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Why conventional injection fails 1

• The conventional scheme cannot inject a relativistic beam into a 

compact storage ring since it demands a too-strong kick within 

a too-short duration.

– Smaller cyclotron period requires fast kicker pulse.

– Smaller radius requires larger kick angle

= septum thickness / ring radius.

• However, to measure muon g-2/EDM in a compact setup, we 

need to inject a relativistic muon beam into a compact storage 

ring.

– The required kick is 𝐵𝐿 ∼ 20 mT ⋅ m,

which must be applied

within the cyclotron period of 7 ns.
– Technical reach: stripline kicker

(e.g. ILC DR R&D, DAΦNE) reaches

𝐵𝐿 ≤ a few mT ⋅ m at 𝜏pulse ∼ a few ns.

Septum

Kicker

θ

sinθ > d/R
d: Septum thickness
R: Storage radius 

Kicker angle θ in Tc
Tc: Cyclotron period ∝ R 
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Basic idea of 3D beam injection 2

• Beam follows helical orbit by solenoid field. Kicker field is 

gradually applied along it.

– Gradual kick along helical orbit in 125 ns.

– Appropriate radial B-field (Fringe + kicker coil B-field) guides the 

beam to the storage plane, where weak focus is applied.
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Inevitable price: coupled high-magnification optics3

• By adopting the 3D beam injection scheme, we can relax peak 

kicker field, pulse width, 3 T SC inflector needed.

• However, for a high injection efficiency, we need a precise 

beam control to deal with the unique and inevitable 

coupled high-magnification optics along the 3D helical 

track.

• A strong skew quadrupole is inevitable:

𝜕𝐵𝑟/𝜕𝑟 follows from

𝜕𝐵𝑧/𝜕𝑧 via ∇ ⋅ 𝑩 = 0,

as 𝐵𝑧 goes 0 → 3 T.

• Over the helix (~30 m)

→ focal length ~3 cm

→ XY-coupled and

∼ 1000 × magnification.
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HIgh injection efficiency 4

• A high injection efficiency is demanded in J-PARC experiment 

and phase-II of PSI muEDM experiment.

• I will talk on our studies for J-PARC.

I hope that you can get some lessons for PSI phase-II.

J-PARC PSI phase-I PSI phase-II

Beam

Type Pulse DC DC

Intensity (𝜇+/s) 1 × 108 4 × 106 1.2 × 108

Momentum (MeV/c) 300 28 125
Emittance (𝜋mm ⋅ mrad) ∼ 0.3 ∼ 180 ∼ 800
Momentum bite (rms) ∼ 10−4 ? ?

Ring

Storage radius (cm) 33.3 3.1 13.4
Performance

Delivery eff. (src→ring) 10−3 3 × 10−2 5 × 10−3

Injection eff. ∼ 85% ∼ 1.7% ∼ 60%

Key challenge high inj. eff. DC DC + high inj.

Storage field 3.0 T for all three.
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Acceptance at injection point 5

• Acceptance in beam phase space at the injection point

is evaluated to be 𝐴in = 𝑓−1(𝐴out).
– 𝑓 : transfer map from injection point to storage plane.

– 𝐴out: VBO amplitude ≤ 50 mm on storage plane.

– elliptic region in (𝑌 , 𝑌 ′) phase space.

※ 4-dim system is simplified into
2-dim system for simplicity.

z (= Y)

z’ (= Y’)

acceptance:
𝑥𝑜𝑢𝑡

𝑡𝑉𝑥𝑜𝑢𝑡 = Const.beam

reference
orbit

50 mm

1.8 mrad

beam
(0.1 mm-mrad)

X/X’/Y/Y’

X/X’/Y/Y’

~30 μm/μrad

𝑛 ≔
𝑣0 ∗ sqrt Λ0 /sqrt(Const. )

~ 3 m

~3mm

transfer matrix 𝑀
including strong
skew quadrupole

component from 
𝜕𝐵𝑟

𝜕𝑟

at injection point after injection
acceptance:

𝑥𝑖𝑛
𝑡𝑀𝑡𝑉𝑀𝑥𝑖𝑛

= 𝑥𝑖𝑛
𝑡 𝑊𝑥𝑖𝑛

= Const.
⇔ 𝑥𝑖𝑛 ∙ 𝑛 < 1

(when Λ0 ≫ Λ1)
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Acceptance at injection point 6

• In this coupled high-magnification optics, a tiny shift of the 

injected beam is magnified to a large shift.

– Magnification factor ∼ 1000

(= “drift length” ∼ 30 m / “focal length” ∼ 3 cm).

• This requires precise beam control at the injection point in the 

4-dimensional beam phase space (𝑋, 𝑋′, 𝑌 , 𝑌 ′).
– acceptance becomes 𝒪︀(10) μm or μrad.

Acceptance along the helical track

width: 30 μm or μrad.

normal vector: 

( 1
−60 μm , 1

−47 μrad , 1
142 μm , 1

84 μrad)
at injection point 𝑧 ∼ 150 mm
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Design strategy of 3D beam injection 7

• Divide the 3D beam injection design into two design tasks at 

the injection point.

• The storage section defines the acceptance.

The transport line matches the beam to it.
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Kicker optimization to maximize acceptance 8

• Kicker parameters are optimized

to maximize the acceptance.
Optimized Value

Coil radius 37.0–37.5 cm
Upper coil 𝑧 20–30 cm
Lower coil 𝑧 −5 to −15 cm
Peak current 1.0 kA
Pulse width 125 ns
Peak voltage ±40 kV

Kicker coil location scan
Acceptance vs. kicker coil current
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Transport line design 9

Motivation

• Narrow XY-coupled acceptance (∼ 30 μm or μrad) at the injection 

point requires precise matching from the transport line.

• Tunability to deal with the storage-section optics uncertainty.

Current design

• Double Bend Achromat: bending downward, achromatic.

• Rotated quadrupoles: XY-coupled matching and in-situ tuning 

by Q-scan.

• ASXM: active shield and drift-section corrector.
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Injection efficiency in baseline design 10

• The acceptance width of ∼ 30 μm or μrad has been achieved with 

the baseline kicker design.

• The expected injection efficiency is ∼ 85%

for the main bunch without momentum bite.

– The efficiency is limited by non-linear effects; the momentum bite 

is also non-negligible.

Degradation

by non-linearity
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Status for J-PARC experiment 11

• We have clarified design method of 3D injection (B).

• We are moving to technical design of each devices (C,D,E).

• High sensitivity option is also under consideration.

A: Clarification of requirements from physics

B: Design method and designs to satisfy requirements

C: Realization of 

pulsed B-field

D: Realization of the 

transport line

E: Realization of beam 

transport inside the 

storage magnet
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Summary 12

• 3D injection enables relativistic-muon injection into a compact 

ring, at the price of coupled high-magnification optics with ∼
30 μm or μrad acceptance.

• We established a design method “storage section defines 

acceptance, transport line matches the beam” reaching ∼ 85% 

efficiency.

• The same framework would also apply to PSI phase-II.

I hope our J-PARC study offers some lessons;

– Larger emittance, wider momentum bite, and limited 

tunability for uncertainty in reality might deserve extra 

care.
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Backup



Beam dynamics at a glance 13

• Dynamics of a beam, an ensemble of particles, under an EM 

field follows the equation of motion represented by a 

Hamiltonian.

– It is represented by its 4D phase space (𝑋, 𝑋′, 𝑌 , 𝑌 ′): position and 

angle in the transverse plane along the beam orbit.

• In a usual beamline, the X and Y motions are designed to be 

independent (decoupled).

– e.g.: normal quadrupole, Δ𝑋′ ∝ 𝑋 (and Δ𝑌 ′ ∝ 𝑌 ).

– Each plane can be analyzed separately as a 2D problem.

• In our system, the X and Y motions are coupled.

– e.g.: skew quadrupole, Δ𝑌 ′ ∝ 𝑋 (and Δ𝑋′ ∝ 𝑌 ).

– Must be analyzed as a full 4D problem.
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B-field along orbit 14

• B-field distribution along the reference orbit of 3D beam 

injection shapes its unique beam optics.

• The strong skew quadrupole field is inevitable.

– 𝜕𝐵𝑟/𝜕𝑟 follows from 𝜕𝐵𝑧/𝜕𝑧 via ∇ ⋅ 𝑩 = 0 in an axisymmetric 

system, as we inject the beam from 𝐵𝑧 = 0 T to 𝐵𝑧 = 3 T.

– This skew gradient acts along the helical orbit,

producing a focal length as short as ~3 cm.

Torsion-free curvilinear coordinate

along reference track
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Requirements on injection 15

• Almost all the muons must be stored in the storage region, 

where B-field is precisely tuned for physics measurement.

– Requesting injection efficiency ≥∼ 80% of muons

– to avoid systematic uncertainty from B-field non-uniformity and 

pitch effect.

• The 3 T solenoid fringe field as a skew-quadrupole lens 

followed by the long drift length largely magnifies the error at 

the injection point, demanding 𝒪︀(10) μm or μrad control at 

injection.

• Additionally, perturbative effects exist such as non-linearity, 

longitudinal coupling, etc.
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Effects beyond leading order 16

• The leading-order design assumes

4D linear optics for the main bunch.

– Transverse-longitudinal coupling:

momentum dispersion of 0.04% shifts VBO by 5 cm.

– Non-linearity:

this prevents improvement beyond 85%.

– Sub-bunches with 3 ns intervals:

off-timing bunches give efficiency of only 40–50%.

Non-linear B-field in iron yoke tunnel region
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Dynamics of stored beam 17

• A stored muon undergoes three motions.

– Cyclotron motion:

horizontal circular orbit.

– Vertical Betatron Oscillation (VBO):

oscillation in 𝑧, restored by the weak-focusing field 𝐵𝑟 ∝ −𝑧.
– Coherent Betatron Oscillation (CBO):

oscillation in 𝑟 around the storage radius 𝑅.

Motion Period

Cyclotron motion 𝜏cyc = 2𝜋𝛾𝑚/(𝑒𝐵𝑧) ≈ 7.4 ns

VBO 𝜏vbo = 𝜏cyc/
√

𝑛 ≈ 605 ns

CBO 𝜏cbo = 𝜏cyc/(1 −
√

1 − 𝑛) ≈ 99 μs

* Weak focusing strength 𝑛-index defined via 𝐵𝑟 = −𝑛𝐵𝑧0𝑧/𝑅, i.e. 𝑛 ≔ −(𝑅/𝐵𝑧0) ⋅ 𝜕𝐵𝑟/𝜕𝑧 = 1.5 × 10−4.
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Reminder on J-PARC g-2/EDM experiment 18

• Injecting a relativistic beam into a compact zero-E storage ring 

is the essence of J-PARC g-2/EDM experiment.

Momentum 300 MeV/c, 𝛾 = 3.0
Main B-field 3 T with 0.1ppm uniformity

Storage region 𝑟 = 33.3 ± 1.5 cm, |𝑧| < 5 cm
Beam 25 Hz, ∼ 104 𝜇/pulse

Beam bunch ∼ 10/80/10% with 3 ns interval
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Kicker coil system 19

• A pair of single-turn coils in anti-Helmholtz configuration (type 

31ME), driven by a high-voltage switch power supply.

– Single-turn coil design to maximize B-field under voltage 

constraint.

– The system must satisfy

high voltage, low jitter, and small residual field.

Coil radius 37.0–37.5 cm
Upper coil 𝑧 20–30 cm
Lower coil 𝑧 −5 to −15 cm
Peak voltage ±40 kV
Peak current 1.0 kA
Pulse width 125 ns
Coil inductance 𝐿 1 μH
Peak radial field 𝐵𝑟 ∼ 2 mT
Timing jitter 𝜎 < 1 ns

Residual field

10−6 relative

to main pulse

Kicker coil structure
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Kicker parameter scan 20

• Peak current and pulse width were optimized to maximize the 

acceptance, reaching ∼ 1 kA, ∼ 125 ns.
– The achievable (𝐼, pulse width) envelope is bounded by the 

feedthrough breakdown 𝑉peak = 𝐿𝑑𝐼
𝑑𝑡 ≤ 40 kV.

Acceptance vs. kicker coil current Kicker coil
Kicker power supply Feedthrough

VacuumAir

I~1 kA

Lcoil ~ 1 μHLlinevac ~ 0.5 μHLlineair ~ 1 μH

Vcoil ~ ±13 kVVfeedthr ~ ±19 kVVpower~ ±31 kV

Pulse width: ~125 ns
(sine-wave
  of 250ns period)

2026/06/16, 3D beam injection at J-PARC: design method and design



Toward HSSG (6 T, 600 MeV/c) upgrade 21

• The same design framework can work,

but some items must be redone for HSSG.

– Choice of weak focusing 𝑛-index is open

– Stronger kicker field under breakdown voltage limit.

Additional kicker coil may help.

– Effect of fringe field in new storage magnet design must be 

evaluated.

3 kicker coils configuration
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