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Applica'ons of the gradient flow

The gradient flow plays a key role in recent la7ce development:

・ Scale setting

・ Regulariza*on independent expressions of physical observables

・ Renormaliza*on group flow

…

In this talk, we propose a new applica*on, quark mass determina*on using the gradient flow.

-Quark MS masses are fundamental parameters in QCD
-Precision is crucial in flavor and Higgs physics



Our proposal
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We consider the ra*o of bilinear operators of flowed quark: 

,

@t�(t, x) = (DµDµ �↵0@µBµ(t, x))�(t, x)
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@t�̄(t, x) = �̄(t, x)(
 �
Dµ
 �
Dµ +↵0@µBµ(t, x))
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@tBµ(t, x) = D⌫G⌫µ(t, x) +↵0Dµ@⌫B⌫(t, x)
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Flow equa*ons:

with boundary condi*ons,                                                                                                     .�(t = 0, x) =  (x), �̄(t = 0, x) =  ̄(x), Bµ(t = 0, x) = Aµ(x)
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We consider the ra*o of bilinear operators of flowed quark: 

,

*The wave func*on renormaliza*on is canceled in the ra*o. 2013 Lüscher, 2014 Makino, Suzuki

Calculate it both in con*nuum space*me and on the la7ce

Con*nuum: Perturba*on theory gives a func*on of

La7ce: Gives a physical result once the la7ce quark mass 
               is determined properly (to reproduce the mass of 
               hadrons)

To determine mass:

t,m,↵s
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Exis'ng la9ce approaches

・Regulariza*on-independent (symmetric) momentum subtrac*on scheme [RI-(S)MOM]

・quark current (or current-like) correlator method (for heavy quark)

Quark masses have been determined using

・minimal renormalon-subtracted (MSR) scheme

…

2008 HPQCD collaboraKon

2018 TUM collaboration

1995 MarKnelli et al., 2007 Sturm et al.
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RI-(S)MOM scheme considers the renormaliza*on of the local bilinear operator                   .  ̄(x) (x)
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m ̄(x) (x)
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Since                             is a finite bare operator,                       , so                        .ZmZ ̄ = 1

<latexit sha1_base64="4OjBTl2NQMs1RqY48hD5+pvBoTY="></latexit>

Zm = Z�1
 ̄ 
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Our proposal is similar to RI-(S)MOM in that bilinear operators are considered.
But dis*nct differences arise by applying the gradient flow!



Difference from RI-(S)MOM

h ̄(z1) ̄ (x) (z2)i
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RI-(S)MOM Gradient-flow approach

S/R = h�̄(t, x)�(t, x)i/h�̄(t, x)
 !
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Three-point funcMon One-point funcMons

NOT gauge invariant 
(discussed within the Landau gauge)

gauge invariant

Dimension-two nonperturba*ve correc*on? Dimension-four nonperturba*ve correc*ons
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Three-point funcMon One-point funcMons

NOT gauge invariant 
(discussed within the Landau gauge)

gauge invariant

Dimension-two nonperturba*ve correc*on? Dimension-four nonperturba*ve correc*ons

Better perturbative convergence?

Gradient-flow approach could provide a cleaner and precise method. 
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Expected proper*es (to be confirmed)

Noise suppression due to gradient flow

is the only necessary extrapola*on  
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a ! 0

Solid founda*on



Today’s target

Together with our proposal, we provide the perturbaMve result 
at the first nontrivial order [O(αs)^1] for a massive quark.

The perturbative result is available for an approximately massless quark

Known Missing

= mt[(c0 + c1↵s + c2↵
2
s +O(↵3

s)) +O(m2t)]
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2019 Artz, Harlander, Lange, Neumann, and Prausa
2014 Makino, SuzukiNLO:

NNLO:
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Two-loop integrals
Eleven scalar integrals contribuMng to S.

Similarly, we have twenty integrals contribu*ng to R.

Loop momenta p,k, quark (bare) mass m,
flow time integrals 

<latexit sha1_base64="6UOE53lf0iCFANpPWdS5dF8Fe24="></latexit>ZZZ

p
⌘

ZZZ
ddp

(2⇡)d
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d = 4� 2✏w/



How to evaluate them

We evaluate them using two approaches.

(i) Expand the integrals for small- or large-           to give semianaly*c expressions in these limitsm2t
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(ii) Numerical evalua*on with full mass dependence retained

In (i), we develop a new method based on the Laplace transform 
rather than the standard technique called ``expansion by regions.” 1998 Beneke, Smirnov

2021 Harlander [application to gradient flow]



If                                       for small m2, the integral diverges at                  . I(m2, t) = O((m2)as)
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Method

Ĩ(v, t) ⌘
ZZZ 1

0
d(m2)(m2)�v�1I(m2, t)
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The inverse transform is given by

I(m2, t) =
1

2⇡i

ZZZ i1+v0

�i1+v0

dvĨ(v, t)(m2)v
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develops singulari*es reflec*ng the series expansions of                  :I(m2, t)
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From dimensional analysis,
Given a loop integral                , we consider the Laplace transform:



If                                       for small m2, the integral diverges at                  . I(m2, t) = O((m2)as)
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If                                         for large m2, the integral diverges at                     . v = �al
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I(m2, t) = O((m2)�al)

<latexit sha1_base64="I/4rwaoF6cVhwN/4vat8GceZzdk="></latexit>

Method

Ĩ(v, t) ⌘
ZZZ 1

0
d(m2)(m2)�v�1I(m2, t)

<latexit sha1_base64="eT4ogHsFeJymSQemzyUT9aNc0xA="></latexit>

Small-m2t expansion:

I(m2, t)

<latexit sha1_base64="A6oEfxzIX5JndWpkebQur3rjMh8=">AAACGHicbVDLSgMxFM3UV62vqks3wSJUkDJTKrosutFdBfuAdiyZTKYNTTJjkhHK0O8QXOmfuBO37vwR12baWdjWAxcO59zLvfd4EaNK2/a3lVtZXVvfyG8WtrZ3dveK+wctFcYSkyYOWSg7HlKEUUGammpGOpEkiHuMtL3Rdeq3n4hUNBT3ehwRl6OBoAHFSBvJ7Xk8uS3zh+qZPp30iyW7Yk8Bl4mTkRLI0OgXf3p+iGNOhMYMKdV17Ei7CZKaYkYmhV6sSITwCA1I11CBOFFuMj16Ak+M4sMglKaEhlP170SCuFJj7plOjvRQLXqp+J/XjXVw6SZURLEmAs8WBTGDOoRpAtCnkmDNxoYgLKm5FeIhkghrk9PcFo/P/ZAo8+SQ+GlQzmIsy6RVrTi1yvldrVS/yiLLgyNwDMrAARegDm5AAzQBBo/gGbyCN+vFerc+rM9Za87KZg7BHKyvXyVMoM0=</latexit>

Ĩ(v, t)

<latexit sha1_base64="8wMQ6x/d8D5BaN5rF/mYo5CNuLo=">AAACIHicbVBNS8NAEN3Ur1q/oj16CRahgpREKnosetFbBWsLbSmbzbRdupuE3UmhhP4WwZP+E2/iUX+IZ7cfB9v6YODx3gwz8/xYcI2u+2Vl1tY3Nrey27md3b39A/vw6ElHiWJQY5GIVMOnGgQPoYYcBTRiBVT6Aur+4Hbi14egNI/CRxzF0Ja0F/IuZxSN1LHzLV+mLeQigPR+XBye49m4YxfckjuFs0q8OSmQOaod+6cVRCyRECITVOum58bYTqlCzgSMc61EQ0zZgPagaWhIJeh2Oj1+7JwaJXC6kTIVojNV/06kVGo9kr7plBT7etmbiP95zQS71+2Uh3GCELLZom4iHIycSRJOwBUwFCNDKFPc3OqwPlWUoclrYYsvF35ItXmyD8EkKG85llXydFHyyqXLh3KhcjOPLEuOyQkpEo9ckQq5I1VSI4yMyDN5JW/Wi/VufVifs9aMNZ/JkwVY379rF6QZ</latexit>

develops singulari*es reflec*ng the series expansions of                  :I(m2, t)

<latexit sha1_base64="A6oEfxzIX5JndWpkebQur3rjMh8=">AAACGHicbVDLSgMxFM3UV62vqks3wSJUkDJTKrosutFdBfuAdiyZTKYNTTJjkhHK0O8QXOmfuBO37vwR12baWdjWAxcO59zLvfd4EaNK2/a3lVtZXVvfyG8WtrZ3dveK+wctFcYSkyYOWSg7HlKEUUGammpGOpEkiHuMtL3Rdeq3n4hUNBT3ehwRl6OBoAHFSBvJ7Xk8uS3zh+qZPp30iyW7Yk8Bl4mTkRLI0OgXf3p+iGNOhMYMKdV17Ei7CZKaYkYmhV6sSITwCA1I11CBOFFuMj16Ak+M4sMglKaEhlP170SCuFJj7plOjvRQLXqp+J/XjXVw6SZURLEmAs8WBTGDOoRpAtCnkmDNxoYgLKm5FeIhkghrk9PcFo/P/ZAo8+SQ+GlQzmIsy6RVrTi1yvldrVS/yiLLgyNwDMrAARegDm5AAzQBBo/gGbyCN+vFerc+rM9Za87KZg7BHKyvXyVMoM0=</latexit>

I(m2, t) = �
XXX

vsing>v0

Res[Ĩ(v, t)(m2)v]|v=vsing

<latexit sha1_base64="WeelZEdaEJpvoE4Vl61SZo+ECcY="></latexit>

Ĩ(v, t) / tv�dim[I]/2

<latexit sha1_base64="LNzepRa5B8bOYfEkuXC5iYMLfdw="></latexit>

From dimensional analysis,

(m2t)v ! 0

<latexit sha1_base64="nGMTZjdGjXAbjzN4Y6L8EDKsOIo=">AAACInicbVDLSsNAFJ3UV62vqLhyM1iEuilJqeiy6MZlBfuAJi2TyaQdOpOEmUmhhH6M4Er/xJ24EvwO107aLGzrgQuHc+/l3nO8mFGpLOvLKGxsbm3vFHdLe/sHh0fm8UlbRonApIUjFomuhyRhNCQtRRUj3VgQxD1GOt74Put3JkRIGoVPahoTl6NhSAOKkdLSwDxzPJ5WeL8G1VV/Ah0VQQvOBmbZqlpzwHVi56QMcjQH5o/jRzjhJFSYISl7thUrN0VCUczIrOQkksQIj9GQ9DQNESfSTefvz+ClVnwYREJXqOBc/buRIi7llHt6kiM1kqu9TPyv10tUcOumNIwTRUK8OBQkDGqTWRbQp4JgxaaaICyo/hXiERIIK53Y0hWPL3lIpTY5In4WlL0ayzpp16p2vXr9WC837vLIiuAcXIAKsMENaIAH0AQtgEEKnsEreDNejHfjw/hcjBaMfOcULMH4/gXHZqOc</latexit>

as v ! +1

<latexit sha1_base64="euUigt5N5MXnJOzny52p4+LO0As=">AAACH3icbVDLSsNAFJ34rPUV69LNYBEEoSRS0WXRjcsK9gFNKJPppB06Mwkzk2II/RXBlf6JO3HbH3HtpM3Cth64cDj3Xu49J4gZVdpxZtbG5tb2zm5pr7x/cHh0bJ9U2ipKJCYtHLFIdgOkCKOCtDTVjHRjSRAPGOkE44e835kQqWgknnUaE5+joaAhxUgbqW9XvIBnE+jpCF55VIQ6nfbtqlNz5oDrxC1IFRRo9u0fbxDhhBOhMUNK9Vwn1n6GpKaYkWnZSxSJER6jIekZKhAnys/mv0/hhVEGMIykKaHhXP27kSGuVMoDM8mRHqnVXi7+1+slOrzzMyriRBOBF4fChEHjNA8CDqgkWLPUEIQlNb9CPEISYW3iWroS8CUPmTImR2SQB+WuxrJO2tc1t167eapXG/dFZCVwBs7BJXDBLWiAR9AELYDBC3gF7+DDerM+rS/rezG6YRU7p2AJ1uwXgDyjnw==</latexit>

Given a loop integral                , we consider the Laplace transform:

v = as

<latexit sha1_base64="SEfAnszvWCYF9YuBkLuId8CijnM=">AAACFXicbVBNS8NAEN3Ur1q/qh69BIvgqSRS0YtQ9OKxgv3ANpTNZtIu3d2E3U2hhP4LwZP+E2/i1bN/xLObNgfb+mDg8WaGmff8mFGlHefbKqytb2xuFbdLO7t7+wflw6OWihJJoEkiFsmOjxUwKqCpqWbQiSVg7jNo+6O7rN8eg1Q0Eo96EoPH8UDQkBKsjfTU83k6vsF9Ne2XK07VmcFeJW5OKihHo1/+6QURSTgITRhWqus6sfZSLDUlDKalXqIgxmSEB9A1VGAOyktnH0/tM6MEdhhJU0LbM/XvRoq5UhPum0mO9VAt9zLxv1430eG1l1IRJxoEmR8KE2bryM7s2wGVQDSbGIKJpOZXmwyxxESbkBau+HzBQ6qMySEEWVDuciyrpHVRdWvVy4dapX6bR1ZEJ+gUnSMXXaE6ukcN1EQECfSMXtGb9WK9Wx/W53y0YOU7x2gB1tcvJkSgXg==</latexit>



If                                       for small m2, the integral diverges at                  . I(m2, t) = O((m2)as)

<latexit sha1_base64="Wq+LXdf6Nt1nlHqLfVBFDAAa8t0="></latexit>

If                                         for large m2, the integral diverges at                     . v = �al

<latexit sha1_base64="VbT+NFnaqYK5b1fTEBDLh5i2myU=">AAACFnicbVDLSsNAFJ3UV62vqks3g0VwY0mkohuh6MZlBfuANJTJZNoOnUeYmRRK6GcIrvRP3Ilbt/6IaydtFrb1wIXDufdy7zlhzKg2rvvtFNbWNza3itulnd29/YPy4VFLy0Rh0sSSSdUJkSaMCtI01DDSiRVBPGSkHY7us357TJSmUjyZSUwCjgaC9ilGxkp+N+Tp+PYC9di0V664VXcGuEq8nFRAjkav/NONJE44EQYzpLXvubEJUqQMxYxMS91EkxjhERoQ31KBONFBOnt5Cs+sEsG+VLaEgTP170aKuNYTHtpJjsxQL/cy8b+en5j+TZBSESeGCDw/1E8YNBJm/mFEFcGGTSxBWFH7K8RDpBA2NqWFKyFf8JBqa3JIoiwobzmWVdK6rHq16tVjrVK/yyMrghNwCs6BB65BHTyABmgCDCR4Bq/gzXlx3p0P53M+WnDynWOwAOfrF41UoI4=</latexit>

I(m2, t) = O((m2)�al)

<latexit sha1_base64="I/4rwaoF6cVhwN/4vat8GceZzdk="></latexit>

Given a loop integral                , we consider the Laplace transform:

Method

Ĩ(v, t) ⌘
ZZZ 1

0
d(m2)(m2)�v�1I(m2, t)

<latexit sha1_base64="eT4ogHsFeJymSQemzyUT9aNc0xA="></latexit>

Large-m2t expansion:

I(m2, t)

<latexit sha1_base64="A6oEfxzIX5JndWpkebQur3rjMh8=">AAACGHicbVDLSgMxFM3UV62vqks3wSJUkDJTKrosutFdBfuAdiyZTKYNTTJjkhHK0O8QXOmfuBO37vwR12baWdjWAxcO59zLvfd4EaNK2/a3lVtZXVvfyG8WtrZ3dveK+wctFcYSkyYOWSg7HlKEUUGammpGOpEkiHuMtL3Rdeq3n4hUNBT3ehwRl6OBoAHFSBvJ7Xk8uS3zh+qZPp30iyW7Yk8Bl4mTkRLI0OgXf3p+iGNOhMYMKdV17Ei7CZKaYkYmhV6sSITwCA1I11CBOFFuMj16Ak+M4sMglKaEhlP170SCuFJj7plOjvRQLXqp+J/XjXVw6SZURLEmAs8WBTGDOoRpAtCnkmDNxoYgLKm5FeIhkghrk9PcFo/P/ZAo8+SQ+GlQzmIsy6RVrTi1yvldrVS/yiLLgyNwDMrAARegDm5AAzQBBo/gGbyCN+vFerc+rM9Za87KZg7BHKyvXyVMoM0=</latexit>

Ĩ(v, t)

<latexit sha1_base64="8wMQ6x/d8D5BaN5rF/mYo5CNuLo=">AAACIHicbVBNS8NAEN3Ur1q/oj16CRahgpREKnosetFbBWsLbSmbzbRdupuE3UmhhP4WwZP+E2/iUX+IZ7cfB9v6YODx3gwz8/xYcI2u+2Vl1tY3Nrey27md3b39A/vw6ElHiWJQY5GIVMOnGgQPoYYcBTRiBVT6Aur+4Hbi14egNI/CRxzF0Ja0F/IuZxSN1LHzLV+mLeQigPR+XBye49m4YxfckjuFs0q8OSmQOaod+6cVRCyRECITVOum58bYTqlCzgSMc61EQ0zZgPagaWhIJeh2Oj1+7JwaJXC6kTIVojNV/06kVGo9kr7plBT7etmbiP95zQS71+2Uh3GCELLZom4iHIycSRJOwBUwFCNDKFPc3OqwPlWUoclrYYsvF35ItXmyD8EkKG85llXydFHyyqXLh3KhcjOPLEuOyQkpEo9ckQq5I1VSI4yMyDN5JW/Wi/VufVifs9aMNZ/JkwVY379rF6QZ</latexit>

develops singulari*es reflec*ng the series expansions of                  :I(m2, t)

<latexit sha1_base64="A6oEfxzIX5JndWpkebQur3rjMh8=">AAACGHicbVDLSgMxFM3UV62vqks3wSJUkDJTKrosutFdBfuAdiyZTKYNTTJjkhHK0O8QXOmfuBO37vwR12baWdjWAxcO59zLvfd4EaNK2/a3lVtZXVvfyG8WtrZ3dveK+wctFcYSkyYOWSg7HlKEUUGammpGOpEkiHuMtL3Rdeq3n4hUNBT3ehwRl6OBoAHFSBvJ7Xk8uS3zh+qZPp30iyW7Yk8Bl4mTkRLI0OgXf3p+iGNOhMYMKdV17Ei7CZKaYkYmhV6sSITwCA1I11CBOFFuMj16Ak+M4sMglKaEhlP170SCuFJj7plOjvRQLXqp+J/XjXVw6SZURLEmAs8WBTGDOoRpAtCnkmDNxoYgLKm5FeIhkghrk9PcFo/P/ZAo8+SQ+GlQzmIsy6RVrTi1yvldrVS/yiLLgyNwDMrAARegDm5AAzQBBo/gGbyCN+vFerc+rM9Za87KZg7BHKyvXyVMoM0=</latexit>

Ĩ(v, t) / tv�dim[I]/2

<latexit sha1_base64="LNzepRa5B8bOYfEkuXC5iYMLfdw="></latexit>

From dimensional analysis,

(m2t)v ! 0

<latexit sha1_base64="nGMTZjdGjXAbjzN4Y6L8EDKsOIo=">AAACInicbVDLSsNAFJ3UV62vqLhyM1iEuilJqeiy6MZlBfuAJi2TyaQdOpOEmUmhhH6M4Er/xJ24EvwO107aLGzrgQuHc+/l3nO8mFGpLOvLKGxsbm3vFHdLe/sHh0fm8UlbRonApIUjFomuhyRhNCQtRRUj3VgQxD1GOt74Put3JkRIGoVPahoTl6NhSAOKkdLSwDxzPJ5WeL8G1VV/Ah0VQQvOBmbZqlpzwHVi56QMcjQH5o/jRzjhJFSYISl7thUrN0VCUczIrOQkksQIj9GQ9DQNESfSTefvz+ClVnwYREJXqOBc/buRIi7llHt6kiM1kqu9TPyv10tUcOumNIwTRUK8OBQkDGqTWRbQp4JgxaaaICyo/hXiERIIK53Y0hWPL3lIpTY5In4WlL0ayzpp16p2vXr9WC837vLIiuAcXIAKsMENaIAH0AQtgEEKnsEreDNejHfjw/hcjBaMfOcULMH4/gXHZqOc</latexit>

as v ! �1

<latexit sha1_base64="2wK5VJcxPlhFLBv40Y77nHXO8AM=">AAACH3icbVDLSsNAFJ34rPUV69LNYBHcWBKp6LLoxmUF+4AmlMl00g6dmYSZSTGE/orgSv/Enbjtj7h20mZhWw9cOJx7L/eeE8SMKu04M2tjc2t7Z7e0V94/ODw6tk8qbRUlEpMWjlgkuwFShFFBWppqRrqxJIgHjHSC8UPe70yIVDQSzzqNic/RUNCQYqSN1LcrXsCzCfR0BK88KkKdTvt21ak5c8B14hakCgo0+/aPN4hwwonQmCGleq4Taz9DUlPMyLTsJYrECI/RkPQMFYgT5Wfz36fwwigDGEbSlNBwrv7dyBBXKuWBmeRIj9RqLxf/6/USHd75GRVxoonAi0NhwqBxmgcBB1QSrFlqCMKSml8hHiGJsDZxLV0J+JKHTBmTIzLIg3JXY1kn7euaW6/dPNWrjfsishI4A+fgErjgFjTAI2iCFsDgBbyCd/BhvVmf1pf1vRjdsIqdU7AEa/YLg5qjoQ==</latexit>

I(m2, t) =
XXX

vsing<v0

Res[Ĩ(v, t)(m2)v]|v=vsing

<latexit sha1_base64="7V0P3H4KihJL86tWgEsEjKmMcME="></latexit>

We study the singularities of the Laplace transform.
This single quantity can produce both expansions.

v = as

<latexit sha1_base64="SEfAnszvWCYF9YuBkLuId8CijnM=">AAACFXicbVBNS8NAEN3Ur1q/qh69BIvgqSRS0YtQ9OKxgv3ANpTNZtIu3d2E3U2hhP4LwZP+E2/i1bN/xLObNgfb+mDg8WaGmff8mFGlHefbKqytb2xuFbdLO7t7+wflw6OWihJJoEkiFsmOjxUwKqCpqWbQiSVg7jNo+6O7rN8eg1Q0Eo96EoPH8UDQkBKsjfTU83k6vsF9Ne2XK07VmcFeJW5OKihHo1/+6QURSTgITRhWqus6sfZSLDUlDKalXqIgxmSEB9A1VGAOyktnH0/tM6MEdhhJU0LbM/XvRoq5UhPum0mO9VAt9zLxv1430eG1l1IRJxoEmR8KE2bryM7s2wGVQDSbGIKJpOZXmwyxxESbkBau+HzBQ6qMySEEWVDuciyrpHVRdWvVy4dapX6bR1ZEJ+gUnSMXXaE6ukcN1EQECfSMXtGb9WK9Wx/W53y0YOU7x2gB1tcvJkSgXg==</latexit>



One-loop example

S|1�loop = �4Nc

ZZZ

p

m

m2 + p2
e�2tp2

<latexit sha1_base64="Yl9qFqIUIQhROSo/oIfnVH4yyzE="></latexit>

The Laplace transform

S̃|1�loop = �4Nc

ZZZ

p
e�2tp2

ZZZ 1

0
d(m2)(m2)�v�1 m

m2 + p2

<latexit sha1_base64="mMwzVyC6odWi8K9ZyAuWAHtxD24="></latexit>

= �4Nc
⇡

cos(⇡v)

ZZZ

p

✓
1

p2

◆v+ 1
2

e�2tp2

<latexit sha1_base64="TlUWHyCL9CcWQcK4GpdgKPbHxJk="></latexit>

= �4Nc
⇡

cos(⇡v)

1

(4⇡)2�✏

�(3/2 � ✏ � v)

�(2 � ✏)
(2t)v�3/2+✏

<latexit sha1_base64="6ex3dwo39wK4dKYYQt1sOIPy8so="></latexit>

The posiKve singulariKes: v = 1/2,3/2,3/2� ✏,5/2,5/2� ✏, ...

<latexit sha1_base64="NH695wpRGWKvyOC2hkxqE3X9KW0="></latexit>

Canceled



One-loop example

S|1�loop = �4Nc

ZZZ

p

m

m2 + p2
e�2tp2

<latexit sha1_base64="Yl9qFqIUIQhROSo/oIfnVH4yyzE="></latexit>

The Laplace transform

S̃|1�loop = �4Nc

ZZZ

p
e�2tp2

ZZZ 1

0
d(m2)(m2)�v�1 m

m2 + p2

<latexit sha1_base64="mMwzVyC6odWi8K9ZyAuWAHtxD24="></latexit>

= �4Nc
⇡

cos(⇡v)

ZZZ

p

✓
1

p2

◆v+ 1
2

e�2tp2

<latexit sha1_base64="TlUWHyCL9CcWQcK4GpdgKPbHxJk="></latexit>

= �4Nc
⇡

cos(⇡v)

1

(4⇡)2�✏

�(3/2 � ✏ � v)

�(2 � ✏)
(2t)v�3/2+✏

<latexit sha1_base64="6ex3dwo39wK4dKYYQt1sOIPy8so="></latexit>

The posiKve singulariKes: v = 1/2,3/2,3/2� ✏,5/2,5/2� ✏, ...

<latexit sha1_base64="NH695wpRGWKvyOC2hkxqE3X9KW0="></latexit>

Small-m2t expansion



One-loop example

S|1�loop = �4Nc

ZZZ

p

m

m2 + p2
e�2tp2

<latexit sha1_base64="Yl9qFqIUIQhROSo/oIfnVH4yyzE="></latexit>

The Laplace transform

S̃|1�loop = �4Nc

ZZZ

p
e�2tp2

ZZZ 1

0
d(m2)(m2)�v�1 m

m2 + p2

<latexit sha1_base64="mMwzVyC6odWi8K9ZyAuWAHtxD24="></latexit>

= �4Nc
⇡

cos(⇡v)

ZZZ

p

✓
1

p2

◆v+ 1
2

e�2tp2

<latexit sha1_base64="TlUWHyCL9CcWQcK4GpdgKPbHxJk="></latexit>

= �4Nc
⇡

cos(⇡v)

1

(4⇡)2�✏

�(3/2 � ✏ � v)

�(2 � ✏)
(2t)v�3/2+✏

<latexit sha1_base64="6ex3dwo39wK4dKYYQt1sOIPy8so="></latexit>

The nagaKve singulariKes: v = �1/2,�3/2,�5/2, ...

<latexit sha1_base64="4LUqHmvSLNbyddfrJr4VO129bWQ=">AAACJ3icbVDLSgMxFM3UV62vUXe6CRbBhR1naotuhKIblxXsA9qhZNK0DU1mhiRTKEPBrxFc6Z+4E136E67NtLOwrQdyOZxzLzf3eCGjUtn2l5FZWV1b38hu5ra2d3b3zP2DugwigUkNBywQTQ9JwqhPaooqRpqhIIh7jDS84V3iN0ZESBr4j2ocEpejvk97FCOlpY551PZ4PLopOBfF88JlUsq6WJYFJx0zb1v2FHCZOCnJgxTVjvnT7gY44sRXmCEpW44dKjdGQlHMyCTXjiQJER6iPmlp6iNOpBtPb5jAU610YS8Q+vkKTtW/EzHiUo65pzs5UgO56CXif14rUr1rN6Z+GCni49miXsSgCmASCOxSQbBiY00QFlT/FeIBEggrHdvcFo/P3RBLfeSAdJOgnMVYlkm9aDklq/xQyldu08iy4BicgDPggCtQAfegCmoAgyfwDF7Bm/FivBsfxuesNWOkM4dgDsb3L/OHo20=</latexit>

Large-m2t expansion



Comments
・Singulari*es originate from series expansion of the loop integrand 
    and divergences of the loop integral of the Laplace transformed quan*ty.

・Two-loop computa*on can be completed by (mainly) using this method.

・We make use of differential equations for evaluating more complicated integrals.

・The small-m2t expansion is given with numerical coefficients, 
    whereas the large-m2t expansion is given with analy*c coefficients. 



The expansions of S 
Small-m2t expansion

where

Large-m2t expansion

where



The expansions of R
Small-m2t expansion

where

Large-m2t expansion

where



Numerical evalua'on
We also provide numerical evalua*on of the loop integrals with full mass dependence retained.

Using “bint” [2024 Harlander, Nellopoulos, Olsson, Wesle], we evaluate them for a wide range, 
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<latexit sha1_base64="dL7+l+/FFf2gbF74WgRpOHlykMM="></latexit>

We verified the agreement between our expansions and our numerical results. 
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La9ce observables

S/R = S̄(m)/R̄(m)

<latexit sha1_base64="/NTq2IIU3W8Zjr60HoYOwhrGklQ=">AAACLHicbVC9TsMwGHT4LeUvwMgSUSGVpU1QESxIFSyMpaU/UhNVjuu0Vu0ksh2kKsqL8BA8AyvMLAgxsPAcOGkG2nKSpdPdff7sc0NKhDTND21ldW19Y7OwVdze2d3b1w8OOyKIOMJtFNCA91woMCU+bksiKe6FHEPmUtx1J7ep333EXJDAf5DTEDsMjnziEQSlkgZ6zXZZ3Ko2r20X8riVlO1AxdPbYpacVTO1uaAmA71kVswMxjKxclICORoD/dseBihi2JeIQiH6lhlKJ4ZcEkRxUrQjgUOIJnCE+4r6kGHhxNnvEuNUKUPDC7g6vjQy9e9EDJkQU+aqJINyLBa9VPzP60fSu3Ji4oeRxD6aLfIiasjASKsyhoRjJOlUEYg4UW810BhyiKQqdG6Ly9JOrMUGlknnvGLVKhf3tVL9Jm+nAI7BCSgDC1yCOrgDDdAGCDyBF/AK3rRn7V371L5m0RUtnzkCc9B+fgEw1KlX</latexit>

(i)

(ii) R/Rm=0 = R̄(m)/R̄(0)

<latexit sha1_base64="hqGM/B3hHDdfJ8Axq/lYoGd9JrI=">AAACJ3icbVDNSsNAGNzUv1r/oh69BIvQXtpEKnopFL14rMX+QBPCZrttl+4mYXcjlJDH8CF8Bq969iZ67Ju4aSPY1oGFYeab/XbHCykR0jS/tdzG5tb2Tn63sLd/cHikH590RBBxhNsooAHveVBgSnzclkRS3As5hsyjuOtN7lK/+4S5IIH/KKchdhgc+WRIEJRKcvWq7bG4VW25MaubSd32II9bSckOVCi9M2ZJufqrmuXE1YtmxZzDWCdWRoogQ9PVZ/YgQBHDvkQUCtG3zFA6MeSSIIqTgh0JHEI0gSPcV9SHDAsnnn8sMS6UMjCGAVfHl8Zc/ZuIIRNiyjw1yaAci1UvFf/z+pEc3jgx8cNIYh8tFg0jasjASFsyBoRjJOlUEYg4UW810BhyiKTqcmmLx9JOrNUG1knnsmLVKlcPtWLjNmsnD87AOSgBC1yDBrgHTdAGCDyDV/AG3rUX7UP71L4Wozkty5yCJWizH7RXpl8=</latexit>

These are finite quan**es due to the cancella*on of the wavefunc*on renormaliza*on factor
and can be measured on the la7ce.
Note that flavors for the numerator and the denominator do not have to be the same.

We consider

Range of the flow *me

LaZce simulaMon:
<latexit sha1_base64="hD8grzeSWKSnLfuGaFoSekDXxZk="></latexit>

a2 ⌧ 8t ⌧ L2

PerturbaMvity: 8t ⌧ ⇤�2

MS

<latexit sha1_base64="A8SBsGPvbx/WOn2Z7OiMsGdUDjM="></latexit>



Strange
Because of                   in the figure below, we use the small-m2t expansion.

We set the renormaliza*on scale to                          . 2019 Artz, Harlander, Lange, Neumann, Prausa

m2
st ⌧ 1

<latexit sha1_base64="tnE0NJvgNwImM+x76llD8r3XN3I=">AAACFnicbVDNS8MwHE39nPOr6lGQ4BA8jXZM9Dj04nGC+4C1ljRLt7AkLUkqjLKbf4R/g1c9exOvXj36n5huPbjNB4HHe++XX/LChFGlHefbWlldW9/YLG2Vt3d29/btg8O2ilOJSQvHLJbdECnCqCAtTTUj3UQSxENGOuHoJvc7j0QqGot7PU6Iz9FA0IhipI0U2CdeyDMvNpH8hoxPAvVQgxpCjzHoTgK74lSdKeAycQtSAQWagf3j9WOcciI0Zkipnusk2s+Q1BQzMil7qSIJwiM0ID1DBeJE+dn0HxN4ZpQ+jGJpjtBwqv6dyBBXasxDk+RID9Wil4v/eb1UR1d+RkWSaiLwbFGUMqhjmJcC+1QSrNnYEIQlNW+FeIgkwtpUN7cl5Hkn7mIDy6Rdq7r16sVdvdK4LtopgWNwCs6BCy5BA9yCJmgBDJ7AC3gFb9az9W59WJ+z6IpVzByBOVhfv4KIn3g=</latexit>
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p
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<latexit sha1_base64="942qLEpN67wTi3uePAWJL9cvGiw="></latexit>

Strange
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<latexit sha1_base64="66d6b1Tt6U8Qz1Oa/JXeZSMEGE4=">AAACHXicbZDLSgMxFIYzXmu9VV26CRbBVZkRi90IRRe6rGAv0Cklk2baYDIzJmeEEsYX8CF8Bre6diduxaVvYnpZWOsPgZ//nMM5+YJEcA2u++UsLC4tr6zm1vLrG5tb24Wd3YaOU0VZncYiVq2AaCZ4xOrAQbBWohiRgWDN4PZiVG/eM6V5HN3AMGEdSfoRDzklYKNu4dAPpMF+qAg1XmZ8fafAVCDLzsoPxlcSX7JGlnULRbfkjoXnjTc1RTRVrVv49nsxTSWLgAqiddtzE+gYooBTwbK8n2qWEHpL+qxtbUQk0x0z/k6GD23Sw2Gs7IsAj9PfE4ZIrYcysJ2SwED/rY3C/2rtFMJKx/AoSYFFdLIoTAWGGI/Y4B5XjIIYWkOo4vZWTAfEogFLcGZLIEdMvL8E5k3juOSdlMrXJ8Xq+ZRODu2jA3SEPHSKqugK1VAdUfSIntELenWenDfn3fmYtC4405k9NCPn8wc7nKMm</latexit>

t = 0.005 GeV�2

<latexit sha1_base64="8x0+W7/YJPmwECPetd2bsGusBZI=">AAACE3icbVDLSsNAFJ3UV62vqMtuBovgxpKUFt0IRRe6rGAf0MQymU7boTNJmJkIJUTwI/wGt7p2J279AJf+iZM2C9t64MLhnHu59x4vZFQqy/o2ciura+sb+c3C1vbO7p65f9CSQSQwaeKABaLjIUkY9UlTUcVIJxQEcY+Rtje+Sv32AxGSBv6dmoTE5Wjo0wHFSGmpZxYdj8fqwipbVu0xdgSH16SV3MenlSTpmaVUTwGXiZ2REsjQ6Jk/Tj/AESe+wgxJ2bWtULkxEopiRpKCE0kSIjxGQ9LV1EecSDeePpHAY6304SAQunwFp+rfiRhxKSfc050cqZFc9FLxP68bqcG5G1M/jBTx8WzRIGJQBTBNBPapIFixiSYIC6pvhXiEBMJK5za3xeNpJvZiAsukVSnb1XLttlqqX2bp5EERHIETYIMzUAc3oAGaAIMn8AJewZvxbLwbH8bnrDVnZDOHYA7G1y8t/52m</latexit>

@cf.

t = 0.5 GeV�2

<latexit sha1_base64="m+DhaTm+Aw9ggdUZZgQE6jfC/TI=">AAACEXicbVDLSsNAFJ3UV62vqCtxM1gEN4aktOhGKLrQZQX7gCaWyXTSDp1JwsxEKCH6EX6DW127E7d+gUv/xKTNwrYeuHA4517uvccNGZXKNL+1wtLyyupacb20sbm1vaPv7rVkEAlMmjhggei4SBJGfdJUVDHSCQVB3GWk7Y6uMr/9QISkgX+nxiFxOBr41KMYqVTq6Qe2y2N1YRq1x9gWHF6TVnIfn1aSpKeXTcOcAC4SKydlkKPR03/sfoAjTnyFGZKya5mhcmIkFMWMJCU7kiREeIQGpJtSH3EinXjyQgKPU6UPvUCk5Ss4Uf9OxIhLOeZu2smRGsp5LxP/87qR8s6dmPphpIiPp4u8iEEVwCwP2KeCYMXGKUFY0PRWiIdIIKzS1Ga2uDzLxJpPYJG0KoZVNWq31XL9Mk+nCA7BETgBFjgDdXADGqAJMHgCL+AVvGnP2rv2oX1OWwtaPrMPZqB9/QJAUJ0y</latexit>
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= 0.5 GeV

<latexit sha1_base64="nZMFZ32YkUknvLuTkU1KbLcNZW0=">AAACH3icbZDNSgMxFIUz/tb/qks3wSK6Gmakohuh6EKXFWwVOkPJpBkbmsyMyR2hhPENfAifwa2u3YnbLn0T09qFth4IHM69l3vzRZngGjxv4MzMzs0vLJaWlldW19Y3yptbTZ3mirIGTUWqbiOimeAJawAHwW4zxYiMBLuJeufD+s0DU5qnyTX0MxZKcpfwmFMCNmqX94NIGhzEilDjFybQ9wrMCRTFqecePZpASXzBmkXRLlc81xsJTxt/bCporHq7/BV0UppLlgAVROuW72UQGqKAU8GK5SDXLCO0R+5Yy9qESKZDM/pQgfds0sFxquxLAI/S3xOGSK37MrKdkkBXT9aG4X+1Vg7xSWh4kuXAEvqzKM4FhhQP6eAOV4yC6FtDqOL2Vky7xMIBy/DPlkgOmfiTBKZN89D1q+7RVbVSOxvTKaEdtIsOkI+OUQ1dojpqIIqe0At6RW/Os/PufDifP60zznhmG/2RM/gGMr+jmA==</latexit>

@

Preliminary



Because            can be                   or                  , we use the numerical results.

Charm
m2

ct

<latexit sha1_base64="xkbxN4wjFH7SaWiDxffH8KIDyxo=">AAACD3icbVC9TsMwGHTKXyl/AQYGFosKialKqiIYK1gYi0R/pCZEjuu2Vm0nsh2kKspD8AysMLMhVh6BkTfBaTPQlpMsne7u82dfGDOqtON8W6W19Y3NrfJ2ZWd3b//APjzqqCiRmLRxxCLZC5EijArS1lQz0oslQTxkpBtObnO/+0SkopF40NOY+ByNBB1SjLSRAvvEC3nqRSaS35DyLMCPdaizwK46NWcGuErcglRBgVZg/3iDCCecCI0ZUqrvOrH2UyQ1xYxkFS9RJEZ4gkakb6hAnCg/nX0gg+dGGcBhJM0RGs7UvxMp4kpNeWiSHOmxWvZy8T+vn+jhtZ9SESeaCDxfNEwY1BHM24ADKgnWbGoIwpKat0I8RhJhbTpb2BLyvBN3uYFV0qnX3Ebt8r5Rbd4U7ZTBKTgDF8AFV6AJ7kALtAEGGXgBr+DNerberQ/rcx4tWcXMMViA9fULVrmdXQ==</latexit>

m2
ct ⌧ 1

<latexit sha1_base64="Z7L4RKNGFGVzEdD+pwtzzjgx0Hk=">AAACFXicbVDNS8MwHE39nPOr6lGE4BA8jXZM9Dj04nGC+4C1ljRLt7AkLUkqjLKTf4R/g1c9exOvnj36n5huPbjNB4HHe++XX/LChFGlHefbWlldW9/YLG2Vt3d29/btg8O2ilOJSQvHLJbdECnCqCAtTTUj3UQSxENGOuHoJvc7j0QqGot7PU6Iz9FA0IhipI0U2CdeyDMvNpH8hoxPAvxQgxp6jEF3EtgVp+pMAZeJW5AKKNAM7B+vH+OUE6ExQ0r1XCfRfoakppiRSdlLFUkQHqEB6RkqECfKz6bfmMAzo/RhFEtzhIZT9e9EhrhSYx6aJEd6qBa9XPzP66U6uvIzKpJUE4Fni6KUQR3DvBPYp5JgzcaGICypeSvEQyQR1qa5uS0hzztxFxtYJu1a1a1XL+7qlcZ10U4JHINTcA5ccAka4BY0QQtg8ARewCt4s56td+vD+pxFV6xi5gjMwfr6BQddnz4=</latexit>
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Preliminary

To keep the expansion parameter small, we take the renormaliza*on scale to                                                  . µopt ⌘ max[µ(t),mc(mc)]

<latexit sha1_base64="/3gNoJo9h/gFT3+YAc8hMWCUH4k="></latexit>

cf. µ(t) = mc(mc)

<latexit sha1_base64="vtz2K/j5IqSvS/Or3mBffPb9eSk=">AAACInicbVDLSsNAFJ34rPUVdekmWITWRUmkohuh6MZlBfuAJoTJdNIOnZmEmYlQQv7Bj/Ab3OranbgS3PgnTtosbOuFgTPnnHvvzAliSqSy7S9jZXVtfWOztFXe3tnd2zcPDjsySgTCbRTRSPQCKDElHLcVURT3YoEhCyjuBuPbXO8+YiFJxB/UJMYeg0NOQoKg0pRvnrkBS12WVFXt2o20Mx+UssxH1flrLfPNil23p2UtA6cAFVBUyzd/3EGEEoa5QhRK2XfsWHkpFIogirOym0gcQzSGQ9zXkEOGpZdO/5RZp5oZWGEk9OHKmrJ/O1LIpJywQDsZVCO5qOXkf1o/UeGVlxIeJwpzNFsUJtRSkZUHZA2IwEjRiQYQCaLfaqERFBApHePcloDlmTiLCSyDznndadQv7huV5k2RTgkcgxNQBQ64BE1wB1qgDRB4Ai/gFbwZz8a78WF8zqwrRtFzBObK+P4Fi0Wlbw==</latexit>

@ t = 0.173 GeV�2

<latexit sha1_base64="ZSSJl1CfufXVI5EvHD5mmAEEaj8=">AAACE3icbVDLSsNAFJ34rPUVddnNYBHcGJJaqRuh6EKXFewDmlgm00k7dCYJMxOhhAh+hN/gVtfuxK0f4NI/MWmzsK0HLhzOuZd773FDRqUyzW9taXlldW29sFHc3Nre2dX39lsyiAQmTRywQHRcJAmjPmkqqhjphIIg7jLSdkdXmd9+IELSwL9T45A4HA186lGMVCr19JLt8lhdmIZVO32MbcHhNWkl9/FJJUl6etk0zAngIrFyUgY5Gj39x+4HOOLEV5ghKbuWGSonRkJRzEhStCNJQoRHaEC6KfURJ9KJJ08k8ChV+tALRFq+ghP170SMuJRj7qadHKmhnPcy8T+vGynv3ImpH0aK+Hi6yIsYVAHMEoF9KghWbJwShAVNb4V4iATCKs1tZovLs0ys+QQWSatiWFXj7LZarl/m6RRACRyCY2CBGqiDG9AATYDBE3gBr+BNe9betQ/tc9q6pOUzB2AG2tcvN9qdrA==</latexit>
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<latexit sha1_base64="dPKV0nNjnm9rPmDNRvBQ56HEc98=">AAACFnicbVDNS8MwHE39nPOr6lGQ4BA8jXZM9Dj04nGC+4C1ljRLt7AkLUkqjLKbf4R/g1c9exOvXj36n5huPbjNB4HHe++XX/LChFGlHefbWlldW9/YLG2Vt3d29/btg8O2ilOJSQvHLJbdECnCqCAtTTUj3UQSxENGOuHoJvc7j0QqGot7PU6Iz9FA0IhipI0U2CdeyDMvNpH8hoxPAvxQgxp6inLoTgK74lSdKeAycQtSAQWagf3j9WOcciI0Zkipnusk2s+Q1BQzMil7qSIJwiM0ID1DBeJE+dn0HxN4ZpQ+jGJpjtBwqv6dyBBXasxDk+RID9Wil4v/eb1UR1d+RkWSaiLwbFGUMqhjmJcC+1QSrNnYEIQlNW+FeIgkwtpUN7cl5Hkn7mIDy6Rdq7r16sVdvdK4LtopgWNwCs6BCy5BA9yCJmgBDJ7AC3gFb9az9W59WJ+z6IpVzByBOVhfv+ntn7k=</latexit>
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BoNom

Bottom

LO@ μ=μopt

NLO@ μ=μopt

0.0 0.1 0.2 0.3 0.4 0.5 0.6 0.7
0.0

0.5

1.0

1.5

t [GeV-2]

S
/R

[G
eV

-1
]

Bottom LO@ μ=μopt

NLO@ μ=μopt

0.0 0.1 0.2 0.3 0.4 0.5 0.6 0.7
0.0

0.2

0.4

0.6

0.8

1.0

t [GeV-2]

R
/R
m
=0

cf. t = 0.016 GeV�2

<latexit sha1_base64="supjAT8K+l15wpwFALvDWDTaeoI=">AAACE3icbVDLSsNAFJ3UV62vqMtuBovgxpKU+tgIRRe6rGAf0MQymU7aoTNJmJkIJUTwI/wGt7p2J279AJf+iZO2C9t64MLhnHu59x4vYlQqy/o2ckvLK6tr+fXCxubW9o65u9eUYSwwaeCQhaLtIUkYDUhDUcVIOxIEcY+Rlje8yvzWAxGShsGdGkXE5agfUJ9ipLTUNYuOxxN1YZUt+/QxcQSH16SZ3ifHlTTtmiWtjwEXiT0lJTBFvWv+OL0Qx5wECjMkZce2IuUmSCiKGUkLTixJhPAQ9UlH0wBxIt1k/EQKD7XSg34odAUKjtW/EwniUo64pzs5UgM572Xif14nVv65m9AgihUJ8GSRHzOoQpglAntUEKzYSBOEBdW3QjxAAmGlc5vZ4vEsE3s+gUXSrJTtavnktlqqXU7TyYMiOABHwAZnoAZuQB00AAZP4AW8gjfj2Xg3PozPSWvOmM7sgxkYX78xRp2o</latexit>

@µ(t) = mb(mb)

<latexit sha1_base64="BV+G3uvnoxSk/+Gl4CtxzcKsjP0=">AAACInicbVDLSsNAFJ34rPUVdekmWITWRUmkohuh6MZlBfuAJoTJdNIOnZmEmYlQQv7Bj/Ab3OranbgS3PgnTtosbOuFgTPnnHvvzAliSqSy7S9jZXVtfWOztFXe3tnd2zcPDjsySgTCbRTRSPQCKDElHLcVURT3YoEhCyjuBuPbXO8+YiFJxB/UJMYeg0NOQoKg0pRvnrkBS12WVFXt2o20Mx+UsswPqvPXWuabFbtuT8taBk4BKqColm/+uIMIJQxzhSiUsu/YsfJSKBRBFGdlN5E4hmgMh7ivIYcMSy+d/imzTjUzsMJI6MOVNWX/dqSQSTlhgXYyqEZyUcvJ/7R+osIrLyU8ThTmaLYoTKilIisPyBoQgZGiEw0gEkS/1UIjKCBSOsa5LQHLM3EWE1gGnfO606hf3DcqzZsinRI4BiegChxwCZrgDrRAGyDwBF7AK3gzno1348P4nFlXjKLnCMyV8f0LiAylbQ==</latexit>

Because            can be                   or                  , we use the numerical results.

To keep the expansion parameter small, we take the renormaliza*on scale to                                                  . 
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µopt ⌘ max[µ(t),mb(mb)]

<latexit sha1_base64="q++JvsITJR2ezwlf9FgwyQ328vo="></latexit>

Preliminary



Summary
・We proposed a new method for quark mass determina:on using the gradient flow. 

Ra*os of bilinear operators of flowed quark

・This method can be regarded as a gauge invariant extension of the RI-(S)MOM schemes,
     and has poten*al to provide a cleaner and precise method. 

・We provided two-loop results for these operators including mass effects. 

Significant for strange, charm, and bottom quarks

・La7ce observables were studied at NLO, where the NLO correc*ons were about 10 %.

・We developed a new method to expand loop integrals using the Laplace transform. 



Outlook

・Precision of la7ce measurement?

・Small flow *me expansion/OPE should be studied for deeper theore*cal understanding.

・Crucial for precision to calculate higher orders in perturba*on theory. Next talk by Mason


