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Crash course on superconductivity

Zuoz 2008
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Superconductivity -- Introduction

Discovery by Kamerlingh Onnes
in 1911 in mercury

Received the Nobel Prize in 1913 for
“his investigations on the properties of
matter at low temperatures which led,
inter alia, to the production of liquid

helium”. @
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b g Superconductivity -- Introduction

Below the transition temperature a superconductor
expels a magnetic field from its inner core
(Meissner and Ochsenfeld effect)
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Quelle: http:/istaf.ee.sun.ac. zawj htm
Masterschool PS|
Superconductivity -- Introduction
CESI) P y
14 il
KINOWN SUPERCONDUCTIVE B
! [IEN ELEMENTS M I¥A WA YA YA He

= BLLE = AT AMBIENT PRESSURE

T2 = GREEN = OMLY UNDER HIGH PRESSIRE
E WE I¥E YEB ¥IBE YIE l—— 1B 1B

SUPERCONDUCTORE.ORG

* Lanthanide 59 60 1 62 63 fd 65 1) 67 [ez [o9 70
Series Pr |Nd |Pm |Sm| Eu| Gd| Tb | Dy | Ho| Er | Tm | Tb
actinide FE A 2 T K R
¥ Geries Np [ Pu cm| Bk | cr | Es |[Fm|Md| No| Lr

Masterschool PSI




e Superconductivity -- Timeline

1908  Kammerling Onnes: production of liquid helium
1911  Kammerling Onnes: discovery of zero resistance

1933 Meissner and Ochsenfeld: superconductors expell applied magnetic fields (MOE)

1935 F and H. London: MOE is a consequence of the minimization of the electromagnetic
free energy carried by superconducting current

1950  Ginzburg and Landau: phenomenological theory of superconductors %)
1950  Maxwell and Reynolds et al.: isotope effect

1957  Abrikosov: 2 types of superconductors (magnetic flux) %

1957  Bardeen, Cooper, and Schrieffer: BCS theory -- superconducting current as a
superfluid of Cooper pairs %

1962  Josephson: Joesephson effect %

1986  Berdnorz and Miller: High-Tc's superconductors %
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Ideal Conductor Superconductor

j‘ superconductor

L) magnetic
field
—_— —_ ) ON
& >
‘Pa‘ magnetic magnetic
field field
ON OFF .
conductor
ideal conductor

i m.gn...c\ ﬁ |

%\ - field
> ON
— — @ I @ + relaxation
cooling magnetic — —
L field
OFF
An ideal conductor in magnetic field A superconductor in magnetic field
Lenz-Faraday’s law: currents to keep New thermodynamic state of matter

B constant inside of the sample

From: Lecture on Superconductivity, Alexey Ustinov, Uni. Erlangen, 2007
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Main Characteristics:
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0 temperature (K) TTe T<Tc
Kamerlingh Onnes Meissner and Ochsenfeld

New thermodynamic state of matter!
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Nanometer scale parameters

Magnetic penetration depth: A

Coherence length: &

Zuoz 2008
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Phenomenological London’s equations

F. and H. London,

Proc. Roy. Soc. A149, 71 (1935)

In a sample without resitance, the electrons will feel a force:

a(v)
F=—-¢¢E=m—"
ot
Recalling that the current density is: j = —n.e(v)

one obtains the first London equation (acceleration equation):

o
AD —E with A==
ot

nge®

Taking the curl of this equation
using the 3rd and 4th Maxwell equations
JB
VxE=—-——
ot
V x B = poj

‘ g B 0)
assumng — =
Y

one obtains:

; 1
AED o, 1 0B AB = ;B
it AN ot A
a1 3dj R
At =t Aj= i
ot N Ot A2 N
with: A2 = A__m with: \* = — = ”:
Ho Hoe?ng fto Hoe g
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15t Nano-scale Param.: London Penetration Depth

B,(x)

AB = :\—_:;]3

X

| T
| i () = B3y exp(—a/A)

—

HocZng

| B.(x) = B(0) exp(—/)) |

4

A=
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P s nd - .
b g 2" Nano-scale Param.: Coherence Length

The coherence length describes the variation of the fact that the
superconducting electron density cannot vary abruptly (see Appendix).

In some limiting cases, it can be considered as the typical length
of the superconducting pair.

Order
parameter Voo
{0y =0
X
. Twp
ST RA
Masterschool PS|
Type I and Type Il Superconductors
(= yp yp P

Number of
superelectrons

B
Magnetic flux

density

Magnetic
contribution B2/24,

Condensation
energy -B.2/2u,

Free Energy Density
Free Energy Density

Total
energy

Type | Type Il
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T Type I (A <€)

B B

H, H H
M M

He H He Ho H
H
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Vortex (Abrikosov) phase

H “Flux Line Lattice”

He: (0)

Magnetic flux quantum
&, = hl2e =2.067 - 1015 Wh

Bitter Decoration
Pb-4at%ln rod, 1.1K, 195G
U. Essmann and H. Trauble, Phys. Lett 24A, 526 (1967)
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Abrikosov state (Bulk puSR and LEM)

ZZZZZZZZ

Bishop et al., Scientific American 48 (1993)




''''''''' Vortex (Abrikosov) phase for uSR studies

T
&~

B,

X P(0)
P.(1) = ff(Bp)[coszt9+sin29005(y#8yt)]dBP

P(t) = f £(By) cos(y,But)dB,

“Transversal-Field uSR” (TF-uSR)

Masterschool PSI

o Vortex (Abrikosov) phase for uSR studies

0.08)

0.07

0.06

0.05

p(B)

0.04

0.03)

0.02]

0.01

lBext

%0 "oe0 @0 1000 1010 1020 1030  1040' 1050 7060
Mag. Field, B, (G)

Since the muon is a local probe, the uSR relaxation function
is given by the weighted sum of all oscillations:

Po(t) = [ £(B,) cos(r,B,0)a,

Masterschool PSI
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Mo,ALLC
T<T, Bauer et al., Phys. Rev. B 90, 054522 (2014)
H 02
HCZ
01
) - g
:: Hcl é 00
Tc < 0.4
02
= 0 2 : & [
B Time (us)
T>T,
H i y . Mo, AlC
HcZ !
o - H
: Hcl . E
T T
BeXt Time (us)
Masterschool PSI
o g Field Distribution in “Extreme” Type Il S.C.
. A
* Ginburg-Landau parameter = - > 1
3

* Large range of fields (up to B.,/4) where
London model applies

« Vortex cores well separated and do not
interact

* Vortex fields superimpose linearly

/3
5 — g2 X2
)
oy =S58
o 2
d=
BV3

Reciprocal space vectors:
im 1
' «
la*| = |b*| = —=—
Vvad

K,,=m-a"+n-b"

Masterschool PSI
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Field distribution: B(r) 7

B(r) must fulfill the modified London equation:

B(r) — N?AB(r) = 60 3 _ 8(r —rp)3

n

We expect a periodic magnetic field
and therefore can use:

Bir) = Z B(K)expliKr)
K

with Fourier components:

B(K) = % /Btr}{-xp[—fKr]fFr
The modified Lnrul.uu equation becomes
(fields only along Z):

ST (B(K) + AK?B(K)) exp(iKr) = Nog 3 _ exp(iKr)
K K

and one finds:

B:(K) = {jr ML

Masterschool PSI
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: B
With: B.(r) = Z ————— exp(iKr)
= 1+ A2K

> ’

The second moment (AB?) = (B?) — (B.)*
of the field distribution is given by:

(AB2) =" |B.(K)]
K#0

laking into account the perfect triangular lattice where:

o o 672 . - Sty
K=K, .= -‘i).l‘; (m~ 4+ mn+n°) and that K<\ > 1
o=
aBy=_26 g, L, 1, 2,
VTR 390 32042 72 0T

e
(ABZ) = 0.00371-

» By measuring the second moment of the
field distribution (for example by USR), we
directly determine the London penetration

Masterschool PSI
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012+

0.04}

N

A =40 nm
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Bnin — 'BJ * 35

- 2
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b=03 \1
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Maisuradze et al.
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Determination of A by uSR

P(1) = f 7(B,) cos(y,Bu1)dB,

Y
oo -
P.(t) = exp -5 X cos(yu(By:)1)
———
oscillations
depolarization

where:  o? = yﬁ(&Bf__Q

T<T,
H
ch
@ - -
Y— Hcl
T
B

Assume a Gaussian distribution:

And since:

o oo
ABZ) = 0.00371

1
S B,(r.:) = exp {
\2n(ABE )

(Byz—(Bu2))? |

2AABL )

One can determine the penetration depth

by determining the depolarization rate !!

(Bﬂ-: - (Bp.:))' COS{Y;JB;J,: f)dB;L:

" 1
PI’{F) = I exp
v 2n(AB )

)

Masterschool PSI
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Mo Al,C

Asymmetry

~
N

Time (us)

Mo, ALC

108K 1

Mo ALL

= | A n2v _ A pnas 20
| (ABE) = 00037177

o 2 4 ] 8
Time (us)
o P
P.(t) = exp|— 5 X cos(yu(Buz)t)
———
oscillations
depolarization

where:  o? = yﬁ(&Bf__Q
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Weak Points of such Analysis

¢ One assumes that the muon depolarization
(and therefore also that the field distribution)

can be fitted by a Gaussian

» The field dependence of the second moment

of the field distribution is neglected

¢ The size of the vortex core
(2€) is neglected

P (B)

FH—
Bmin Bsad

Bmax

Masterschool PSI
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Gaussian or not Gaussian.. that's the question!
RSl q9

. i 008 YBa,Cuz0
« In polycrystals or sintered e e 42, S
samples: large density and 8019.1990) o) =130 (10) nm
disorder of pinning sites
®» strong smearing of the field oor
distribution ool
 The asymmetry of the field OO0 g
distribution appears in single * rrequoney (MHD) *
crystals
0.06
Sonier et al.
Pd-In alloy PRL83, 4156 °%f
(1999) YBa,Cu306 g5
Charalambous etal., 0041 single crystal
Phys. Rev. B 66,
054506 (2002) 003
o wozk A =150 (4) nm
0.01}F
0.00 |-
8;1 8;2 8;3 8;4 8;5 8;6 8;7
bt Frequency (MHz)
Masterschool PSI
o 4 Gaussian or not Gaussian.. that's the question!

Example: NbSe,

Sonier et al., Rev. Mod. Phys. 72, 769 (2000)

. L L .
47.0 475 48.0 485 49.0
Frequency (MHz)

. . . . .
0.5 1.0 15 2.0 25 3.0
time (us)

Masterschool PS|
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Gaussian .. or even two Gaussians
o=

Constructing the second moment
of the field distribution by using
two Gaussian components

Example MgB,
S. Serventi et al., PRL 93, 217003 (2004)

0.1
= ﬂ;‘:_, :n|n-l"+ulr‘r§+u|l@(u;] —wa)*
g ol E with:
Z 3 .
5 o; =v2(AB?
0.1 s \
W = Y.(B);
0.2 AN AR A e A e
0 s v (MHz)
Masterschool PSI
Field Dependence -- Numerical GL Solution
S ESI, P

A=50nm,§=20nm (b=B/B,,)

b =0.0099518

Field

Courtesy from A. Maisuradze
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Effect of the coherence length

FFT

P The fact that the coherence length is finite
leads to a “cutoff” of the high terms in the
Fourier transform of B(r) when K ~ &1

Masterschool PSI
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More advanced Model

One model (among many others):
Modified London Model with Gaussian Cutoff
E.H. Brandt, J. Low Temp. Phys. 73, 355 (1988)

1

B:(K) =B

<ABZ14/42

|

= |B.K)=nB

(-7 K?/2)

Kox=-xVB

Example: MgB,
Niedermayer et al.,
Phys. Rev. B 65, 094512 (2002)

0.004 {
0.003
0.002 |

0.001 |

0.000
0.00 0.01 0.02 0.03 0.04

AR X
= = — = Lendonlimit: ————— = 0.00371

i %M”Z By measuring the field
% dependence of the
second moment of the

field distribution by uSR

. = determination of

0.2 03 0.4 0.5 0.6
Field (T)

0.7

Masterschool PSI
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Example YB;

Example: Cubic YBy
From the field dependence of uSR
depolarization rate (second moment)
» A =192nmand &=33nm

+ 15}
<} I L
° .
o .
g 10 .
£ Ld
z
= |
= 05}
2 %0 YB,
a T=1.4K
0.0 L

000 001 002
Field (T)
Hillier et al., Phys. Rev. B 42, 8019 (1990)
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Other model:

Analytical solution of the Ginzburg-Landau
equations considering a Lorentzian function for the
order parameter |y/(r)|? of an isolated vortex:

) ulvy(u)
= ~ b
B(K) = B(1- 1) 355

where:
Iy is a modified Bessel function of the second kind
b=B/B.

u? = 267K (1 + b)*[1 — 2b(1 — b)°]

J.R. Clem, J. Low Temp. Phys. 18, 427 (1975)
Z.Hao et al., Phys. Rev. B 43, 2844 (1991)
A. Yaouanc et al., Phys. Rev. B 55, 11107 (1997)

Masterschool PSI
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Meissner state (LEM)

Zuoz 2008
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Type I (A <)
/ B
H, H H
-M
He H HL He H

|Vortex (Abrikosov) phase |

4V

Masterschool PS|
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He, (0)

B(z) Superconductor

in the Meissner Stat
Bext11

II-.

z
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Meissner State Measurements

B(2)

ext

B
S
2 04
2 02
5
T
a
"
"
Time (us)
.
conductor 5 o
i)
g 2 o4
:
Meissner State 5o
a
4
-
Time (us)
B
S
2 0
2 02
:
T
a
"
"
Time (us)

\j
N

[-l),u [Z) = Yu Bloc(z)
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Penetration depth

VOLUME 84, NUMBER 21 PHYSICAL REVIEW LETTERS 22 May 2000

Depth-Resolved Profile of the Magnetic Field beneath the Surface of a Superconductor
with a Few nm Resolution

T 1. Jackson,! T.M. Riseman,! E. M l—'organ‘I H. Gliickler,> T. Prokscha,? E. Morenzoni,2 M. Pleines, >
Ch. Niedermayer,” G. Schatz,> H. Luetkens,>* and J. Litterst*

'School of Physics and Astronomy, University of Birmingham, Birmingham B135 2TT, United Kingdom
2Labor fiir Myonspinspektroskopie, Paul Scherrer Institut, CH-5232 Villigen PSI, Switzerland
SUniversitit Konstanz, Fakuitt fiir Physik, D-78434 Konstanz, Germany
“Technische Us itéi . D-38106 ig, Germany

(Received 7 February 2000)

The variation of a magnetic field as a function of depth beneath the surface of an YBa;Cu; 055 thin
film in the Meissner state has been measured using low energy muons. The depth of implantation was
varied from 20—150 nm by tuning the energy of the implanted muons from 3—30 keV. These are direct
measurements of the penetration of a magnetic field beneath a superconducting surface which illustrate
the power of low energy muons for near surface studies in superconductivity and magnetism.

o 20 & L L 1900 120 140 "o
Depth (nm)

Masterschool PSI

PANL SONERRER ENSTATRT

Magnetic field profiles in YBa,Cu,O, s and Pb

YBa,Cu,0, , T=20K, T =87.5K ‘ Lead, T=7.0(2) K, h_ =91.5(3)G,
0.01 h,.=915(@3)G, 0.01 ‘ &,=90(5)nm, %, = 58(3)nm
. \\ &,= 1.5 nm fixed, 2, = 137(10) nm -
™ ey
- A
% .
= = A \;\ %}«
o | k=28~ 90 < o ‘ﬁw e
——h, exp(-z/\(T)) K=AJEI~0.6 “»
+ 34keV K N
- 89keV “)
* 15.9keV B
-+ 20.9keV %
.+ 29.4keV { o\
183 1E-3 N
0 s 100 150 0 50 100 150
z (nm)
. . z (nm)
local: exponential Non-local: non-exponential

st . . .
T.J. Jackson et al., Phys. Rev. Lett. 84, 4958 (2000). 1% experimental determination of x, in a non-local
A. Suter et al., Phys. Rev. Lett. 92, 087001 (2004). superconductor; confirmation of some predictions
A. Suter et al., Phys. Rev. B72, 024506 (2005) of BCS (~50 years after theory!!)

Masterschool PSI
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Appendix
Ginzburg-Landau Equations
Coherence Length

Zuoz 2008
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Ginzburg-Landau Equations (1950)

Powerful phenomenological theory,
based on the Landau theory of second

order transition.

Pseudowave-function ¢ acting as order parameter (in the normal
phase = 0, in the superconducting phase # 0).
1+ describes the superconducting electrons and their density

>

ne = [d(r)]

The free energy density f. can be expanded in a series:

) . 3 1 . ,  |BJ?
f»:fn‘f'u|e'|')+ ‘£‘|‘+ |(—/TJT—2(A)J"'+ ‘ |
2 2m 210

The order parameter and the vector potential are obtained by min-

imizing the Ginzburg-Landau formula with respect to « and A.

Masterschool PSI
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anL iCH i skstbiey nd - -
b g 2" Nano-scale Param.: Coherence Length

7 3 1 . o
fo s a4 .,|"|1 + 5—|(~ihV /A)¢-|— +7/
4 Zm 1o

Let assume a situation without field and at an interface

vaccuum/supercenductor,
L Order
Minimizing the free energy with respect to + parameter
" g
at) + B|y|* — .), Ve =0
LI

Taking into account that ¢»(0) = 0 and that /(. = 0) = v

L(0) =0

J£
() = o tanh( _“)

Vag

Masterschool PSI
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Appendix
Pairing symmetry

Zuoz 2008
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T-Dependence of the SC carrier density

From /:SR:
‘ 1
o= Vv {(AB?) 2
i
A= -
Jo€=Tg

2
floe”

= o x 400
m

indications on the SC gap

By taking into account the thermal population of the quasiparticles

excitations of the Cooper pairs (Bogoliubov quasiparticles):

kpT
with:

FleT) = (l +exp [m/h;]'])_l

ne(T) = ng(0) (l — 2 / fle,T)[1 = f(e.T)) r/r)

N(E) (

Masterschool PSI
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* BCS conventional pairing:
isotropic s-wave pairing

From ;:SR:
1 poe?
Oy X — =
! A2 m "

9 ~
ns(T) = ng(0) (] - / f(e.T) [] - .f{hT)J 'i*)
keT Jy

If isotropic energy gap (s-wave):

‘3: 0 .
ng(T) x ns(0) { 1 — f A_(, ) u,\:p[—_\m) i.'b-l']

and

|

A0
A(T) x A(0) (] + v{ 5 (I_] exp[—A(0) L,;T])
Zikp

B. Muhlschlegel, Z. Phys. 155, 313 (1959)

 The temperature dependence of the
penetration depth provides information on
the SC gap function.

o, o/ (AB2) o< 1/MT)? o ng(T)

P
T T s
al i T
~
\\
\
ot 4
\
L A
A
Ay
I \
\
Y L " " . "
0.0 0z 04 [ 08 10
T/T
.
Mo,Sh,

R. Khasanov et al,
Phys. Rev. B 82, 016501 ( 2009)
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High-Tc’s Cuprates

O(1)

Example: YBa,Cu;0;4
2 CuO, planes
CuO chains: charge reservoirs

- — S

160 |- HgBa_Ca Cu O, (at high pressure) ‘. 1

140 !

HgBa CaCu,0 /@

" TIBaCaCuO @
2 g0t oA ka it o |
v |
-] Bx,Sr,(‘aﬂ'uyOl).
= EEEEEE N
3 100 ) |
‘lg‘_ YBa ( uwO
% 80} Liquid nitrogen temperature ! g
_T;;
2 60 [ 4
= !
~ La StCu0  MzB, )

40 B ] From A. Mourachkine Room ~Temperature Superconductivity

b S Nb,Ge / @BaKBiO Cambridge Int. Science Publ., 2004
T s o /7
20 NbN P —F
pp Nb__O— , @ BaPbBiO,
Hg g —+ ) Nt,(')-,' Na‘\}'nl

0
1900 1920 1940 1960 1980 2000
Year of discovery

Masterschool PSI

High-Tc's Cuprates

Example: YBa,Cu;0; 4
2 CuO, planes
CuO chains: charge reservoirs

Without doping:
Band calculation predicts
metallic state

BUT:
A underdoped Optimally doped Overdoped
Strong on-site Coulomb Charges reservoir - o\ - strange /T
repulsion ( large U ): - © metal”
blocks the motion of the 2 x
9 i = PseudoGap Normal

3d® Cu-electrons in the 2 metal?
Cu0, plane E T,
(“Mott insulator”) 5

-8

g 2 Superconductor

O

AFM via superexchange

Hole doping in CuO, planes

Masterschool PSI
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Pairing Symmetry in Cuprates

Wave function of two electrons:
W(ry. s1ira,52) = U(rpra)x(si.s2)
where:

v(ry. ry): space part

v (51, 52): spin part

spin singlet:(y = %{I'l} =[in)
= 5 = () — space part must be even.
; efc...
BCS High-Tc's

spin triplet:(x = —=([11) + [11)....)
— V2

= 5 = 1 — space part must be odd.

= p-wave (I = 1), f-wave (| = 3), elc...

Gap function: A(k) has a lower

symmetry than the Fermi surface

As the gap disappears along some directions
of the Fermi surface (“nodes”), extremely-low-
energy quasiparticles excitations (and
therefore significant pair-breaking) may occur
at very low temperature

Masterschool PSI
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Pairing Symmetry in High-Tc's

» BCS conventional pairing:
isotropic s-wave pairing
From ;:SR:
1L e "“

g, X — =
" :
! A2 m

9  poc
ng(T) = ng(0) (I -— / fle.T)[1 = f(e.T)] ./r)
kgT J,

If isotropic energy gap (s-wave):

B. Muhlschlegel, Z. Phys. 155, 313 (1959)

oo 02 04 08 o 10
TIT,

o o VIAB2) o 1/MT)? o na(T)
» 2
- .

Single crystal YBa,Cu;04 g5
J.E. Sonier et al, PRL 72, 744 (1994)

e The temperature dependence of the
penetration depth provides information

on the SC gap function.

Masterschool PSI
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Pairing Symmetry in High-Tc's

USR penetration depth on
single crystal YBa,Cu,0q o5

J.E. Sonier et al, PRL 72, 744 (1994)

0.22
0.20f
g
0.8}
{<(ﬂ
0.16}
0.14 \ )
0 20 40

Microwave measurements
W.N. Hardy et al., PRL 70, 3999 (1993)

s-wave SC stale:

g e
ne{T) = nf0) [ 1 — — (e, TV [ — fle.T)] de
( 1o ( Tl /. I [L—f | )

with:

> I
fle,T) = (l +1-_\']r[\.f'r-'+ A(T)? J-;.-'I])

d-wave SC slate:

I an es L
ml'!'_\:u_lm(t-- .T.f.-;.-;',[ [. fle. T2 _r';.,;‘;_;n‘;d.)

with:
r 1y 1
fle.T) = (l +exp [\ AT eos(27)] /T )

remembering that:

m

e 1|,"I.l.'ruf g
one gets: (for T <= 1)

g . T
AT) = MDYy (l +C A_‘ml)

Hirschfeld & Goldenfeld,
PRB 48, 4219 (1993)

Masterschool PSI
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Appendix
Two-gap superconductivity
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Critical Temperature (K)
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Two Gaps Superconductivity — MgB,
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+ SC mediated by phonon-coupling
¢ two-gap SC (A, and A)
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Two Gaps Superconductivity — MgB,

+ Metallic SC with highest T,

+ SC mediated by phonon-coupling
¢ two-gap SC (A, and A,)

1D hole sheet from
n-bonding p, states of B ~————__-

In-plane E,, Boron mode strongly
couples to the boron c-band
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Two Gaps Superconductivity — MgB,

Niedermayer et al., Phys. Rev. B 65, 094512 (2002) T T T T

/2
o 1/A% o ng

Two SC gaps = Two kinds of Cooper pairs (weak interband processes)

ne(T) = u,(m(l - ﬂi; / fale, TY[L = fole, T)] de R
"'Hl’ Jo

21 —wy) ™, : ¢ _
7#”]' ,./I Ij:(t.f][lf_fx(l,l)]u'r)

= |A,, = 6.0(3) meV and A, = 2.6(2) meV |

AB?)

/
\

. (MHz)

Similar results found recently by USR on the
“Sequicarbides” (Ln,C, with Ln = La, Y)
Kuroiwa et al., Phys. Rev. Lett. 100, 097002 (2008)
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Two Gaps Superconductivity — MgB,

ey Eq.(4) - :one gap
¥ 25l — EgqJ6)-twogaps ||
' - Hao et al. - one gap ||

Evidence of two coherence 5
lengths from field dependence of =
the second moment of the FLL ?

S. Serventi et al., PRL 93, 217003 (2004)

~ hwyg
T orA
(AB?) =Y |BK)]?
K0
¥ (—£2 K22
BK) = D e a— T (1
®) Yo 1 MEE T
where:
wy = 14 is the weigth of the two bands
e + Ny
£, = the coherence lengths of the two bands
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