispersion relation
1.5 - 1_5;




Classically perfect gradient flow:

Lattice momenta restricted as usual: —z/a < p, < n/a

but iterated RG transformations generate additional poles in the propagator:
(p + 27l)? forl =0,1,2,...

extending momentum range to —oco < p, < co and yielding the continuum dispersion
relation:

4
647212 too g 647212

CFP(dz/t) — o . 3 J _pe—ZtPZ — & — 1
3 (\/ 871)

= gradient flow with FP actions is classically perfect!



Scaling of gradient-flow scales

d

Physical reference scales defined through *(E)| = = X tE (*(E))
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Scaling of gradient-flow scales

Physical reference scales defined through  r*(E)|,_, = x.

d
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t=w?2

yielding dimensionless ratios 7 /w? as scaling quantities vs. a*/1, ;:
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Scaling of gradient-flow scales
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Scaling of gradient-flow scales

Physical reference scales defined through  r*(E)|,_, = x.

p-function at g&, = 15.79:
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Scaling of gradient-flow scales

Physical reference scales defined through  r*(E)|,_, = x.

B(g? =15.79)
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Scaling of gradient-flow scales

: : 2 _ 2 _
Physical reference scales defined through t(E)|_, = x, = (r*(E)) = X
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FP action with L-CNN: Conclusions

Three questions were addressed:
* can the FP action be parametrised sufficiently well?
* is the FP action sufficiently local for truncations to work??

* how good are the scaling properties of the L-CNN FP action?

This provides a solution to critical slowing down and topological freezing...

Avallability of derivatives from the L-CNN is the stepping stone for:

« HMC, Langevin, gradient flow
» application of exact RGT step(s)

The gradient flow with FP actions is classically pertfect!

RN
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Machine learning the FP action

ML architecture: Lattice gauge equivariant Convolutional Neural Network (L-CNN)
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[Favoni, Ipp, Miller, Schuh, PRL 128 (2022) 3, 2012.12901]
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Machine learning the FP action: Results

Apred

Superiority of L-CNN over old parameterization of FP action:

FP vs. pred. action
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Machine learning the FP action

Training example: L-CNN model with
e 3 layers with 12, 24, 24 channels each

 parallel transport in =1 in first 2 layers

* local in 3rd layer

Older parametrizations of FP action as baselines:

Invariant loss
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Classically perfect gradient flow:

Oy p.P; 2 (ap,,t>

. . . 0)( 1\ — - _
Starting from Wilson propagator: D, (p) = a : p, =—sin 5

A2 A 14 M
ya Va a

the propagator maintains its form after an arbitrary number of RG iterations:
D,(p)=G,(p)+af(p)p,p}
with
1
+ —0

v
K'M

1 1
G.,(pp) _—62 [ )G+ mo (2 +

//lI/
and

' (pp) = 16 Zf(— + 7l)

= gradient flow with FP actions is classically perfect!



Classically perfect gradient flow:
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Classically perfect gradient flow:

After n RGT steps the part 5/41/ reads:

Q(n)(p+2ﬂl>g(nﬁ <p+27tl> 1
piL on (p + 2xl)?

U
with the dispersion relation and the momentum range extended to —oco < p, < oo:
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= | - through the iterated RGTs.




Classically perfect gradient flow:

+ 27l + 27l 1

After n RGT steps the part « §,, reads: | Q" (p =) o (p - )
# piL on (p + 2nl)?
122%

with the dispersion relation and the momentum range extended to —oco < p, < oo:

[ B [ B [ B B
3 [ \ !
i PP

b (p + 27l)” for{ =0,1,2,...

ST -

= | - through the iterated RGTs.

= gradient flow with FP actions is classically perfect!




