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Important but difficult
Potentially complicated scaling
dependence

[Husung, Marquard, and Sommer 2020]
Next talk by N. Husung
Extrapolation valid if
a-dependence under control

Understand

Matching an energy scale to an
experiment

Required for physical predictions
tp or wy — very precise
Systematics of extrapolation

of lattice actions
Are we in the scaling region?
a € (0.05 —0.1)fm
Renormalization scheme/observable
independence
Which Sj,tt shows smaller cutoff effects
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Symanzik effective theory

Any lattice action can be described by an effective continuum action
0 0
Slatt = Scont + + ... — <O>latt o <O> + 01a2+ —+ ...
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How to understand cutoff effects?
Symanzik effective theory

= Any lattice action 5., can be described by an effective continuum action

a—0 a—0

Stait 27 Seont + S0 = (O %7 (0) + 0P

= Spectral quantities are simpler

a—0

(O) ot “~7(O) + (05)a® + ...

but hard to compute (StN, ...)

Gradient Flow Quantities

= Small systematic

* Known Symanzik expansion
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to scales [Liischer 2010]

0.15, to — short distance
t2 (B(t)) =403, t9— medium distance
t=te 0.5, t; — long distance

wo scales [Borsényi et al. 2012]
d

t&tQ (E(t)) =c

t=w?2
= (no time but similar conclusions)
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Symanzik EFT for the Gradient Flow

> Gradient Flow is non-local at ¢t > 0
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Symanzik EFT for the Gradient Flow

» Gradient Flow is non-local at t > 0

= Introduce 5-dimensional formulation:
e (Theory + FIOW) as a 5D local field theOI‘y [Martin Luscher and Peter Weisz 2011]

Ssp = Sa + Show
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Gradient Flow is non-local at ¢ > 0

Introduce formulation:
= (Theory 4+ Flow) as a 5D local field theory [vartin Luscher and Peter Weisz 2011]
Ssp = 56 +

t A

Gauge action S¢
Stow = =2 [° dt [ d*xL,, [0;B, — D, Gyl

Sa

1D spacetime
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Gradient Flow is non-local at ¢ > 0

Introduce formulation:
(Theory + Flow) as a 5D local field theory [Martin Luscher and Peter Weisz 2011]
Ssp = 5S¢ +
t A

Stiow = —2 [;° dt [ d*zL, [0,B, — D,G,,]

Sa

1D spacetime

Gauge action S¢

Flow action

L,, enforces flow equation
(Lagrangian multiplier)
‘Classical’ theory at t > 0
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Symanzik EFT for the Gradient Flow 11

Extra contributions [ramos and sint 2016]

5D a—0 2 2
Slatt Scont +a SZG +a SZ,flow + ...

= =0 boundary terms (‘interesting’ ones) = Flow-only correction
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Extra COIltl”ibutiOIlS [Ramos and Sint 2016]
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Symanzik EFT for the Gradient Flow 11

Extra COIltl"ibutiOIlS [Ramos and Sint 2016]

5D a—>0 2 2 o
Slatt Scont +a S2-,G + a5 0w +

= ¢ =0 boundary terms (‘interesting’ ones) = Flow-only correction
== affects all quantities
= choice of action (Wilson, ...)

= 2 operators for YM

- equivalent to ¢ = 0 condition

Vi(z,t = 0) = ¢ 925Uy ()
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Symanzik EFT for the Gradient Flow II

Extra COIltl"ibutionS [Ramos and Sint 2016]

5D a—)O 2 2
Slatt Scont +a 52-,(7 + a5 0w ..

= ¢ =0 boundary terms (‘interesting’ ones) = Flow-only correction

== affects all quantities
= choice of action (Wilson, ...)
= 2 operators for YM
- equivalent to ¢ = 0 condition

V,(z,t =0) = e %SV (2)

«= go-dependent improvement
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Extra COIltl"ibutiODS [Ramos and Sint 2016]

5D a0 2 2
S S50+ a%S, o +a

latt

= 0 boundary terms (‘interesting’ ones)

= affects all quantities

choice of action (Wilson, ...)

2 operators for YM

. equivalent to ¢t = 0 condition

VH(LE,t = O) =e ggamyltsg[U]Uu(l.)

== go-dependent improvement

= affects

=% choice of flow (Wilson, Symanzik,...

)
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Extra COIltl"ibutiODS [Ramos and Sint 2016]

5D a0 2 2
Slatt Scont +a”5c+a +.

= 0 boundary terms (‘interesting’ ones)

= affects all quantities
choice of action (Wilson, ...)
2 operators for YM
. equivalent to ¢t = 0 condition

= affects

choice of flow (Wilson, Symanzik,...)
1 flow operator at ¢t > 0

<= exact classical a?-improvement

Vu(x,t = O) =e ggamyltsg[U]Uu(l.)

«= go-dependent improvement
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Extra COIltl"ibutiODS [Ramos and Sint 2016]

5D a0 2 2
S S50+ a%S, o +a

latt

= 0 boundary terms (‘interesting’ ones)

affects all quantities
choice of action (Wilson, ...)
2 operators for YM
equivalent to ¢t = 0 condition

Vu(x,t = O) =e ggamyltsg[U]Uu(l.)

go-dependent improvement

= affects

= 1 flow operator at ¢t > 0
<= exact classical a?-improvement

(0) "2 (0) + a20, + ...

== exact classical a?-improvement

=% choice of flow (Wilson, Symanzik,...
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Symanzik EFT for the Gradient Flow 11

Extra COIltl"ibutiOIlS [Ramos and Sint 2016]

5D a—>0 2 2
Slatt Scont +a S2-,G + a5 0w +

== 1 flow operator at ¢ > 0
exact classical a?-improvement

= ¢ =0 boundary terms (‘interesting’ ones) = Flow-only correction
== affects all quantities == affects flow quantities only
= choice of action (Wilson, ...) = choice of flow (Wilson, Symanzik,...)

== 2 operators for YM

equivalent to ¢ = 0 condition
OV o 820s  Sa[U] = Flow observables

Viz,t=0)=e welUIU, (x) (0) *2 a—0 <O)+a2())—|—

== exact classical a —1mprovement

go-dependent improvement

) d
<O>1att 0130 <O> + CL2 <()2> + <OS‘2,G> o <OS2AH<)\\'> + & <O>

to
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[Ramos and Sint 2016]

(O ate N (O) +a® | (O) + (05, ¢)+ (O Y+ = (O)

Theory is ‘classical’ for t > 0 — complete a’-improvement
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Action density:
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Improved observable
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Be(t) = SEP(r) - 3 B9()

Flow discretization
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[Ramos and Sint 2016]

d

a—0 2 & )
(Ohrage “~ {0} +a* | {05) +(0S2.6) + (OS] + ¢ 3 {O)
Theory is ‘classical’ for t > 0 — complete a’-improvement
Action density:
Usual discretization: Plaquette, Clover
Improved observable
. 4 1
E™P(t) = —EPY(t) — S E°(t
(1) = 3B - 3E()
Flow discretization
Use Zeuthen flow
d ISV
2= t)=—g2(1 - t
a dt‘//t(xa ) Y0 + (SVH(LU,t) ‘/,u(xa )

to
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(b 2 (0 +0* | (0] +(052) + (05} + 015 (O)

to

S5 ¢ are the interesting terms

= continuum extrapolation of spectral quantities
== study of universality
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(b 2 (0 +0* | (0] +(052) + (05} + 015 (O)

to

S5 ¢ are the interesting terms

= continuum extrapolation of spectral quantities

== study of universality

t = 0 shift can be seen as a shift at t > 0
Improvement with <E(t + Cb(go)a/2)>? similar to 7-shift [Cheng et al. 2014]

to-scales more sensitive than wyg
Tree-Level a?-improvement
== TL imp. LW gauge action — S5 ¢ = 0 -+ O((]ﬁ)
== Zeuthen Flow —

Improved Observable —
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Understanding common scaling tests



Ideal quantity (?)
== Very precise quantity
== Known limit: lim,_,q té’l/ tf)l =1

20 >7a72 t2< >+t2 (E(tg)S2.c) + 13 (E
p 0= |t 0 0)52.¢) + 15 (E(to) )+

@ Dy = %tz (E(t)) |t0
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. S 1 /e
Observable discretization — t} /t¢!
= Ideal quantity (?)
== Very precise quantity
< Known limit: limg_,o 25/t = 1

1RO (to) = |8 (11 (10)) + 8] (Blto) S2.0) + 8 (Blto) 5210} + 1 (Elto))

|
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. . . 51 e
Observable discretization — tf / z‘ff
= Ideal quantity (?)
== Very precise quantity

== Known limit: lim,_,q tSI/ t(CJl =1

, . d
1RO (to) = |8 (11 (10)) + 8] (Blto) S2.0) + 8 (Blto) 5210} + 1 (Elto))

dt °

|

dt
1.25 .
Wilson +—e—i
r ~ Twasaki +——
Luscher-Weisz s
12 + DBW2 +—— 4
—0 (12 1 1
a > C .-
/65 °R0 1= S (5 00) ) — 5 (B2 0) ) } | ;i
2 ¥ :
Sl i 1
= Action effects drop out 55 ¢ Los | .
1 I I I I I I I
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8
2/t
10/18
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. . ol /e
Observable discretization — ¢} /z‘f)1
= Ideal quantity (?)
== Very precise quantity

== Known limit: lim,_,q tSI/ t(CJl =1

a , : d
£ R0 to) =5 (88 (L2 (1)) + 8 (B(to) S2.0) + 18 (E(t) 52 00} + 13,8 (Bto)

|

dt
1.25 :
Wilson +—e—i
r p Twasaki +—e—1
12 L Luscherb\ge\-}?% et
pl /,cl a—)O (12 2 -pl 2 cl L . |
to /to 1= 5 b B2 (t) ) —ta { B2 (to) L .

TRt : A il
= Action effects drop out 55 ¢ 105 - :
= Sensitive only to (), ke

. ””I) 0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8
== Improved observable £, = ( @ty
10/18
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Compute tg scales with a shift

to — (E(1))
— (B(t+ )
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T-shift f(r)((ﬁ‘])/fo

- Compute tg scales with a shift

to — (E(t))
— (B(t+ )
1.03 ‘ ‘ 1‘1 ~ U,U§ fm :
r i —
Loz e ]
to(cy) a0 a® 5 d Loz | . 4
~ - — t E(t = :
to Dy Odt (E(to)) t <015 P 1
- 1.01 “.’ ) i
= Action effects drop out 55 R ’ 1
! 0 U‘.l l].‘2 0.‘3 014 015 0‘.6 U‘.7 0.8
a’/ty
\
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7-shift

to(cy)/to

- Compute tg scales with a shift

to — (E(t))
— (E(t+

Action effects drop out 55 ¢

= mm

* Sensitive only to
== Removed to TL by LW action

to(cs)/to

1.03

1.025

1.02

1.015

1.01

1.005

Wilson
LW

Iwasaki
DBW2

a ~ 0.08 fm
T T T

03 04 05 06 07
a’/ty

0.8
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Testing lattice artifacts — Suggestions

= Comparing t{, te, to(cp), or flow discretizations provides no information on
the scaling of gauge actions
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Testing lattice artifacts — Suggestions
= Comparing tgl te, to(cp), or flow discretizations provides no information on
the scaling of gauge actions
<+ TL imp. LW gauge action — 55 ¢ = 0 + O(gg)
«= Zeuthen Flow — 5 1., = 0

» Improved Observable — l:‘;""" =0

i ; d
<O>latt a:’)O <O> + 0/2 M + <OSZ,G> + (O oTow) + /M
to

+ O(g§a2)
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Comparing tgl, tgl, to(cp), or flow discretizations provides on
the scaling of gauge actions

<= TL imp. LW gauge action — 55 ¢ = 0+ O(g?)

== Zeuthen Flow —

= Improved Observable —

(Ot a0 (O) + a? {05y + <OS2_(;> —|—£Q//; +/M

to

+0(g5a?)

Interest: isolate action effects S5 ¢
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Comparing tgl, tgl, to(cp), or flow discretizations provides on
the scaling of gauge actions

<= TL imp. LW gauge action — 55 ¢ = 0+ O(g?)

«= Zeuthen Flow —

= Improved Observable —

(Ot a0 (O) + a? {05y + <OS'2_(;> —|—£Q,_,/; +/M

to

+0(g5a?)

Interest: isolate action effects 55 ¢
Additionaly, use ratios of different scales

to/tl or to/tg
== ‘Spectral’-like quantities

Compare different actions
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Some results for to-like scales



igit.ific.uv.es/alramos/latticegpu.jl

= HMC w/ NVIDIA GPUs
< 644 lattices
Aim: 0.05% precision
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= HMC w/ NVIDIA GPUs
<= 644 lattices
* Aim: 0.05% precision

= Zeuthen flow
Improved observable

Adaptive step size integrator
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igit.ific.uv.es/alramos/latticegpu.jl

igit.ific.uv.es/alramos/latticegpu.jl

S

HMC w/ NVIDIA GPUs
644 lattices
Aim: 0.05% precision

Zeuthen flow
Improved observable

Adaptive step size integrator

[Wilson 1975]

a (fm) 0.082 0.068 0.059 0.053 0.046
[M. Luscher and P. Weisz 1985]
a (fm) 0.080 0.068 0.058 0.051 0.047
Iwasaki [Itoh et al. 1984]
a (fm) 0.079 0.067 0.059 0.051 0.047
[Forcrand et al. 1997]
a (fm) 0.081 0.073 0.063 0.051 0.046
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igit.ific.uv.es/alramos/latticegpu.jl

Computation details

= LatticeGPU
igit.ific.uv.es/alramos/latticegpu.jl
= HMC w/ NVIDIA GPUs
<= 644 lattices
= Aim: 0.05% precision
= Gradient Flow
-« Zeuthen flow
== Improved observable
pime — 4l _ Lpe
~» Adaptive step size integrator

Wilson [Wilson 1975]

a (fm) 0.082 0.068 0.059 0.053

0.046

TL-imp. LW [M. Luscher and P. Weisz 1985]

a (fm) 0.080 0.068 0.058 0.051
Iwasaki [Itoh et al. 1984]

0.047

a (fm) 0.079 0.067 0.059 0.051

[Forcrand et al. 1997]

0.047

a (fm) 0.081 0.073 0.063 0.051

0.046

{imp t to G
?m azO _0 - agt 0 Yo
e 1
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igit.ific.uv.es/alramos/latticegpu.jl

Lone-distance ratio ta/t

0.6100 | A
@ Wilson i
A LW
0.6095 | [ Twasaki
" DBW2
_ 0.6090 |
ad
=
-~
0.6085 L
0.6080 - Y
®
0.00 0.05 0.10 0.15 0.20

a?/t,

= 2(E(t1)) =05
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0.6100 |
0.6095

— 0.6090 f
+5

0.6085

0.6080 [

Wilson

ILW A Fit quality
D“1]3W2
1.18/2.00,
l 4.79/2.00
2 2 _ ’
e T X/ Xexp 1.42/2.00, TW
0.23/1.00,
0.‘0(] 0.65 l),i(] 0“15 0.12()

a?/t,

t2(E(t1)) = 0.5
Mostly consistent fits with a < 0.07 and a < 0.06

but comparing actions is required to assess the scaling
some discrepancies
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0.6100 |
Wilson
LW i i
0.6095 F Twasaki Fit quahty
DBW2
oo | 1.18,/2.00,
> 4.79/2.00
2 2 _ ’
s ¥+Tl XX =\ 2200, 1w
0.6080 | 0.23/1.00,
0.00 0.05 010 015 020

a?/t,

t2(E(t1)) = 0.5
Mostly consistent fits with a < 0.07 and a < 0.06
but comparing actions is required to assess the scaling
some discrepancies
FV effects expected to be small — NNLO in xpr for QCD (5ar and Gotterman 2014)
V8t1/L ~ 0.168 15/18



Short-distance ratio ty/ts

e
24501 @ Wilson
A LW
2425 F 1] Twasaki * e
DBW2
&*
2.400 |- ///’////’/”/A‘r’*,/—»t
o~
S
~
(=]
W E—- = = L]
~—
2.350 ~—
¥
-
2325 T~w
0.00 0.05 0.10 0.15 0.20

a?/t,

= Short scales — larger cutoff effects
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to/ts

2.450 [

2.425

2.400

2.375

2.350 |

2.325

Wilson

%W o Fit quality
DEW2

0.14/1.00,
2.51/1.00
e I R i 2,2 _ ’
X Xe =\ 0.60/2.00.
0.22/1.00,

0.‘00 0.65 U.‘lO 0.‘15 U.‘QO

a?/t,

Short scales — larger cutoff effects
Mostly consistent fits with a < 0.07 and a < 0.06
linear regime (?) — quadratic fit does not improve results

IwW

16/18



2.450 [

2.425

2.400

(]/t2

+ 2375 |

2.350 |

2.325

Wilson

Lw Fit quality
Twasaki
DBW?2
0.14/1.00,
— maw » . i X2/X2 _ 2.51/1.00,
P 10.69/2.00, W
0.22/1.00,
0.65 U.‘lO 0.‘15 0.‘20
a?/t,
Short scales — larger cutoff effects
Mostly consistent fits with a < 0.07 and a < 0.06
linear regime (?) — quadratic fit does not improve results
ASymptOtiC prediCtiOn [Husung, Marquard, and Sommer 2020]
<O>latt _ <O> + a2bln1la(1/a)'y7 bDBWZ/bPL —16

spoils the use of this condition as a scaling test
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Topological charge

gy g

i

0 500 1000 1500 2000 2500
t t
Twasaki DBW2
10
—B=318 ——B=14
10
0.5
5
g g
<3 o
0
—0.5
-5
—1.0
0 500 1000 1500 2000 2500 0 1000 2000 3000 4000 5000
t t
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as good candidates for testing scaling properties
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as good candidates for testing scaling properties
< classical a?-imp. of flow/observables necessary to remove

== Zeuthen flow & Improved observables
# Comparing flow/observable discretization is misleading

(e.g., comparing different valence discretizations)
Continuum extrapolations are hard
== Tests to scaling & universality requires using
Different continuum limit between actions — universality expected
<= Topology freezing? (large volumes!) — Simulations with OBC (ongoing)

* Scaling region for g3?
actions

Compare similar metrics for
& long distance scales

= to/t; using
» wo/w; less sensitive to ¢ -term
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wo/w,

0.612

0.610

0.608

0.606

wo scales [Borsényi et al. 2012]

unnusual definition

d
t&ﬂ (E(t))

0.095,
= {0.285,
¢ | 0.550,

t=w?

2.500
Wilson
LW -
Iwasaki 2475 -
DBW2
2.450
~
= —a" Sous |
R - . 3
m | [ |
2.400 |
2.375
0.00 0.05 0.10 0.15 0.20
a’/t,

wo — short distance

wp — long distance

w4 — medium distance

— e | -
Wilson
LW
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[Wilson 1975]

Nina 313 270 459 709 1142
[M. Luscher and P. Weisz 1985]
Ning 450 720 3132 5448 10904
J;\V?LS‘(Iki [Itoh et al. 1984]
Ning 283 150 376 1531 1155
[Forcrand et al. 1997]
Ning 620 361 334 8388 782
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