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Introduction 

It is customary to represent a particle beam (moving in the 

z-direction) as a 6-dimensional ellipsoid in phase space . If 

this e llipsoid is projected into a twodimensional subs pa ce (x , x ' ) 

1 dx {.x=dz) the result is a n ell i ps e in this phase space (x , x' ) with 

a re a TI • E . "Diff eren t representations f or this be am ellipse are 

lis te cl. Some interesting properties of so ca l led binomial pha s e­

s~~c e distributions are given. For emitta nce me asureme nts it is 

p roposed to p l ot ln(p ) versus emittance, where p is the fraction 

of particles out side a gi ven em i tt ance. 
~ 

I. Courant- Snyder represe nta tion 1 (a , (3 , y , E) 

The ellipse is characterized with the Twis s pa ramete r a, 8 , y 

a nd t he emittance parame t er£ (a rea = TI • £). The ellipse 

equat i on is 

(Courant- Sny der) 

Th e Twis s parameters a, S, y are corre lat ed: 

jsy - a2 = 11 

a 

The 

1 S ' 
2 

dimensions are: [a] 
[s] 
[y] 

= 1 

m al ways positive 

= m -1 always posit i ve 

( 1 ) 

(2) 

( 3) 

Sign of a: f or a divergent beam (as in f i gure 1) a i s negative. 

Transforma tion of the Twis s pa r ameters through an arbitrary 

beam trans fer sect ion: 

( 4) 

wh ere M i s the transfer matrix between i nitial point i and 

final point f: 
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( 5) 

(_: -:L (_: -a) = M MT 
y . 

1 

whic h can be written as : 

2 

( 

m1 1 

- m~1m11 

m2 1 

-2m 1 1 m 1 2 

1+2m12m21 

-2m22m21 

( 6 ) 

A rela t ed parameter is the so called phase advance angle ~ 

(dz J 6 ( z) 

II . Parame t ric representation (xm , em, X) 

The e ll ipse i s characterized wi th t he t hree parameters 

= maximum va lue of x 

= maximum va lu e of x ' 

X = corre l atio n phase for orien t ation of el l ipse 

For a divergent beam (as in fig . 1) X is posi tive 

The connectio n with the notation r 12 of TRAN SPORT 2 is: 

lsin X 

A poi nt on the ellipse i s given by 

X Xm coso 

x' _ em si n (o+x) 

where o is a r unning parameter betwee n 0 and 2rr . Th e area 

of the ellipse i s TIE with 

(7) 

( 8) 
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The meaning of t he ellipse parameters is best ill ustrated with 

the co ordinates of the four specific points 1 , 2, 3, 4 on the 

ellipse. Points 1 and 3 as we ll as points 2 and 4 are co nj ugate 

pairs, i.e. the tangent at point 1 i s parallel to line 0-3, the 

tangent at point 4 is parallel to l ine 0-2 . Notice the nice 

symmetry of the coordinates in the parametric representatio n. 

The slope of the envellope xm(z) is given by x~ 

0 

Figure 1 

Parametric 
' X3 

i 
i 

I XKt S111X 

-----1 
I 
' ' I 

Coura nt - Sn::tde·r 
' Xz x3 f ;:. X2 

tanx ~ a = = - .:::: -ro< -- =- - , - ' X It 
1 

X l x' X~t X 1 
~ 

I 

point/ 0 x' x ' r';: ):;:a 
X X 

)(_. 

G 
I 

1 ) -x xmcosx 0 0 £. ~ x~ . '1\~~o 
I 

2) 0 (X . 8 si nx fEr? -a/f -= x~ - x~ 
. m' '-- / 

m 

3 ) goo-x xmsinx 
..-- •. -a{f em . fEY' ·-..~._ .. ! 

4) goo 0 Smcosx 0 ff 
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Action of a thin lens with focal length f : 

' change of x2: 

' x2 
~x2 =--

f 
change in a: 
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The connection between the two r ep r es enta t ion s is: 

Xm = ~ 13 = Xm X 2 
= ~ 

em co sx E 

y = 
8m = 

e 2 
~ ( 1 0) 

XmC OSX e: 

X a = -tanx 

( - . -a ) r1z!s1nx = --

(BY 
parametri c Co~rant-Snyde r 

emittance is i ncorpora ted Parameters def ine only shape of 

in parameters . Zero ellipse, em i tt a nce is extra parame-

emi ttance gives no pro- ter. Singularity for e: = 0. 

blem ( x = ± 90°) 
Cumbersome to plot ellipse : 

Ellipse easy to plot with for each position x a quadratic 

angle o as continous para- equation gives x! Points are not 

meter. 

This representation 1s 

easily extended to more 

than two dimensions with 

correlati o ns Xij between 

xi and Xj· 

Transformation through 

a, f3 , Y 

evenly distri buted along ellipse . 

nice trans f ormation pr operties of 

Twiss parame t ers a , S, y (s ee eq. 6) 

III. Representation of ellipse with complex number Y 

The emittance areane: is a free parameter. Two more parameters 

( = one complex number) are thus need e d for the s hape of t he 

ellipse. 
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In a drift we have : 

x1 - Xw = canst. = amplitude at waist 

x 3 • = em = canst. = maximum divergence 

Define therefore: 

R ~ 1 ~ ratio of main axis at waist = cos X = - I em X3 y 

von TOTAL 

31 

-1 

( 11 ) 

s ~ a ~ si n di stance of beam from waist position -- = X - I em y X3 

This form of R a nd S suggests a complex number 3 , 4 

[ di mensions m] ( 1 2) 

Th e trans formation of Y over a drift length ~ is gi ven by: 

The 

y -1 

inverse of y has 

- u + iV = ~ 
xm 

u ~ 
Xm 

cos X 

e V =-~ sin X 
Xm 

= 

also 

e - i X 

~ 
I 

x2 

-~· 
x2 

or 

R Fi gure 2 

interesting properties : 

[ dimensions=m-1] 

A thin lens of focal power K - ! acts like a drift i n t he 

x'-directio n : 
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x:. = canst. 

X2 = cans t. = Xm 
I 

X2f = X2 i - Kx2i 

which leads to 

= 

Ui = canst . 

Vi + K 

= trans forma tion 

through t h in lens 

or 

( 1 6) 

A succession of drifts and thi n lenses has therefore si mple 

transformation properties . 

IV. Representation in Prog ram TRANSPORT 

ellipse equation : 

or 

- 1 + 
a x 

exp l ici tly 

with 

a = {: -: ) 

a22x 

= 

+ 
X = 

2 
- 2a 12 xx' + a 1 1 

( a 11 012) 
a l2 a22 

X'2 

-1 1 
(: :) = 

1 ( a,. -al2) a = - -2 
e: e: 

-a l2 a11 

a 11 = e:(3 
2 

= Xm 

a22 = e: y = em 
2 

a 1 2 = -e:a = Xm em s in X = e: tan X 

( 17) 

2 
= e: 

( 1 8 ) 
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Cr12 = si nx = 01 2 
) 

~ 01 1 022 
I 

(a) 
2 

de t = £ 

With a transfer matrix R the a-matrix transfers as follows: 

I 
-+ = R x· 

I 
Xf 1 

( 1 9) 

I 
R T 

I Of = a· R 1 
(2 0 ) 

V. Transformation of ellipse parameters in dr ift space 

We assume that the beam has a waist at position Zw with a 

minimum amplit ud e xw · 

The distance from the waist was defined in (11) as 

X3 S = Z-? = -
W X3 '' 

(posit i ve for divergent beam ) 

This is the same definition as in the CERN report5
, but has 

the opposite sign as the notation in the TRANSPORT - report
2

. 

The beam ellipse transforms i n a drift as follows: 

parametric: 

em= ~3 · = const. 

2 2 2 2 
Xm = xw + em ( Z- Zw) = envellope equation = 

tan X = ~ ( Z- Zw) -::: l -~1.<1 (or cosx = ~) --Xw fr.., Xm 

hyperbola 

. ( 21 ) 

dX ~ 2 
(= fflJ ) ---9 ';{ a f ~ M{.. o..J. \.)~'A CQ. 

l"l • ! I 
x' = cos X trt.o~ l.-.)O.vw1, -

xm' -

dZ 

dxm 

dZ 

xw 

= = slope of enve llope 
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Complex representation Y - R + iS 

As seen in ( 1 3) we have 

R = canst. = Bw :: ~ :::: Xv.' 
ern 9l¥' (22) 

s = z-z w 

Courant -S nyder 

y = canst. 

8 :: 8i - 2ai ( Z- Zi ) + Yi (Z-Z·) 
1 

2 
(23) 

a = a · - Yi (Z-Z ·) 1 1 

or with 8 = 8w at waist : 

1 2 

/ B = Sw + 8w (Z-Zw ) 
(24) 

J a 1 ( ) t =- Bw Z-Zw 

ll 
8 ' = - 2a 

Th e equat i on for 8 shows an easy interpretation of 8w : 

At a di st ance 8w from the waist (Z = Zw + Sw) the parameter 8 

has doubled to 2 8w · Therefore the be.am amplit ude xm has increas ed 

f rom xw to '{2 xw, independent of e: . 

u X 1. 2. 2. 2. 
>< - x.., t (}"" ( z -t..v) 

~"" ( .l. -"i-w ) 

Figure 3 
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The phase ad vance l.l is (assuming a waist at z=O ) : 

z z 
~dZ s dz l.l - Sill= Sw s 2 + z2 
0 0 w 

I 
t a n- 1 z tan- 1 ~ z 

I 
.-. ' ·} ·-# (25) l.l = - = .. : ~-1 . l.r; 

Sw xw - /I 

Tf (26 ) l.loo = 2 

I VI . Normalize d phase space coordinates 

transformation of ellipse to circle of radius V£': 

e ll ipse: 

2 
yx + 2a XX' + Sx' 

2 
= e: 

t his can be written as 

2 2 
X + (ax + Sx') = e: (27) 

s 

this s uggests a coordinate tran sformation to new normalized 

• ]::' C>\ 

- CfV;. 
' variables • n, n : 

X 
n - -

(81 dimensio n of ( 2 8) 

• a '/?x' 4 n - - X + ::: 

'{F d'Vt 
11 = mV2 n, n 

the ellipse equation becomes now 

= circle wi th radius (2 and (29) 

area n · e: 

-> 
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the trans formation can also be written as: 

or in 

( : ) = 

1 

IF 
0 

(

X \ 

x ' 

the parametric representation: 

R 0 --
X 

(:) 
9m cosx m 

1 = -
- 8 sinx 

{E -e sinx X m m m 
- \ 

IE 1£ 

W. J oho /KI P 

8. Mai 1978* 

(30) 

0 \ 

[) 
Xm 

VII. Definition of beam ellipse for arbitrary distribution of 

particles 

For an arbitrary distribution of particles it is important to 

define exactly what we mean by beam ellipse . For this purpose 

one works with the statistical parameters . . 
-

ffx2~ (x,x ' )dxdx ' 
2 2 

X - 0 = 

7 •2 Jfx' 2~(x,x')dxdx' (32) X - 0 = 

xx' = J[xx'~(x,x' )dxdx ' 

where ~ (x,x ') is the particle density in phasespace (x , x') 

with the nor malisation 

JJ~cx,x')dxdx' = 1 (33) 

(31) 
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For a finit e numb er N of "superpart i c les " we have the usual 

definition 

2 
X = 1 

N 

N 
l: 
i= 1 

2 x. 
l 

and analogue s f or the other parameter. 

( 34) 

It is now us eful to de f i ne as RMS (=root mean s quare) beam 
ellipse paramet e r xm, Gm, x and E in the parametric representa­
t ion: 

x _ 2 a 
m 

8 - 2 a' m 

- sin X -

E = x 8 cosX 
m m 

= 4xx' 
X8 m m 

( 35) 

= 4 V~x2 I 
- XX 

The f actor 2 i n the definit ions a bove is arbitrary~ 6 ' 7but has the 

convenience that Xm, em correspond exactly to the maximum values 

of x, x' for an ellipse with unifo rm phas e space density ( see 

app endix ). The beam ellipse is then defined with the equations 

I 
X = X m 

\ x ' = 8 m 

cos 6 
( 0 ~ & ~ 2'JT) ( 36) 

sin (o +x ) 

with the usual emittance 'IT " E • With t he above definition of E 

about 86 - 88 % of the t otal beam are contained within this beam 

ellipse for reasonably behaved beam profi l es generally encount e ­

r ed in practice. The Twi ss parameter a,S,y have al s o simpl e 

mean ings8 : 
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x2 x l 2 xx' 
== - y = - - a = -- -,) ,) 

E E E 
(37) 

2 -- 2 
E2::: 12 xx 1 (E 4E) X • X - = ,) 

The RMS- parameter (35) are normally used in beam envellope cal ­

culations involving space charge forces6 , 9 and x is simply 
m 

called the x - amplitude . 

VIII.Determination of beam ellipse from 3 beam profiles in a drift 

space 

At a given point z the beam profile f (x) is obtained by 

f (X) = f ~ (X, X 1 
) dX 1 

with the normalization from (33): 

J f(x)dx = 1 

The amplitude x is defined by (32) and (35) as : m 

(38) 

(39) 

(40) 

Lets suppose now that the beam amplitude (x) was measured at 3 

positions z =z_, o, ~along a drift space with the values x _, 

x
0 

- xm and x+ respectively. With this measurement the other 

ellipse parameter 0 and x (beside x ) can be determined at the m m 
middle point z =o . 
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rXw 

0 s 

NAME: 

DATUM: 

X-+ 

,.. "111--t---------t ... ~ 
L_(>o) '-+ (>O) 

w. 
8 . 

Joho/KIP 

Mai 1978* 

b eam 
amplitude 

Figure 4 

The beam is supposed to have a waist at z=S. The following de ­

terminat i on o f the ellipse parameter is only reliable , if this 

waist is c l ose to t he middle point z=o . The gene ral ellipse 

equat ion (1) is eval uated at z =o : 

2 + 2et. xx ' -+ B x '
2 ( 41) Yo X = E: 

0 0 

evaluating the e llipse equations at z+ and z and using the equa 

tions (23) and (1 0 ) for S(z) we obtain 

2 2 
2a0 e:L+ e 2 L 2 

X+ = X + 
0 m + 

(4 2 ) 
2 2 

2a EL + e 2 L 2 X = X + 
0 0 m 

from these 2 equations we can d e duct G and a e: (x = x is m o m o 
already known from the measurement) and we obtain 

J 
I 
I 
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+ 

= sinx = 

E: = X m 

where we have 

&+ -
-

'V 
a 

X 0 m m 

0 cosx m 

used the 

2 2 
X+ - X 

0 -

DATUM: 8. Mai 1978* 

(43) 

lx 2 
0 

2 'V2 
= - a m m 

~ 

abreviations 

(44) 

For consistent measurements lsinx j cannot be bigger than one. 

The waist xw = £16m is at z=S with S = xm sinx from (11): 
em 

~ 

a s = -
0 2 m 

= 1 
2 

2 2 
L _ 6+ - L+ &_ 

L_& + + L+o-
(45) 

10 Tomographic methods have been developped , which allow even a 

reconstruction of the phase space density ~ (x,x') from 3 profile 

measurements . In this iterative scheme the beam parameter (43) 

can be convenientl y used for an initial guess of the particle 

distribution . It has been s hown 11 , that optimal results are 

obtained if the middle profile is at the waist position and the 

other profiles are measured at a distance l=f3·Bw = {:3 x;l£ from 

the waist, where the beam amplitude has exactly doubled. This 

corresponds to three project i ons at 120° intervals of a circle 

in normalized phase space . 
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APPENDIX 

RMS-ellip s es for some specific part icle distributions 

In order to get some feel ing for the RMS- e llipse we show exam­

ples of typical particle distributions and their corre sponding 

ellipses, calculated from eq . (35). 

1. Uniform ph as e space density inside a given ellipse 

I 
X 

r(x,x')=const. 

X 

The RMS-el l ipse corresponds 

exactly to the circumscribing 

e llipse, d u e to the factor 2 in 

the definition of x and 8 in m m 
( 35) . 

This density distribution is obtaine d by projecting a uni ­

formly populated four - dimensional e l l i psoidal s he11 12 into 

the subspace (x,x ' ). 

2. Hollow beam, p(x,x ' ) = 0 except on a ring 

I 

& X ring of particles 

RMS-ellipse 

X = 12'x 
m r 

e = ffe 
)( m r 
~ £ = X e :: 2 X e 

m m m r r 
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Due to aberrations one can obtain beams with an S- shaped 

distribut ion in phase space . Exaggerated it could look 

like this: 

one obtains: 

lb 
. 8 X = X 'V X 

m 3 s s 

e = 2~ 'V 1.6 e 
m 3 s s 

r 12 = sinx = .75 

0 
ff 

e: = X cosx = - x e 
m m 3 s s 

In both examples 2 and 3 the RMS- emittanc e rre: is not zero, 

al t hough the area occupied by the beam is zero . 

II II 

4 . Superparticles 

I 

X 

RMS-el1 ipse ( ~efw~ ~~ 
/ Q_ (5' t:wv\J ;; (5' I) 

~ superpart i cle -

X \ 
\ 

I 

~ ~ ~ fo-.crtft 2.. 

e~J..-x II~V\~ rOv\ t& I < 
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5. Two-dimens i onal Gaussian funct ion 

p(x,x') = 1 1 (A . 1) 

where we assumed that the beam is examined at a waist with 

no coupling term xx ' present. Otherwise we can always bring 

pinto the above form by a transformation ala (28). 

The beam profile f(x) is given by: 

f(x) o J p (X , X' ) dx ' = 
1 

exp ( -~ (A.2) 

with a FWHM-valuerof: r = /8 ln 2' cr = 2 . 35 a 

normalization: If p(x,x ' )dxdx' = { f(x)dx o 1 (A.3) 

The second moments are given by: 

2 2 
x = cr , 

-2 2 
x' = a ' (A . 4) 

The RMS - ellipse is thus defined by 

X = m 
2cr = .85 r 

e = 2cr' m (A . 5) 

X = 0 

e: = X e = 4acr ' m m 

The fraction q of the beam which is contained between the 

values - x and +x lS given by m m 

X 
m f f(x)dx = 

-x 
m 

1 
+2cr 

f exp t- ~ (A . 6) 

- 2cr 
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From integra tion tables we obtain the result q = . 95~ 

It is also interesting to know what fraction p of the beam 

i s lying outside an e l lipse of area TIE = n ·aa ' a 2 and given p 
by 

2 = a (A .7) + 

For this purpose we have t o so l ve the integral 

2 n~ a ' ff exp (- i(:~ + : : ~)) dxdx ' = 1-p (A . 8) 

The resul t is 

E ) p -
2aa ' -p = exp (- (A . 9) 

putting Ep = E gives p = . 14 , which means that for a two ­

dimensional Gaussian distribution 86 % of the beam is con-

tained in the RMS- ellipse of 

6 ; Bi nomial distribution 

area TIE = TI·4aa '. 
1 

~ ~ ~,0 '\o\'4~~ i\ ' <5 ,<:::) 

'99 ()/o W1 ~~&.r. Ti , (s ~) t ~ s ') 

This distr i bution has some interesting proper ties : 

- the general care.is characterised by a single parameter 

m > 0 and includes the water bag model (uniform density) , 

the parabolic distribut i on etc. The Kapchinsky -Vladimirsky­

d i stribution12 (KV)a nd the Gaussian distribut ion are the 

l i miting cases m + 0 and m + oo respectively . 

- for a f inite m the distribution has a finite range , i . e . 

there are no particles outside a given l imiting e l lips e . 
The advantag e agains t a truncated Gaussian e.g . 1s, t hat 

for m 9 2 the beam ~rofile has a c ontinous der i vative . 
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- projection of a binomial distribution in N-dimensional 

space into the (N-1) - dimensional space inc reas es the para­

meter m by 0.5. This means that the distribut i on remains 

binomial under projection . In principle a specific distri­

bution can be obtained by a series of projections of an 

inital K- V-distribution ( form= half integer) . 

To simplify the calculations we work with the dimensionless 

cartesian c oordinate s (u , v) or the polar c oordinates (a, ¢) : 

u = 
a2 = 

v = a sin ¢ 

(A .10) 

The phase spac e density p(u,v) is assumed to be ro tationally 

symmetr i c and to have a binomial form 

p(u , v) = for a ~ 1 

= 0 for a ~ 1 

The distr i bution is normalized: 

Jfp(u , v)dudv = 
2.iT 1 
J fp(a)adadcj> 
00 

= 1 

(A.11 ) 

(A .1 2) 

This phase space density p(u , v) is analogous to the form 

f(H) = for H ~ H0 
(A.13) 

= 0 for H > H0 

I 
I 
I 
I 
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Generating a 2- dimensional binomial distribution 

(for an upright rms- ellipse) with a random generator: 

p(u, v)dudv= p(a, <P)adad<P = 2;r p(a)ada = p(s1)dsl 

choose s1 from uniform random generator 

=> p(si) = 1 for (0 < s1 < 1) 

ds1 = 2n p(a)ada = m(l- a2)m-l da2 

integrated gives : s1 = (-)( 1- a 2 )m 

_ ~1 (1/m) a- -s1 (see page 25) 

For a general ellipse (Courant- Snyder description): 

f(x,x')- yx2 + 2a X x' + j3 x'2 = £ 

wecanreplacea2 with /3-f(x,x') 
(J2 

=> p(x,x')= m (l-,LH(x,x'))m-1 
1r (52 
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used by W. Lysenko 13 from LAMPF for space charge calculations 

in Linacs . H is the Hamiltonian which for linear fo r ces is 

quadratic in all var i ables and has thu s the same form as a 2 • 

The case n + G gives f(H) = o(H-H0 ) and i s ca l l ed microcano­

nica l or KV-distribution . The cas e n + oo gives f(H) = 
exp ( - H/H0 ) and is called canonical or Maxwell distribution . 

We have introduced t he parameter m for the two dimensional 

distribution in order to distinguish i t from n in the 

Hamiltonian , which can be of higher dime nsion . 

The connection between the dimensionless var iables (u , v) 

and the real phase s pa ce variables (x ,x ' ) is given by 

X = XL • U = X L a C 0 S cf> 

x ' = x~ ( u sin x + v cos x ) = x~ a sin ( ct> +X) I (A . 14) 

where 

X L = ~m;1 ' , Xm = V2 (m+1 )
1 

a = limiting amplitude 

= ~m; 1' , V2(m+1)' I e., I limiting divergence X L = a = 
(A . 15) 

t 

The RMS - el lipse is characterized by xm=2a, 8m=2cr and x as 

g ive n in (35) . The limiting beam ellipse i s character i zed 

by xL, x~ and X corresponding to a= 1 . The beam profile 

is given by the projec tion of p onto u or x: 

+oo 
f ( u) = f p( u, v)dv (A . 16) 

- oo 

with the subst i tution v= V1 -ui sin a one obtains 

f(u) =!!! 1 . (l - u2)m-Y 2 
n 2m- 1 (A.17) 
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Thus f(u) has the same form as p(a) in (A.11) with the 
exponent increased by .5. The normalization constant IK 
is given by 

+.:!!. 
+1 K-1 2 --

IK f cosKada f (1 - v 2
) 

2 dv (A.18) = = 
1T -1 
2 

and obeys the recurrence relation: 

21T K- 1 
K IK- 2 (A .19) = 

The first few constants are 
for K even .~ for K odd : 

Io = 1T 11 = 2 

12 = 1T•1/2 I3 = 2·2/3 
1·3 

I5 
2 · 4 

14 = 1T . 27If = 2·--2 . 3·5 . . . 1 · 3 K-1 . 2 · 4 K- 1 
1K = 1f • 1K = 2 · --- . . .. 

2.11 
.. . . 

K 3 •5 K 

Equation (A.19) allows to rewrite the profile f(u) in 
(A.17) as : 

f(u) = 

= 

_1_ ( 1-u 2 )m-1/2 
I 2m 

0 

+ oo 

for I u I ~ 1 

for lui > 1 

with the normalization f f(u)du = 1 

. 5 c (\Qc..\C>~l.-\~0 ) 

0.2..~~ 

- oo 

(A.20) 
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The pr o f ile f(u) is defined even for m = 0, although t h e 
original densit y p (u ,v) in (A.11) is not defined for this 
case . The corresponding density p 0 (u , v) whose projection is 
f( u) f or m = 0 is giv en by: 

p 0 ( u ,v) 

,2. 
The variances o 2and a for the g eneral case a r e: 

00 

o2= XT = xL 2 fu 2f (u)du 

,2. 
a - )(iZ = 

-co 

2(m+1) 

XL2 

= 2(m+1) 

(A .21) 

(A.2 2) 

This result has already been anticipated in (A . 15) - Again we 
would l ike to know what f r ac t ion p of the beam is lying 
outside a c e rta i n ell ipse g i ven by a= const. in (A .14). 
We obtain 

27T a 
1 - p = f f P (a )a da d¢ = 1- ( 1 - a 2) m 

0 0 

( A. 23) 

or p = (1 - a2)m 

Since the emittance area of t his ellipse i s 

(A . 24) 

and t he RMS - emittance a r ea is 

7Tt = (A . 25) 

- ---------
¥\ t>--\:V:J ~ ~ 

::: ~ ( }!r' ,: )__ ) 
~ \M't?-

A- < 
{ ---
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we can write __ a 2 m+1 
2 and r ewrite (A.2 3) as: 

I 
~ £p m 

P ( Ep ) " ( 1 - m+ 1 E ) 

In the limit m ~ oo we have 

(A.26) 

(A .27) 

which is the same value as for the Gaussian in (A .9). Thi s 
indicates that for m + oo the binomial distribution conver ges 
toward t he 2-dimensional Gaussian with x and xL becoming 
infinite. In this case we have to take tke standard deviations 
a and cr' as normalization unit s f or amplitude and divergence. 
I f r is the full width half maximum value (=FWHM) of the 
binomial~en r/cr converges with increasing m towards the 
value ~~ln2 , the same value as for a Gaussian . The advantage 
of t he binomial against the Gaussian is that x and x' have 
upper bounds. 

Fig. 5 s hows 3 typ ica l profiles form = 1.5 (parabolic profileD 
m = 3 and m = oo (Gaussian) , all having the same amplit ude 
xm= 2cr. The figure s uggests a quick r ec ipe to estimate t he 
RMS - amplitude Xm = 2cr by inspection : 

If a beam pr of i le looks appr oximatelY b inomial (with m > 1 . 5) 
t he amplitude wher e the intensity drops to the 15 % leve l 
i s approximately xm , raiher independent of m. 

Curves ln p versus Ep/E constructed from (A . 26) and (A . 27) 
a re s hown in Fig . 6 for different values of m. It i s very 
co nvenient to display the result of beam emittance measurement 
in such a plot , since a Gaussian distribution l eads to a 
s traight line . Binomial or other non Gaussian d i s tr i but ions 
can easily be identified in the beam tail r egion . F ig . 6 
shows that the definition of a RMS-e l lipse from the ampli­
tudes Xm = 2cr is a r easonab l e choice, since the f raction of 
part icles p(E ) outs i de the RMS- emittance ne, given by (A.26) 
as 

p ( E ) 
m = cm-1) 

m+1 (A. 28) 
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is rather insensitive to m-value s over 2 and approaches 
13. 5% for the Gaussian (see table 2) . A closer analysis 
shows that the definition xm = 1. 8o leads to an emittance 
containing about 80% of the b eam , even less dependent on m. 
But we will st ick to t he convential choice of xm=2o . Table 2 
shows a summary of some parameters for different binomial 
phas e space distributions p(u,v) and the ir projected profiles 
f( u) . It displays nicely the featur e , that projec t io n keeps 
the binomia l f orm invariant. As an examp l e how a given bino ­
mial distribution is obtained f rom projections we consider 
the case of a uniformly filled sphere in 6 - dimensional 
phase space Cx1, . . .. x5), which in tur n is obtained from an 
8-dimensional KV - or a - distribution. 

' sphere : L Xi 2 ~ 1 

i=1 

= 

P5(x1, . . . ,x5) = 

P4 Cx1, · · · ,x4 ) = 

p3(x1,x2,x3) = 

P2Cx1,x2) = 

P1Cx1) = 

Po = 

6 
TIT 
12 
TIT 
6 
-;z-
8 
-;z-

2 
IT 

16 -
5n 

1 

2 - . .. - x5 2) 
.s 

(1-x1 

(1 - x12-x22 - x32 - x42) 

2 - x22 - x32) 
I.S 

(1 - x 1 

(1 - x 1 
2 -x22)2 

( 1 - x12) 2.s 

XL 8' -.t I 3~ 
/' w :.= '71: ~ o. 

2. :J;. 

This case is identified with m = 3 from table 2 and lS quite 
representative of typical beam profiles. The relation between 
a g eneral b inomial with parameter m and the dimension N of 
the uniform sphere is N=2m . The dimension of the corresponding 
K- V- distribution is N+2 . 



In general (form> 2): 

k 

r2 = ~ r.2 <1 k ~I' rk-

i=l 

P6 =A6(1-rg)m-3 

P5 =A5(1-r~)m-2· 5 

P4 =A4(1-r})m-2 

P3 =A3(1-rf)m-1.5 

P2 =A2(1-rf)m-l 

Pl = Al (1- xf)m-0.5 

page 24a 

m 
A2=-, 

1C 
A 

(m-0.5) 
3 = A1, 

Jr 

A = m-1 A - m(m-1) 
4 2 - 2 ' 

Jr 1C 
A 

m-1.5 
5 = A3 

7r 

A
6

=m-2 A
4

=m(m-l)(m - 2) 
Jr Jr3 
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MONTE CARLO METHOD FOR GENERATING A BINOMIAL DISTRIBUTION 

To generate a random distribution p(x , x' ) obeying (A.11) 
one has to 11 invert 11 the binomial distribution . The key to 
this solution is (A. 23) where we so l ve for a(1 - p) . The r esult 
is the following algorithm: 

1) Specify the RMS - ellipse with xm, em and x and choose the 
parameter m (>0) of the binomial p(x , x ' ) . 

2 ) 

3) 

4) 

Calculate the l imi ting ampl itude and 

x~ = ~ m;l em XL = ~ m;1 Xm ' I 
'2.S 

Choose random numbers ( 0 . 1) and build 

a = 
a = 

u = 

v = 

1/m' 
- sl 

a cos a 

a sin a 

I I ) x = xL (u s i n x + v cos X 

I 
plot ( x,x ) and repeat 3) for next point 

I 

For a Gaussian (m = oo) we replace the formula for a , x,x by : 

a = 2 V - ln s; I 

X = Xm U 

I 
X = em (u Sln X + V COS X) 

Fig. 7 shows plots for binomial distributions for the cases 
m = .5, 1 , 3 and oo , all having the same RMS - ellipse for 
1000 particles . 
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Summary of ellipse parameter 

given parametric 

Xm, em. X 

e: - xmemcosx 
wanted 

sinx r12 -

Xm = max. ampl Xm 

em = max. div . em 

X X 
)(WI t~ s [ oy.~ a\ u~v, ev-.,·s;V\x 

a -tanx 2 
xrn ~ B = 
emcosx e: 

y em e~ 
= ~ 

xmcosx e: 

R=ratio of maj n ~ 
axis at wai::t em 

cosx 

s = distance 
from waist 

y = R + iS 

x = waist w 
amplitude 

Def. of 
waist 

divergent 
beam 

ellipse 
equation 

Xm sinx em 

~ eiX 
em 

xmcosx 

X = 0 
f-> - X~ <:) II/ - --e;, :-.:. '(i I 
O<x~goo 

x=x coso m 

x'=0 sin(o +x) m 

(O::;cS::;2n) 

Courant - SnydeJ Complex l a, B. y, e: R, S , £ 
2 

R+iS=lYI eix By - a - 1 y -
y-1 - U+iV 

~ {f ~ 2 2
1 

R +S =em!Y I 

R /fs 
-tan -1a tan-1 - = arg(Y) R 
- ex l{,ii: 

s 
a R 2 
B s 1 IYI2 R+- = R R 
y 1 

R 

1 R -y 

a s - -y 

1 -
y (1-ia ) y 

w p 
a=O s = 0 

-oo<a<O 0 <S <oo 

2 2 yx +2axx'+B x ' = e: 

Table 1 



cr12 = r12 xmem = Xm8m sin X 

=> S = Xm sin X= cr12 = cr12 x~ 
em 8~ £2 

page 27a 

e.g. beam parameter xw and s are measured at a waist. 

What are the ellipse parameter Xm 'em ' (}12 

after a drift distanceS? 

. S Xm . since Xw = Xm cos X, = s1n x, 
em 

we have 

Sem S£ Xw 
tanx=-a= -

2 
, xm = 

Xw Xw cosx 



TABLE 2: Properties of binomial Phase Space Distributions 

l I ' phase space density profile 
I 

i 
+oo i 

p(u, v) I f(u) = I p(u,v)dv profile- form ~ I total 
m I emittance ' 2o-

i - 00 I 

I 
_ j 

j u2 +v2 =a2 ::; 1 
X (o-2 = x2) 1 u= - lui<! 

I t 

XL, - , I 
i ---

O(KV) I l 2 ..!_(1 - u2)-.5 I~ 
! 

-o(l-a ) 0.707 I 2o-d 
Jr 7r 

I 

J~ , I ..!...o - a2 )-.s o.866 1 0.5 I 0.5 3o-o-' 
I 

I 
7r 

I (\ I 1 _3__(1-u2)'5 4o-o-' 1 - (= waterbag) l 
7r 7r , - -t L. j 

1.5 _2_(1 - a2).5 3 2 I___/\._ ! 1.11 8 So-d -(1-u ) 
2Jr 4 '_/\._I 2 
2 2 ~(l-u2)1.5 1.225 6o-o-' -(1-a ) l -7r 3Jr 

2.5 ~(l - a2)1.5 ~(1 -u2)2 ~ 1.323 7o-o-' 
2Jr 

I 
16 I 

! 

I I ..... I 

3.5 __?_0_ a2)2.5 ~(1 -u2)3 _/\_ 1.5 ! 9o-d 
2Jr 32 I 

..... I 
'}_ (1-a2)6 1.52(1- u2)6·5 ~ 7 2 ! 16o-d 
7r I 

.... 

I . I~ 
I 

_1_(l - uZ)m-.5 m m (l-a2)m- I ~(m+l)o-d 
I 7r Izm I 
I 1 x

2 x2 1 x2 _/\_I I 
m~oo --exp(-- ---) - - ext\--) I I • <:>-<:::> I =<=> 

2;ro-a' 20"2 2o-'2 & 20"2 
I 

I (Gaussian) 

F- "• I 

-~------------ --T- ·- ---
1 

; p = fraction of ) q = ti-<1ction of 

; beam outside l beam outside 
i I 
i 2o- - ellipse ampL ± 2o-

l i 
I ' . - I I \ ' I ! . I ' I ! : : 

I 

t I ' I 
I I ; 

,- ! i I : 

I 
1.082 

-0.908 

0.636 

I 

¥ I 
~2( 1- c)(m+ 1) 2Jk 

~2ln2= 1.177 

~ c 
I 

(-1-
2 m-.5) 

0 

I - I - I 
I ! I 
! I 
I - i - I 
! 
I 0 

8.9% 

11.1% 

12.0% 

12.8% 

13.3% 

51 (m-l)m 
m+ l 

13.5% 

0 

1.6% 

2.5% 

3.0% 

3.5% 

4.1% 

4.6% I 
I 

I 
I 
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clipp:ed binomial phase space densities 

X 
u=-, 

XL 

X 
V--,) 

XL 

projected profile: y(x)=(l-u 2
)m- ll

2 

we get again a binomial with the exponent reduced by 112 

P FRACTION OF PARTICLES 

~UJ:.~!E? EMITTANCE €p 

SO% p = t I - ;+I ~ ) ~ . " " RMS-EMITTANCE =it t = TC' X~t~ ""' 
20 % 

10 % 

5% 

2 % 

1 % 

m,. .01 .5 1 

1 2 

x = 2o = 2 ~ m 

I .~ 
em = 2o ~ 2 Y x~ 

L Sacherer, 

Lapostolle 

3 

for m~1 .5 the curves have a crossing point at EP ~ E 
and p ~ 13%; i.e. ca. 87% of all particles are inside an 

- ellipse With emittance E=(2cr)·(2o') , independent of m. 

F~:>r a Gaussian distribution we have p=exp(-2£P/£), 
which gives a straight line in this diagram W.Joho, 1980 
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