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Applications of the gradient flow

The gradient flow plays a key role in recent lattice development:

- Scale setting
Regularization independent expressions of physical observables

Renormalization group flow

In this talk, we propose a new application, quark mass determination using the gradient flow.

-Quark MS masses are fundamental parameters in QCD

-Precision is crucial in flavor and Higgs physics



Our proposal

We consider the ratio of bilinear operators of flowed quark:
_ —>
S =X z)x(t,2) , R=(x(t,z) P x(t, z))

Flow equations: 2010 Luscher, 2011 Lischer, Weisz, 2013 Lischer

- Oix(t,x) = (DpDy — a8, Byu(t, x))x(t, )
1 8x(t,2) = x(t,2)(D . Dy + 208, By (t, @)
i 0:B,(t,x) =D,G,,.(t,x) + aoD, 0. B, (t,x)

with boundary conditions, x(t = 0,z) = ¥(x), x(t = 0,z) = ¢ (x), B,(t =0,z) = A,(x).



Our proposal

We consider the ratio of bilinear operators of flowed quark:
_ _ e
S = <X(ta iII)X(t, :13)> , R = <X(t7 :U) lp X(ta 33))

*The wave function renormalization is canceled in the ratio. 2013 Luscher, 2014 Makino, Suzuki

To determine mass:

Calculate it both in and on the lattice S D e PE TR
: . . — g =L | = T Te )
: Perturbation theory gives a function of &, m, o, P e i d )~
U-pa ljve
Lattice: Gives a physical result once the lattice quark mass regu|t
is determined properly (to reproduce the mass of Lotice oot
hadrons) ; ?



Existing lattice approaches

Quark masses have been determined using

* Regularization-independent (symmetric) momentum subtraction scheme [RI-(S)MOM]

_ 1995 Martinelli et al., 2007 Sturm et al.
= quark current (or current-like) correlator method (for heavy quark)

2008 HPQCD collaboration
* minimal renormalon-subtracted (MSR) scheme

2018 TUM collaboration
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RI-(S)MOM scheme considers the renormalization of the local bilinear operator ¥ (z)vy(z).

Since ) (x)(z) is a finite bare operator, ZmZs, =1, 50 Zm = Zidlj .

Our proposal is similar to RI-(S)MOM in that bilinear operators are considered.
But distinct differences arise by applying the gradient flow!



Difference from RI-(SMOM

RI-(S)MOM

Gradient-flow approach

<@E(21)?ﬁ¢(m)¢(22)>

<
S/R = (x(t,z)x(t,z))/(x(t, ) P x(t,z))

Three-point function

One-point functions

NOT gauge invariant
(discussed within the Landau gauge)

gauge invariant

Dimension-two nonperturbative correction?
(Al (z) A (x))

Dimension-four nonperturbative corrections
<F3u(w)F3u(w)>7 e



Difference from RI-(SMOM

Expected properties (to be confirmed)

RI-(S)MOM Gradient-flow approach
— — ~ ~ —
(Y(z1) Yy (z)(22)) S/R = (X(t:2)x(t,2))/ (X(t, ) P x(t,z))
Noise suppression due to gradient flow
Three-point function One-point functions
a — 0 is the only necessary extrapolation
NOT gauge invariant gauge invariant
(discussed within the Landau gauge) Solid foundation
Dimension-two nonperturbative correction? Dimension-four nonperturbative corrections
(AL (x)Al(x)) (Fi, () Fj, (), -

Better perturbative convergence?

Gradient-flow approach could provide a cleaner and precise method.



Today’s target

The perturbative result is available for an approximately massless quark

JERN NLO: 2014 Makino, Suzuki
(x(t,z)x(t,x))/{x(t, x) P x(t,x)) NNLO: 2019 Artz, Harlander, Lange, Neumann, and Prausa
= mt[(co + c1s —|—2a§ -+ O(ag)) -+ (’)(WZt)]
Known

Together with our proposal, we provide the perturbative result
at the first nontrivial order [O(a)*1] for a massive quark.

O

0 1 2
s s

(One-loop) (Two-loop) (Three-loop)
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Two-loop integrals

Eleven scalar integrals contributing to S.
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Similarly, we have twenty integrals contributing to R.



How to evaluate them

We evaluate them using two approaches.

(i) Expand the integrals for small- or large- m?2t to give semianalytic expressions in these limits

(ii) Numerical evaluation with full mass dependence retained

In (i), we develop a new method based on the Laplace transform
rather than the standard technique called ““expansion by regions.” 1998 Beneke, Smirnov
2021 Harlander [application to gradient flow]



Method

Given a loop integral I(m?,t), we consider the Laplace transform:
From dimensional analysis,

fw.0)= [ @m0 F0) o 9002

f(v, t) develops singularities reflecting the series expansions of I(m?,t):

{ If I(m?,t) = O((m?)®) for small m?, the integral divergesat v = a.

If I(m?,t) = O((m*)~*) for large m?, the integral diverges at v = —aj.
+ LV
The inverse transform is given by
1 ico+wvo _ /L
I(m?,t) = — dvI(v,t)(m?)" oy .
271 —ico+4wg XK Hﬁ(——XH
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Method

Given a loop integral I(m ,t , We consider the Laplace transform:
g
From dimensional analysis,

T(v,t) = / 0 d(m?*)(m?*)~" " I(m?,t) I(v,t) oc tv=diml1l/2

f(v, t) develops singularities reflecting the series expansions of I(m?,t):
{ If I(m?,t) = O((m?)*) for small m?, the integral divergesat v = a,.

If I(m?,t) = O((m?)~*) for large m?, the integral diverges at v = —a;.

Large-m?t expansion:

I(m?,t) = Z Res[f(v7t)(m2)v]|'v:'vsing

Using <V0

(m?t)” =0
as v — —o

We study the singularities of the Laplace transform.
This single quantity can produce both expansions.



One-loop example

S| = N, [ 2t
1—loop — c m2 T p2 e
p

The Laplace transform

~ 2 e m
S|1_100p = _4Nc/ B_th / d(mz)(mz)_”_l
p

0 m?2 _|_p2
v+
= _4Nc 4 / (i) i 6_2tp2 = —4N, T 1 F(3/2 — € — ’U) (2t)fu—3/2+6
cos(mv) J , \ p? cos(mv) (4mw)2—¢ T(2—¢)

The positive singularities: v =1/2,3/2,3/2 — €¢,5/2,5/2 — €, ...

- N.m
v= 1/2 . - ReS[I(’Ua t)(mQ)v]lv:1/2 - - 872t + 0(6)
. N.m3t¢ (1
v=3/2: —Res[I(v,t)(m?)"]|p=3/2 = — 47::2 (; +1+3log2+ logﬂ) + O(e)
B N, 3-2¢ /1
v=3/2—€: —Res[I(v,t)(m*)"]|y=3/2—c = Z; (E +1—9e+ log(47r)> + O(e)



One-loop example

S| — 4N, [ T e
1—loop — c 2 i p2 e
p

The Laplace transform

S _atp2 [T 2 2y—v—1 M
Sli—100p = —4N. | e =P d(m?)(m*)
; P 0 m? 4 p?
v+1 o
= _4Nc 4 / (i) 6_2tp2 = —4N, T 1 F(3/2 € ’U) (2t)v—3/2+6
cos(mv) J , \ p? cos(mv) (4mw)2—¢ T(2—¢)

The positive singularities: v =1/2,3/2,3/2 — €¢,5/2,5/2 — €, ...

N.m
Sli-toop = g5 [1 + 2m*t(ym + log 2 + log (m"t))

2,72 9 0 Small-m?t expansion
+4(m?*t)* (=1 + g + log 2 + log (m°t)) + O((m?*t)*)] + O(e)



One-loop example

S| — 4N, [ T e
1—loop — c 2 i p2 e
p

The Laplace transform

S _atp2 [T 2 2y—v—1 M
Sli—100p = —4N. | e =P d(m?)(m*)
; P 0 m? 4 p?
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cos(mv) J , \ p? cos(mv) (4mw)2—¢ T(2—¢)

The nagative singularities: v = —1/2,—-3/2, —5/2, ...

N, 1 1 3 1
2

i [ 24)-3 o )
1672 mit2 (m2t)2 +O((m?t)™°)| + O(e) Large-m?“t expansion

S|1-100p =
| 1—loop —



Comments

- Singularities originate from series expansion of the loop integrand
and divergences of the loop integral of the Laplace transformed quantity.

= Two-loop computation can be completed by (mainly) using this method.

* The small-m?t expansion is given with numerical coefficients,
whereas the large-m?t expansion is given with analytic coefficients.

- We make use of differential equations for evaluating more complicated integrals.



The expansions of S

Small-m?t expansion Large-m2t expansion
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The expansions of R

Small-m?t expansion Large-m2t expansion
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Numerical evaluation

We also provide numerical evaluation of the loop integrals with full mass dependence retained.
Using “ftint” [2024 Harlander, Nellopoulos, Olsson, Wesle], we evaluate them for a wide range,
2—11 S mZt S 211

We verified the agreement between our expansions and our numerical results.

e Numerical o Numerical
— small mass exp (order=0 — small-m?t exp (order=0
p p
— small mass exp (order=1) o — small-m?t exp (order=1)
. — small mass exp (order=2) — small-m?t exp (order=2)
- . _ T s
g small mass exp (order=3) B — small-m?t exp (order=3)
& %
JORT1S , _ = -
S — small mass exp (order=4) [} ol '\ 1 — small-n7?t exp (order=4)
E E
5 S
2 — = £
5. -40F small mass exp (order=5) g, — small-m?t exp (order=5)
a8 ¥ 1 b
= — large mass exp(order=0
I* 9 P ) — large-m?t exp (order=0)
-60 B
— large mass exp(order=1) 5
90 b . . . . . . _ _ _
i e VUL R ST T S T large-m?t exp (order=1)
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— large mass exp(order=3) large-Pt exp (order=3)

— large mass exp(order=4) I 2t (order=4)
— large-m“t exp (order=

— large mass exp(order=>5)
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Lattice observables

We consider
() S/R=S(m)/R(m)
(i) R/Rp—0 = R(M)/R(0)

These are finite quantities due to the cancellation of the wavefunction renormalization factor
and can be measured on the lattice.

Note that flavors for the numerator and the denominator do not have to be the same.
Range of the flow time

Lattice simulation: a? < 8t < L2
Perturbativity: 8t « A;4—2s



Strange

Because of m2t < 1 in the figure below, we use the small-m?2t expansion.

—vYE/2
We set the renormalization scale to u(t) = N 2019 Artz, Harlander, Lange, Neumann, Prausa
Preliminary
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Charm

Because M-t can be m2t < 1 or m>t ~ 1, we use the numerical results.

e~ YE/2

V2t

p(t) =

To keep the expansion parameter small, we take the renormalization scale to Hopt = max[u(t), m.(m.)].

Preliminary

o
o
——

Charm A

o
~
B
|

S/IR [GeV™]
o
w

o
N
T

-------- LO @ p= ] I
Qu Hopt 1 LO@ H=HMopt

0.1 } NLO @ p=opt ,: 0.2 R Charm NLO @ p=Hopt ]

O_O:wwww\wwww\wwww\wwww\wwww\wwww\wwww: O_O;\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\\
60 01 02 03 04 05 06 0.7 60 01 02 03 04 05 06 0.7

t [(GeV 2 t[GeV ]

cf. u(t) =me.(m.) @ t=0.173 GeV 2



Bottom

Because mit can be m?t < 1 or m2t > 1, we use the numerical results.

To keep the expansion parameter small, we take the renormalization scale to popt = max[u(t), my(Mms)].

Preliminary
1.5 Bottom 1
7 0.8\ Bottom ... LO @ H=Lopt
\LI_' : NLO@/J=IJopt
% 1'Of b |
O |
] | ]
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cf. p(t) =mp(mp) @ t = 0.016 GeV 2



summary

- We proposed a new method for quark mass determination using the gradient flow.

— Ratios of bilinear operators of flowed quark

* This method can be regarded as a gauge invariant extension of the RI-(S)MOM schemes,
and has potential to provide a cleaner and precise method.

- We provided two-loop results for these operators including mass effects.

—— Significant for strange, charm, and bottom quarks

- We developed a new method to expand loop integrals using the Laplace transform.

- Lattice observables were studied at NLO, where the NLO corrections were about 10 %.



Outlook

* Crucial for precision to calculate higher orders in perturbation theory. —— Next talk by Mason
- Small flow time expansion/OPE should be studied for deeper theoretical understanding.

* Precision of lattice measurement?



